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Graphical Representation ,
of Functions

o

INTRODUCTION

This mnit introduces students to the fundamental ideas of graphical representation of
functions, enabling them to visualize and interpret mathematical relationships
effectively. Students begin by leaming how to draw graphs using factor form and how to
predict equations from given graphs, particularly for quadratic functions. The unit
further develops understanding by classifying functions inte algebraic and
transcendental types, followed by a detailed study of important transeendental functions
such as hyperbolic, logarithmic, and exponential functions. Emphasis is placed on
understanding logarithms, their laws, and their applications inr real-life contexts like
growth, decay, and sound intensity. Students also explore exponential functions and their
applications, including compound interest, and learn tosolve related equations and
inequalities. The graphs of all said functions will be discussed. In particular, graphical
behaviors of exponential and logarithmic functions will be studied in details. In addition,
the unit covers graph of inverse functions, and graphical transformations including shifts
and scaling. Overall, this unit equips students-with both analytical and graphical skills
necessary for higher-level mathematicgand practical problem solving,

1.1 Graph of QuadratictFunction Using Factors

We have already sketched the graph/of théquddratic function y = ax®+ bx + ¢. (@ # 0)
in Grade-X1. We know that its‘graph is # parabola, which has a vertex and opens either
upward or downward depending on the value of z.

Now, we will learn how to'sketch ite graph when it is expressed in factorized form as
a product of lingar factors. This approach will also help you in higher classes to sketch
the graphs of higher-degree polynomials that can be factorized into linear factors.
Method to\Skbtch the Graph

Suppose;after factorizing y = f(x}= ax® + bx + ¢, we obtain y = a(x — #)(x — &), where
h < k. To sketch the graph, follow the given
steps:

Case-l: Ifh<%

Step-1: The graph will cut the x-axisatx =4
andx =%

F 3

Step-2: Find value of yat x= %

(2]
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The point [h-;k’f(h+k

)J represents the vertex of the parabola (see Figure 1.1).

2
Step-3: Determine the behaviour of y as x — 4o, Challenge!
o [fa>0,theny— oo, Ify=a{x—k }x - h}x—h), then
» [fa<0,theny— . what will be the behaviour of y as
This statement means the graph behaves the same (x—»—wand x v+ y
way on both ends (left and right).

Step-4: Find the y-intercept: .
Put x =0 in the fimction y = a(x — K)(x— k), the graph will | \/1¥) z8—A),2>0
cut the y-axis at y = ahk.

Case-I1: If A=k, then the function becomes y = a(x — k).
To sketch the graph, follow these steps:

Step-1: The graph touches the x-axis at x = A, therefore
(h, 0) is the vertex (see Figure 1.2).

Step-2: Then follow Steps 3 and 4 of Case-I to\complete
the sketch of the graph. _
Note: Following Steps 1, 3, and 4, and by {
taking some points between each of the two | p(x) =
consecutive y-intercepts, we can draw the | iz
graph of a polynomial of higher degree that | 'neg
can be factorized into linear factors.
Example 1 Sketch the graph-of y =20= 1)(x - 3).
Solution: To find the x-intercepts, set each factor equal to
Zero:

Gt A+t a Pt a_xta
olynomial of degree n, where n is a non-
ive integer and g = 0.

x—1=0and x-3 =0
%=1 and x=3
Hence, the graph meets the x-axis at the points (1, 0) and
(3,0).

To find y component of the vertex, put x = % =2 into

the equation;

y=22-1¥2-3)=-=2
So, the vertex of the graph is (2, —2).
Sincea=2>0,50y — too a8 x — —c0 Or x — o0,
The graph cuts the y-axis at x = 0 and y =2(-1)}(-3}=6
So, the y-intercept is {0, 6).
Using the intercepts and the vertex, we can sketch the
graph of the parabola as shown in Figure 1.3.

(z) )
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Example 2 Sketch the graph of y = - 4x* - 8x — 4.
Solution: First, we factorize y = —4x* — 8x — 4.
=_4(F+2x+1)
= —4(x + 1) To find the x-intercepts, set x + 1
equal to zere:
x+tl=¢ = x=-1
Hence, the graph meets the x-axis at the point (—1, 0).
Since the function is of the form a(x — 4)?, that is, y = — 4(x+ 1),
so (—1, 0) is its vertex.
Since,a=—4<0,50y >—wasx ——-worx—+o
The graph cuts the y-axis at x =0:
y=—40+1P=-4
So, the y-intercept is (0, —4).
The sketch of the graph is shown in Figure 1.4.
1.2 Predicting a Quadratic Functien from its Graph
A quadratic function f(x) = @* + bx + ¢ can bé determined from its graph by using the
factor form if the x-intercepts and one additional peint-on the curve are known.
If the graph crosses the x-axis at x = h-anf x = k,then the function can be written as:
SO =alx—h)(x=%)
Here, a is a constant that determines the shape‘and direction of the parabola. To find
«, substitute the coordinates of a.third known point into the equation.
Example 3 Find the functich whosegraph is shown in Figure 1.5.
Solution: From figure it is-¢lear that t-intercepts of the graph are h=—1 and k=1,
Therefore, the functiofi'can be written as: Y
y=alx—C1))x-1y=ak+ 1)x—1) (1) il
To find the valug of'a, substitute the point (0, 4) into equation (1):
4=a0+1)0-1)
4=—g = a=-4
Substituting the value of a into the equation (1): _
=—4{x+1)(x-1) &LO
=-4(*-1) 1
y=—4x*+4 Figure 1.5
Example 4 Find an equation of the graph of a parabola whose x-intercepts are x =1
and x =2 and passes through the point (3, 4).
Solutlon: Since the x-intercepts are x = 1 and x = 2, the function can be written in
factorized form as:

0,4)

@0 x

y=alx—1)x-2) - (1)
(3) )
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To find &, usc the point (3, 4):
4=g(3-1¥3-2)=2a = a=%=2
Substituting the value of a into the equation {1):
y=2x-1¥x-2)
y=202-3x+2)=2¢"—-6x+4
¥ EXERCISE 1.1 _J

1. Sketch the graph of the following functions using the method of factorization.
A y=3(x+1Xx-1) (i) f)=-2(x-1)}x-2)
(i) y=2x—-D{2x+1) (iv) y=2x2+x-3
V) f)=x2+2x+1 (vi) y=3(x-1)?

2. Find the functions whose graphs are shown in the following figures.

@ (i)

3. Find an equation of the graph'of'a parabola whese x-intercepts are x=—1 and
x=-2 and which passes through the peint (-3, 2).

4. Find an equation of the graph of @ parabola which touches x-axis at x = —1 and
cuts y-axig at y=-2.

5. Find an cquation-of 4 quadratic’ function whose graph cuts x-axis at x = -1 and
x=1, and whosevertex is at (0, -2).

1.3 Algebraic and Transcendental Functions

Algebraic #nd/transcendental functions are two fundamental classes of functions

studied in mathematics. Together, they play a vital role in modeling and understanding

a wide range of real-world phenomena. In this section, we distinguish between

algebraic and transcendental functions.

(i) Algebraic Functions

A function y = f(x) is algebralc if it satisfies a polynomial equation of the form

Py "+P, _ (xy* "+ + P+ Py(x)=0

where each P, (x) is a polynomial in x for i =0, 1, 2, ---,» and at least one P, (x) is not

identically zero fori=1,2,3, ..., n.

In simple words, a function y = f(x) is algebraic if it is obtained from x using a finite

mumber of algebraic operations such as addition, subtraction, multiplication, division,

and »™ roots,
(4) )
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FE)=22- 3xg(x)——,x;e3 h(x) = (x+1)= and k(x)= Jx+1 are examples of

algebraic functions.

({ii) Transcendental Functions

A function is called a transcendental function if it is not algebraic.
y=&,y=2"y=Inx,y=sinx, y=sinlx, y=sinx+nx,y= & are examples of
transcendental functions.

Example §
Given the following functions:

fx)= J.x+ 1, gx)=¢€, h{x)= S

, g(x) = In 2x, r(x) = siftx

- 2x 1’
Classify each function as algebraic or transcendental.
Solution:
Algebraic Functions

Note that x +1 is the sum of x + x? and «/x+1 igtheSquare root of x+ 1, It follows that
the function f(x) = v¥x+1 can be obtaind from x using the algebraic opprations
addition and squre root. Thus, it is algebraic.

For the function:
x+1

ek +1
we see that the numerator x + { = x + x®and the denominator x* - 2x + 1 =x.x—x—x
+x” can be obtained from x using multiplication, subtraction and addition. It follows
that both are algebraic.{Now the finction A(x) being the quotient / division of two
algebraic functions is algebraic.
Transcendenga] Functions
Note that the finctions g(x) = &, g{x) = In 2x, r{x) = sin x can not be obtaind from x
using a “finite number of algebraic operation such as addition, subtraction,
multiplication, division and »® roots. Thus, these functions are not algebraic and hence
are transcendental.
 Not ]
The sum, difference, product, quotient and r* root of algebraic functions is again
an algebraic function.
1.4 Exponential Functions
The function defined by f(x) = a* for all x e iz, where @ > 0 and @ # 1 is called an
exponential function. The number a is called the base of the exponential function.
The function f(x) = ¢* is called the natural exponential function, where € is a number

(s) )

hfx) =
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deﬁnedhye=z andltsapprommatevaluelse 2.71828.

The exponential functions f(x) = ¢* and g(x) = 2* represent exponential growth, while
x
the fimetion £ (x) = [%) represents exponential decay.
1.4.1 Graph of Exponential Function
Before sketching the graph of an exponential function, we study its essential properties
that determine its overall shape and behaviour. These include the demain and range,
intercepts, injectivity, monotonicity, and asymptotic behaviour. Understanding these
features help us to predict the graph without plotting many points, After this analysis,
we use a few representative values to draw a smooth andiaecurate sketch of the
function.
1.4.2 Properties of the Exponential Function
Consider the exponential function. y =a*(a> 0, a#\1) 1)
(i) Domain, Continuity, Positivity and Ralige of Exponential Function
Domain: The exponential fiinction is defined for all real’'values of x. We can substitute
any real number (positive, ncgative, or zero) in place of x, and the expression a* is
always meaningful. Hence, the domainof the exponeéntial fiunction is (—<0, ac).
Continuity: Continuity at a point ¢.&, (—, ®) is shown using the equation:
Jigy =
This shows that the exponential funétion'is continuous on the whole domain (-, o).
Thus, graph of exponential functionhas no jump or hole.
Positivity: If x = », a positive integer, then a*=a - a- ... - a (n times).

HDI

Since, g = {, product of positive numbers is positive. Thug, a® > 0 also, g™ = %

Since, & > 0,118 reciprocal is also positive. So, a7 >0,
Moreover,a°=1>0.

If x is rational, then x = wherepmanmtegerandqmanaturalnmnber Thus:
a = a" =§/_

From integer case, a®> {. Since, zla_“’ or (a’); being the principal ¢* root of the

f. &
positive number g* is positive, we have (a”)? =a? > 0.

Thus, &° > 0 for all rational numbers x. For irrational values of x, we accept that a* is
also positive. However, a rigorous proof of this fact is beyond the scope of this level.

(6) )
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Hence, y = & > 0 for all real numbers x. It follows that the graph of exponential

function always lies above the x-axis.
Range: By observing the following facts:
1. lim ¢ =00 and

x—ro

Iim a*=0 ifa>1.
x——m

2 lim g=wand lim g =0 if0<a<l.

X—»—m x—ewo

3. y=d is contimious on (—wo, o),
4. y=a >0 forall real numbers x.

We conclude that the range of the exponential function (1) is (0, ).
(i) Intercepts of Exponential Function
y-intercept: To find y-intercept, put x = 0 in equation (1):

y=

a=1

So, the exponential function y = &* cuts the y-axiz at the point (0, 1).
x-intercept: To find x-intercept, put y = 0 in equation (13
a*=0

But, &* > 0 for all real x. It follows that there is no=intercept.

function f is called:
@
from left to right along the x-axia.

from left to right along the x-axis!
For Example: Consider the filnction y =¥

Strictly Increasing and Strictly Decreasing Funcilonss
Let ¥ = f(x) be a real-valued function and let 3, x, € D, be anytwe points such thet x, <x,. The

Strictly increasing if f(x,) <£(x,).In this case,the graph of the function rises as x moves

() Strictly decreasing if / {__:ﬂ_:-‘f(xz).»_ln'lhié case, the graph of the fimction fills as x moves

This function is strictly decreasing on (o, 0) and strictly increasing on(D, <.

(iiiiy ExponentisdFunction is Strictly Increasing or Strictly Decreasing

Let f(x)=a", wherca>0and a # 1.
Case-1: Ifa>1

First we show that a® > 1 for every rational
number 2> 0. Put A= 2 wherem, n < Z".

n
We can write & = a.a.a. ... .a (m times).

Since a > 1, we have a™ > 1, which implies

1 1
that (o™= >~ and so & > 1. For the
irrational values of 4, we skip the proof at
this level and accept that &* > 1.
Now, if x; <x, then x,— x>0 and so
a2 »10r o™ > o', Therefore, f(x) =a™ is
strictly increasing when a > 1.

Cage-2:f0<a<1
First we show that 4" < 1 for every rational

number k> 0. Put k= % where m, n € Z*.

We can write a™ = a.a.q. ... .a (m times).
Since a < 1, we have g™ < 1, which implies
1 1

that (#™)" <(I)* and so &* < 1. For the
irrational values of 4, we skip the proof at
this level and accept that o < 1.
Now, if x, <x, then x,—x,> 0 and s0
a® ™ <lor a* <a"., Therefore, fix) =a*is
strictly decreaging when 0 <g < 1,

(1) )
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(iv) Imjectivity of Exponential Functions [Defimition of Injectivity (Ome-to-]
= One Fonetlon
Letf(x)=a",wherea>0and a# 1. ﬂmi,ﬂ)ﬁ on y = Fx) i
Further let, f(x,) =f(x,) for some x, x, € (—o0, ®). | called injective (ome-to-ome) if
different inputs always give different
So g% =a™ outputs. Formally, a funciion is one-

Case-1: If x; < x,, then from the increasing or :ﬂ'&ﬁfml,x, - D e
decreasing behaviour of the function /(x) = % either Sf(x)=f(x), we have x, =x,.

o <a” (when > Lyor o > ™ (when 0<a < 1), 0 e e
Which is impossible. once.

Case-2: If x, > x,, then from the increasing or
decreasing behaviour of the fimction f(x) = a%eithera™ > g™ (when'a > 1) or a” <a™
(when 0 < a < 1). Which is again impossible,

Hence, we must have x, = x, and consequently, f(x) = g>isinjective. It follows that any
horizontal line meets the graph of f(x) = g* at most once.

(v) Horizantal Asymptote of ExponentistFanction

Note thatifa> 1, thena® - 0" asx > —wand if0<g<1,thena —0"asx > w. It
follows that the herizontal line y = ((epresents. the-horizontal asymptote for the

2% "

exponential function. Not@@»;mnm Asymptote)

Example 6 Graph of f(x)=¢° orizontal asymptote is & horizontal liney=4

Solutlon: Let f(x) = &*. ch a function approachss as x bacomes very

lar small), but ths graph do

¢ Domain of the function isR = (o, so): ‘nn:?;s(;;l;atﬂrichnrc;ms:t St

e Range of f(x) = €" is (0; =). ]r;:n'nau{a]ﬂm horimnft:rlmlinuy?c is;a(ﬂl)e;
. T1E0Tnial A funection y = f{x

* The graph cuts y-agigat (0, 1). f(x)—bcasxy—l:ll—’::rx—»w. g

» 3 =0 is the horizontal agymptote.

e £ is continuogsand strictly increasing, because e> 1.
Some approximvate fimctional values are given in the
following.tables.
x |fx)=¢€ x | fx)=¢€"
1 e=2718 -1 | 0.367
2 7.389 -2 0,135
3 20,085 -3 | 0.0497
10 | 22026.465 -10 | 0.0000454
100 | 2.688 x 10% -100 | 3.720 x 10°%
— 4w | — o ——n | —0
With all above key points, the graph of /(x) = ¢ is shown

in Figure 1.6.

(8)
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Note that the graphs of all exponential functions f(x) = a*, a € Rand a > 1 are almost
similar to the graph in Figure 1.6.

Example 7 Graphs of £(x) = [%] =1

Soltian: The graph of the exponential fimction f(x) = [%)x has following important
properties:

«  Domain of the function is R=(-w, ), *  Range of f(x) < [-%]xis (o, ).

*  The graph cuts y-axis at (0, 1). «  y=0 is the-horizontal asymptote.
fiscoinnonsand sty decresmni beoaies a = % <.

Some approximate functional values are given in the following tables.

_(1Y 1) T

. f(x)—(E] N P [5] IANE

1 |05 T _-h%f :

2 1025 -2 |4 i

3 [0.125 3|8 | | |
10 [0.0009766 10" [1024 2 29 x
100 |7.89 x 10731 N00 1267 x 10°° -3 2 41 8 1 2 3 4 %
— 40 (—0 — —00 | —b o0 Figure 1.7

X
With all the abeve’key points, the graph of f(x) = (%] is shown in Figure 1.7.

Note thatthe graphs of all exponential functions f(x})=a*,a e Rand0 < a < 1 are
almost similar to the graph in Figure 1.7.

1.5 Introduction to Hyperbolic and Inverse Hyperbolic
Functions

Hyperbolic functions are a class of transcendental functions closely related to
exponential functions. They are defined using combinations of e* and ™, and their
graphs resemble trigonometric functions, although they arise from hyperbolas rather
than circles. The basic hyperbolic functions include sinh x, cosh x and tanh x which
have important applications in mathematics, physics and engineering.

Inverse hyperbolic functions are the inverse functions of hyperbolic functions, defined

() )
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on suitable restricted domains. They are useful in solving equations involving
hyperbolic fimctions and appear in various applications such as integration, differential
equations, and modeling real-world phenomena.

1.5.1 Hyperbolic Functions

The hyperbolic functions are defined as follows:

Function Definition Domain Range
sinh x ginh x = ex_;_x R = (-, x) R= (-0, x0)
coshx coshx= £ -;e_x R= (-0, ) [1, o)
=0 k= £2 | R ) LD
cothx= S5E | oth = £3E RO} |Com-Dulw)
sech x = " gechx = = fe"‘ R = (0, o) {0,1]
esch x = e cschx = - _ze—; R\{0} {—o0, 0)w (0, o)

Hyperbolic functions are so named because.the parametric equations x = cosh ¢ and
y =sinh ¢, satisfy the equation‘cFthe hyperbola x> —y* =1.
Example 8§ Prove that cosh®x'— sinh®x= 1.

Solution: We know cosh'x = g4 and sinh x= i
eret) (e-e*Y
Therefore, cosh? x — sinh® x =[ -;e J—( ; ]

_ [+ 42 (¥ +e™ -2
4 4

_ e 42— +2 4
4 4

1

Hence, cosh? x — sinh? x =1
1.5.2 Graphs of Hyperbolic Functions
() Graph of sinh x

We know that sinhx = ¢ e

(10) )
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x AF

This can be written as sinhx =

Since, the domain of &* and[l}is IR, therefore, the domain
e

of sinh x ig R= (— a0, o).

Agsx — o0, € — oo and [1) — 0,
e

“{)
Hence, sinhx=T — @

e

Asx — —ow, & — 0and (l) — 20,

“(3)
Hence, sinhx=T —»—00

Therefore, the range of sinh x is R = {~ o, o)-

e —e?

Atx=0, sinh 0= = (J;. So the graph of sinh x passes through the point (0, 0).

x —00 — -3 =2 -1 0 1 2 3 — w0
y=ginhx | —w0«{({+10.03 | 363 | -1.18 (¢ | 1.18 | 363 | 1003 | -
The graph of sinhx is shown in Figure 1.8.

(i) Graph efcosh x

e +e”

ahip e’+(l)
This can be written as coshx = ze:= £ :

We know that coshx =

2
Since, the domain of ¢ and (l] is R, therefore, the domain of cosh x is R= (—c, o),
e
Asx > w, ¢ — wand [1) — 0.
e

() )
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— 0

e+ (%)
Hence, coshx= —

Asx— - & — 0and [lJ — 00,
€

20)

Hence, msh.r:T — o

0, -t
Atx=0,cosh0=2 L =1, so the graph of
cosh x passes through the point (0, 1} and y=11s
minimum vahie of the graph,
Therefore, the range of cosh x i8[1, w0). To sketch
the graph, we take a table of values:

x —we| -3 —2 1

y=coshx |+ | 10.07 | 3.76 1.54
The graph of cosh x is shown in Figufe 1.9,
1.5.3 Inverse Hyperbolic Futictions
The formulac, domains and ranges of all inverse hyperbolic functions are given in the
following table,

Function (@'onm&‘ Domain Range
ginh x e+ V2 +1) (~ o0, ) (-, ®)
cosh™ x In(x + Va2 —1) [1, ) [0, o)
tanh x Eln[r';] 1, 1) (~ 0, )
coth™ x lh[x_-l-lj (o, 1) (l, ) (o, 0) W (0, =)

2 \x-1
sech! x In (ﬂJ 0,1] [0, )
k X
(1 1
esch™ x In \; "‘J;J (—eo, 0) (0, o) {(~, 0) (0, o)

(12) )
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{ Inverse Hyperbolic sine Function
From the graph of y = sinh x (see Figure 1.8), it is clear from the horizontal line test
that the function is bijective. Hence, its inverse function exists, and we define it as
follows:

x = ginh™? y if and only if y = sinh x

Example 9 Prove that sinh-1x=m(x+4x=+1).
Solutlon: Let y =sinh™ x, where x,¥ € (—,0).

x =ginh y
e —e7’ 1
= = Jy=¢_ —
* e
&’ -1
= 2x= = 2xe’=e?-1 g
e 92 A
- (&P-2xe’—1=0 Ify=7() is  bijective function, then
Using quadratic formula: x=f(y)is its inverse.

g’ = m— i;-"xz-'-q-:x:l: 1,‘x"+1

Note that, r—1’r’+1<0 ¥ x € (-0, ©0)/ Sincé e”> 0, we take the positive rign:

e’ =x++x* +1 =  y=lox+Vx*+1)

Hence, simbr!x =In (x+ 1)

(i) Inverse Hyperbolic ggsine Knnetion

From the graph of y = coshhx (see Figure 1.9), it is clear from the horizontal line test

that the function is nofone-to-one on the domain (-, o). However, if we restrict the

domain to [0, ), the-range set is not disturbed. It follows that y = cosh x becomes one-

to-one for the restricted domain [0, ) and thus bijective. Therefore, on the domain

[0, o), the invefde hyperbolic cogine fiunction exists and we define it as follows:
x=cosh! yifand only if y=cosh x

Example 10 Prove that cosh™ x=In(x+ +/x* —1) forall x € [1, ).

Solution: For y € [0, «0) = Restricted Dom of cosh x and x € [1, ec) = Range of cosh x.

Let y =coshlx

x =coshy
F 5 e’ Dom f= Ramge
¥ Range f= Dom /!
= 2x=e::'1 =  xe?=e¥+1

= (e’¥-2xe¥+1=0




Unit-1 Graphical Representstion of Functipns Mathematics-12

Using quadratic formula:
y o 2xid4x’ -4
2
e =x+ sz_—l,wherele, y20 and e’ > 0.
y =Infr Y1)
It can easily be observed that O<x—x*—l<1 for all x > 1. Thus,
y=]n(x—\/x2_—1)<0.But,yEU,whichispossibleonlyifthepositivesignistaken.

Hence,
y =In(x+ «{x*-1)
= coshlx =In(x+ Jx*-1)
¥ EXERCISE 12 _J

1. 'Which of the following functions are algebraic?

fy=seos, gle)= 2>, by~ P+ 2 40 - e;_;_,’ rx) =G 1)°
2.  Which of the following functions are transcendental?
£0)= 1,809 = cotx, k&Y= & £ + 2x, ko) = "’*2‘*_‘ ) =Ge—1) 2

3. Discuss domain, range, and graph of the function f(x) = 3%,
4, Discussdomajn,range,andgmphoftheﬁmstinnf(x)=(%):.

3. Provethefollowing hyperbolic identities:
(i) P tanh®x=sech’x

(i) csch’x=coth®’x-1
(iii) sinh 2x=2ginh x coshx
(iv) cosh 2x = cosh? x + sinh? x
6. Prove the following inverse hyperbolic formylae.

() tanh!x= lm[“—x) (i) cothx= lm["—”)
2 \1l-x 2 \x-1

(14) )
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(iif) sech™ x= ln[”— “i_"z] (tv) csch'x= '“G*in“}

1.6 Logarithmic Function
A logarithmic function is defined by y =log, x, 2> 0, a # 1, x > 0. It assigns to each
positive real number x a unique real number v, such that a” =x.
Logarithmic Function as Inverse of Exponential Function
‘We know that the exponential function
v=a,(a>0,a#1)
is a one-to-one function with domain (- e, od)and range (0, ). THus, its inverse exists.
Interchanging x and y, we obtain:
x=a¥ = y=log x
Hence, the logarithmic function is the inverse of the exponential function with domain
('Dr m) and range (_'w': m)-
A logarithm with base 10 is called a common logarithm and a logarithm with base e is
called a natural logarithm and we write:
log,o b =logd, log, b=lIn b
Basic Logarithmic Identities
Fora>0,a#1, x>0, we have: log, 1=0, log,a=1
logfa)=x, a™*=x
Laws of Logarithms apd €hangd df Base Formula
Forg>0,a#1,x>0,3>0, t € R,'we have studied the following laws of logarithms
and change of base formula:
1. Productaw: log (xy)=log,x +log,y

2. Quotient Law: log, [i] =log,x—log, ¥
4
3. PowerLaw: log (s} =1log, x
4. Change of Base Formula: log, x = F for every b > 0, b # 1. In particular:

2

lngx

loga

1.6.1 Graphical Behaviour of Logarithmic Functions

In this section, we study the graphical behaviour of logarithmic functions in a
structured manmer. For a logarithmic fimetion y =log, x with domain (0, <o) and range

(15) )

for b=elog,x= % and for 5= 10 log,x =
a
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(~0, o), we analyze its vertical asymptotic behaviour, and its overall shape for
different values of the base a. We alze examine important graphical features such as
intercepts, continuity, injectivity and whether the fimction is increasing or decreasing.
These properties together help us to understand how the logarithmic function behaves
as a curve and provide the necessary foundation for sketching and interpreting its graph
accurately.
(i) Imjectivity of Logarithmic Functions
Let f(x) =log, x, where a >0 and a # 1, x € (0, o). Let s, £ € (0, 20) be arbitrary
nmumbers such that, f{s) =1(?)

= log s=log t = 4" =d%" = lg=¢
Hence, the legarithmic function is one to one.
(i) Vertical Asymptote of Logarithmic Functipg$
Let Y=f(x) = log,x, where a >0, a# 1 and x> 0. Then_x = a’. We consider the

following cases: Vertical Asymptote of s Function |

Case-l:a>1 Case-2:0<a<1 Awmm&a%
] + ) inex=¢ ction,

Note that: ::—!»0 Note that: x — 0 i I

D=0 2y :}a-"'—po*':)y—)m). asa x — ¢ In limit form, x=¢

= log, x — —o. = leg x % . is a veriical asymptote of the
: — < - funetion y = f(x) if

Hence, thor]*f (z) =0, Hencex]im&*f B im f(x) =40 or lim f(x)=+x

In both cases, we have: %f(x) = o,

Hence, the line x = ¢ ig the vertical asymptote of f(x) = log,_ x. Since, y=log_ x is
defined for all pogitivé values of x, there is no other agymptote except x =0,
(iiiy Logarithmite Functions are Strictly Increasing or Strictly Decreasing
Congider the logarithmic function:

Hx)=fx)=log x (@a>0,a#1,x>0)
Let x,, x, €'(0, ) such that x, <x,,
Further let, y, = f(x)} = log, x, and y, = f(x;,) = log, x,. Then, x, =&” and x, =&,
Since, x, < x,, we have a” <&’ ., We consider the following cases:

Case-1: Case-2:
Ifa>1,then a® <a™ =y, <y, If0<a<l,then a" <& =2y, >y,
It follows that: Tt follows that:

X <%y = flx))<flx) X <xy, = fl)>fxy)
Hence, y = log, x is strictly increasing | Hence, y = log, x is strictly decreaging
whena> 1. when ) <g<l.

(16) )
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(iv) Intercepts and Continuity of Logarithmic Functions
For the logarithmic function: y=log, x (¢>0,a#1,x>0)
Intercepts:
(i) The x-intercept is obtained by substituting y = ()
log,x=0 => x=da=1
Hence, the graph of y = log, x intersects x-axis at the point (1, 0).
(ii) Since, the function y = log, x is undefined at x = 0, it has no y-intercept.
Continuity:
The function y = log, x is continuous fer all x > 0. This can be se¢tifrom the fact that:
lim log, x =log, ¢ forall ¢ > 0.

Hence, the function has no breaks or jumps in its domain.

1.6.2 Graph of Logarithmic Function

The graph of the logarithmic function y = log x\18 constructed using the properties
discussed in the above subsections. In particular, the domain x > 0, the vertical
asymptote x = ¢, the intercept (1, 0) , the’continuity, the'injectivity and the monotonic
behaviour depending on the value of‘gtogether determine the shape and position of
the curve. Using these features, the graph can be drawn accurately for different values
of the base a.

Figure 1.10 shows the graphs of logarithmie functions with bascs greater than 1, whercas
Figure 1.11 represents the graphs oflegarithmic functions with bases between 0 and 1.
AF | 4 y £

=lofhe* |
o |

Y =log,x ’.‘;
f7 2 4 6 83 10 12 14 16 1B 20 22

Figuore 1.10
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1.7 Modulus Function and Its Graph
The modulus fanction or absolute value functlon is denoted and defined by:

f(x)=|x|={x’ i L

-x x<0

o

For example, if x=2 > 0 then |x] = |2]| = 2
and if x =—2 < 0 then |x| = |-2| = —(-2) =2.
Similarly,if x=0 then |x] = |0] = 0.Thus, the
modulus of a number is always non-negative.
The graph of the modulus fimction is | |
V-shaped. It consists of two rays Figtire 1.12
starting from origin, For x > 0, the graph is the line y = x, while for x < 0, the graph is
the line y = —x. Thus, the graph of modulus function can be-sketched using the points (0,
0), (2, 2) and (-2, 2) as shown in Figure 1.12.

1.8 Interpreting the Relation Between a One-to-One

Function and Its Inversé through‘Graph
A function has an inverse only if it4s bijective,-that is, both one-to-one and onto.
However, if the co-domain of a function is taken equal to its range, then every value in
the co-domain is already attained by-the funetion. Therefore, the function automatically
becomes onto, and only the-one-te-onecondition is required for the existence of its
inverse.
The graph of a function,and its inverse are related through a geometric symmetry about
the line y = x. This.lin€ is used because any point (x, ¥) on a function represents an
input-output paif, ‘and for its inverse, the roles of input and output are interchanged.
The line y =wds exactly the set of all points where input and output values are equal,
making itthe natural axis of reflection for this interchange.
1.8.1 Method of Constructing the Graph of an Inverse Function
The graph of an inverse function is obtained geometrically as follows:

@) Draw the graph of the given one-to-one function.

(i) Consider the line y = x on the same coordinate plane.

(iii) Reflect the graph of the function about the line y = x.

(iv)  The resulting reflected curve represents the graph of the inverse function.
The reflection ensures that cach point on the original graph is mapped to a
corresponding point on the inverse graph by maintaining equal perpendicular distance
from the line y = x, preserving the geometric symmetry between the two graphs.

(18) )
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Example 11 (Logarithmic Graph from Exponential Graph)
Show graphically that the function y = In x is the inverse of the function y = £*.
Solution:
Consider the exponential function y = &*
Note that the function y = & is one 1o one on
(~o0, o) and its range is (0, oo). Hence, it is
invertible and its inverse is defined on (0, «}.
We draw the graph of y = ¢* along with the line
y=x (see Figure 1.13). To obtain the graph of
the inverse function, points on the curve y =¢*
are reflected about the line y = x. The curve
passing through these reflected points is then
drawn (see Figure 1.13). The resulting curve
represents the function:

yv=Inx
which is clearly defined on the interval (0, o).
Hence, the function y = In x is the inverse of y = ¢*.

1.9 Transformation of Graphs of Functions
Graphs of functions can be transformed in variois ways to obtain new graphs from
basic functions. These transformations, include reflection, rotation, streiching,
compression and shifting, and aré applied to represent changes in functions in
algebraic, graphical and real<life contexts, One of the most important applications of
thege transformations isCin comipmter graphics, where they are used to model,
manipulate and animate images and shapes. However, in this section, we shall focus
only on three fundamefital trangformations: horizontal shift, vertical shift and scaling,
which are most'¢ommonly used in the graphical analysis of fiunctions.
(i) Shiftingsf Graphs
Shifting of graphs refer to the movement of a graph from its original position without
changing its shape or size. In shifting, the graph is translated either horizontally or
vertically,
Inmamgmaﬁcalmode]ing,shifﬁngisusedtorepresentchmgesinaflmctiondueto
variations in input or output values. It allows the same basic function to describe
different situations by adjusting its position on the coordinate plane.
Horizontal Shift
A graph of the function y = f(x) is shifted horizontally when the input variable x is
changed to x — A. The resulting graph is represented by the function:
y=fx—h)
. If k > (; shift ynits to theright ©  If & < () shift |A| units to the left

(19) )
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Vertical Shift
A graph of the function ¥ = f(x) is shifted vertically when the output variable y is
changed to y — k. The resulting graph is represented by the function:
y=fx)+k
If k> 0: shift £ units upward
» If k< 0: shift |k| units downward
For better understanding of horizontal and vertical

Draw tha graph of the fimction

shifts, we consider the function: y=E-2P-2
y=x* and cbserve how it cen be obtained
This equation represents a parabola with vertex at ﬁomthngmphof&&

{0, 0), as shown in Figure 1.14.

Next, we consider the function y = (x — 2)?

This also represents a parabola with vertex at (2, 0). Its graph canbe seen in Figure 1.15.
Note that the graph in Figure 1.15 can be obtained directly from the graph in Figure
1.14 by shifting it 2 units horizontally to the right.

Now, consider another function y = x> -2

This equation also represents a parabola with vertex-at (0, —2). Iis graph is shown in
Figure 1.16,

Note that this graph can be obtained directly. from the graph in Figure 1.14 by shifting
it 2 units downward.

AF
5
4 y=f—2'
-
1] 2 3 4 8°
Figure 1.15 Figure 1.16

General Formula for Vertical and Horizontal Shift
If both horizontal and vertical shifts are applied together to the function y = f(x), then
the general form of the transformed function is given by:

y=flx—h+k
{ii) Scaling of Graphs
Scaling of graphs refers to the stretching or compression of a graph without changing
its general shape, In scaling, the graph is enlarged or reduced either in the vertical
direction or in the horizontal direction.
Scaling helps in understanding how a function changes when its input or output values
are multiplied by a positive constant factor.

(20) )
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Verteal Scaling
If a function y = f{x) is multiplied by a positive constant g, then the new function:
y=a@), a>0
represents a vertical scaling of the graph of y = £(x).
o Ifa> 1, then the graph is stretched vertically by factor 4.

« If0<qa<1,then the graph is compressed vertically by factor l:=~1.
a

»  Only the y-values of the graph change, while x-values remain unchanged.
Horizontal Scaling
If a function y = f(x) is transformed to:
y=flax), a>0
then, it represents a horizontal scaling of
the graph of y = f(x).
» Ifa> 1, then the graph is
compressed horizontally by a
factor a

» If0<g<1,then the graph is siretched horizomtally by a factor E >1.
a

s Only the x-values of the graph change, while’y-values remain unchanged
Important Note:
If & < 0, scaling i3 not only stretching or compression. It alsoresults in:

» reflection along the x-axis in y =af(x) = T

» reflection along they~axdis in »=+{ax) -
Therefore, in this section we consider only a > 0 to focus on
scaling alone.
For better understanding of scaling, we consider the
following functions:

g S = (3
y= oG- md y=(-2

e s e

y=0s-2y

Wi

0|12345

Figure 1.18
can be obtained from the graph of y = (x — 2)* (Figure 1.15) using a vertical compression
by factor of 50. Similarly, the graph of y = (3x — 2)? can be obtained from the graph of
y = (x— 2)? by a horizontal compress, that is, by a factor of 3 (zee Figure 1.18).
General Formula for Scaling of Graphs
If a function y = f(x) is transformed to

y=af(bx), a>0,b>0
then it represents both vertical and horizontal scaling of the graph of y = f(x).

(21) )

The graph of y = %(x—Z)"is shown in Figure 1.17 which
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If a > 1, the graph is stretched vertically by factor a. If 0 <a < 1, the graph is compressed

vertically by factor l.()ntheutherhmd,ifb:-l , the graph is compressed horizontally
a

byfacmrbandif0<b<l,ﬂ:ﬂgmphissu'etchﬂdhurimntaﬂybyfactor%.

Example 12 Let f(x) = In{ x> + 1), Find the function obtained after;

(i) a vertical stretch by factor 2 (ii) then a shift 1 unit to the left.
Solution: We have: f(x) = In( x* + 1).
(i) Formula for the vertical scaling is y = af (x)
Since, there is a vertical stretch by factor 2, we have a4 = 2. Thus, the resulting function
becomes:

y=21In{x*+1)

(i) Now we have, g(x) =2 In(x® + 1).

Formula for the horizontal translation is y =g(x'< k).

Since, there is a shift of 1 unit to the left,we have 2 =—1. Thus, the resulting

function becomes: y=glx—(£1)) =gixH1)

= 205[ (x4 1P A4 1]=2 In(x® + 2x + 1+1)
Hence, the transformed function is-3= 2 ln(x*+2x + 2)
Example 13 Let f(x)=ﬁ. Find the function obtained after applying all the
following transformations-with the given order:

(i)  vertical stretch by 2 (ii) horizontal stretch by 3
(iii) shift 2 units to the right (iv) shift 1 unit downward
Solutlon: Givefy function: f(x):ﬁ.
(i) Vertical stretch by 2. (ii) Horizontal stretch by 3.
The resulting function is y = a f{x) where The resulting function is y = g(bx),
a=2. Thus, we get whete b= - . So, we have:
x+1 i
x 3 2x
= 2 y=g(§J=x T x+3
x+1 §+1
2x
s 2x
We set, g(x) —rl Let s(x) = m
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(iii) Shift 2 units to the right
The resulting function is y =(x— k), whete
h=2. So, we get:

(iv) Shift 1 unit downward
The resulting function is y = Ax) + K,
where t =— 1. Thus, we have:

ey 2x=2) _2x—4 i 2k=4 . x5
A e e 2l Ll T
Let #(x) = 2;;14 Herce, transformed function is y=z—:'15.
¥ EXERCISE 1.3 _J

1. Letf(x)=1log,(x—2)

(i) Show that f(x) is a one-to-one function using the horizontal line test.

(i) Find the inverse function /' (x) algebraically.

(iii) State the domain and range of f(x) and /- (x):

(iv) Verify graphically that the graphs of £(x) andy (x) are symmetric about the

liney=rx.
¥R T T

2. Letf(x)=sinxforallxe [_?E]'

(i) State the domain and range of #(x) and /75(x).
(ii) Sketch the graph of f(x) and®how that’it is one-to-one using the horizontal

line test.

(iii) Draw the graph of /7(x) using the reflection of £ (x) along the line y = x.

3. A one-to-one functionis-defined by f(x) = (x— 1),

x e [0,3]

Using the concept of reflection along the line y = x, sketch the graph of the

inverse function £~ (x).
4. Given the'filnction f(x) = Jx

Find the equation of the function after:

(i) “wertical stretch by factor 2

(if) horizontal shift 3 mits to the right

(iii) applying both transformations (i) and (ii).
5. Given the function f(x)=l,x;=0. Find the equation of the transformed
x

function after applying the following transformations in order.
Horizontal shift 2 units to the left, horizontal compression by factor 2, vertical
stretching by factor 3, and vertical shift 1 unit upward.

6. Given the function f(x) = In x, find the equation of the transformed function
obtained after shifting the graph 1 unit to the right, vertically compressing itby a
factor of 2, and then ghifting it 3 ynits upward,

(23)
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10.

Given the function /' (x) =, ’% .Find the equation of the transformed function
x

after applying in order, the horizontal shift 2 units to the left, horizontal.
compression by factor 3, vertical compression by factor 2, and vertical shift 1 unit
downward.

Given the function f(x)=3" and its transformed function g(x)=3""2+ 1, draw
the graphs of both functions on the same coordinate plane and compare their
shapes.

Given the fimetion f{x) = ln x . Find the equation of the tremsformed function after
applying in order, the vertical stretch by factor 4, shift 6,umits to right, horizontal
compress by factor 3, amd shift 1 unit upward. Draw the graphs of both the original
and transformed functions on the same coordinate plane.

Draw the graph of f(x) = | x| after applying in‘order, shift of 7 units to right,
horizontal compress by factor 2, vertical’shift' 6 units downward, and vertical
compress by factor 2.

1.10 Solving Problems Invelving Expencntial and Logarithmic

Equations and Inequalities

In this section, we solve exponedtial and logarithmic equations and inequalities in
which the variable appears ifizthe exponent or ingide a logarithmic expression.
Before solving, the demain.must be considered wherever the expression is not defined
for all real values of the variable. The metheds of solving equations and inequalities
are illustrated in the following examples.

Examples of Exponential and Logarithmic Equations

Example 14, Solve the equation: 4~ = 8.

Solution: The given equation is: 4~ = 8.

Domain: Since the expression 4°! is defined for every real number

Domain = (—o, )

Since 4 =22 and 8 = 23, the sbove equation can be written as:

(22):—1 = 23 or 22:—2 — 23

Since the exponential function is one to one, we must have:

2x-2=3 = Jc=E
2

sandonse: (]

(24) )
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Example 15
Find the solution of 22 - 353 =,
Solution: The given equation can be
written as:
2% = 355 +3 (1)
Domain; Since the expressions 2% and
353 are defined for every real number.
So, Domain = (—ao, o).
Applying natural logarithms on both
sides of equation (1):
]n2_2t=ln3£x+3

Applying power law of logarithms:

2xn2=(5x+3)In3
= 2xIn2=5xIn3+3In3
= (2Iln2-5In3x=3In3
Applying power law of logarithms:

(In 22 —In 3% = In 3*
= (n4-mn243x=1In27
Applying quotient law of logarithms:

xln[i) — 1027

243

4
=In27An| — | = 2
= X 711n(243) log%( 7

Solution Set: {log o\ (27)}

=

Example 16 Solve the equation:
logx+leg(x—3)=1
Solution:

The given equation is:

log x +log(x-3)=1 (1)
Domain: Note that the expressions log x
and log(x — 3) are defined only when:

x>0andx-3>00\> x>3
Hence, Domain =.(3; 09).

Applying product law of logarithms on the
L.ILS of the given equation (1):
log[x(x—3)]=1
Writing 1n exponential form:
x-3)=10'=10
Factorizitg: x*—3x—10=10
(x—5¥x+2)=0
x=5orx=-2
Note that, 5e (3, wo) whereas, -2 (3, ).
Hence,
Solution Set:{5}

Example 17. Solve the equation: log {x* — 3x +2) =2.

Solution: Domain; ¢

Base condition: x

The given equation is: log (x* —3x +2) = 2.

>0x#1

ent condition: ¥* —3x+2>0

Convert to exponential form;: x% =x2 —3x + 2
> —2-0 = x-2-0 = x=§

Check domain; Base condition: x

tovenc (] 3

=§>0andx;t1.

Argument condition:

gyt oqema 2o
9 9

(25)
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Hence, x = % is a solution of the given equation.

—

Examples of Exponential and Logarithmic Inequalities

Example 18 Solve the inequality: 2**! > 5.

Solution:

Domain: Note that, the expression 2** ! and 5* are defined for every veal number.

The given inequality can be written as: 2.2 > 5*

Since, 2* > 0 for every real number, we have:

2> il & 2> (EJ
2F 2

Since, the logarithmic function with base 10 is strictly increasing, we have:

T

5 5Y
2>— log2 >log| —
o < log og[z]

Applying power law of logarithms: log2 > x log [%J
! 5 5
Since, 5 >0 = log[E] >0, we have:

>y log2

=log,(2) = 0.7565

log = 2
°8 3

Hence, 2°*' 55 = x<log;(2)

1

Solution Set: [—ao, logi (2)]
2

Example 19 Solve the inequality: log (2x — 1) = log(s — 3x)
Solution:
Domain: Note that log (2x — 1) and log {5 — 3x) are defined when:

Zx-1>20 == xg% and 5-3x>0 = =x<

W | Lh

So, we have: l<x<§
2= 73

The given inequality is: Tog(2x — 1) > log(5 — 3x)

(26)
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Since, the logarithmic function with base 10 is strictly increasing, we must have:
log2x—1)=log(5—3x) < 2x—125-3x

Solve inequality: 2Zx +3x>5+1 & 5x26 o x2

Un | O

Compatibility with domain: g £x< g

It follows that: log(2x — 1) > log(5 — 3x) iff gs % <§

Solution Set: [E, E]
53

Example 20 Solve the inequality: log, (x* —3x +2) > log, (2x - 1)
9 &

Solution:
Domain: For the expression log, (x* — 3x + 2)4o be defined, we have:
9

P-3x+2>0 = (x-1Dx-2)>0{="citherx<1 and x <2 (which gives x <
1) orx> 1 and x> 2 (which gives x >2). Hence £<1 orx > 2.
For the expression logI(Zx — 1) to-be defined, we have:

9

221202 x :>l
2
Combined domain; [%1) (2,)

The given inequality is: log, (x* —3x+2) > log, (2x— 1)
[l [l

Since, 0 < ; < 1, the logarithmic function with base % is strictly decreasing. Thus,

we have:
log,(x®—3x+2)> log,(2x—1) < x*-3x+2<2x-1
] ]

& P2-3x+2-1+150 & P©-5x+3<0
Solving the quadratic equation x*> — 5x+ 3 = 0
L 5EV25-12 55413
2 2

(27) )
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5—J1_3 5+J_

Since, 22 — 5x + 3 < 0, either x <

sz—z-sfl_S and x

(which is impossible) or

5*"!1_[ hich gives ST ;"_sxss““‘ﬁ}

2

Compatibility with the domain; [%, 1) (2, .

«T J_

Ifxe[%,l)u(Z,w) and =x E then, we have:
e [5 J3 J [2’ 5+J1_}
Hence, log, (&* - 3x+2)> log.,. (2x-1)iff xe [

S_jl_s,lju(z, 5+;’_]

5+\f1_3i|.

Solution Set: [

P EXERCISE 14 _J
1. Solve the following equations:

@) log(3x —2)=log(x* - 5x +6) () In(x*-1)=In(3x-2)
(iii) log(x)+log(:=5x+7)=log(3) (iv) 3¢*V_2.0¢+9=0

() xlog, 4=10g) (16" -3) (vi) 2 +25=5

2.  Solve the following inequalities (if its solution exists).
@) ~2F+21-7<3 (i) 2*>log,(16)
(iii) log,(x—1)>log, (5—x) (iv) log, 0 —-4x+3)> log, (2x-1)

3 3
(v) log,(x—2)+log,(x—3)=3 (vi) log(x)+ log(x — 3) = log(2x) + log(x — 1)
1.11 Applications of Exponential and Logarithmic Functions
in Real-Life Situations
Although there are many real-life gituationg involving exponential and logatithmic
functions, in this section we focus on selected applications such ag growth and decay
processes, the measurement of sound intensity ih decibels, and compound interest.

(28) )
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Exponential models are used to describe quantities that change over time, while
logarithmic functions help in determining umknown quantities in such models. The
formula for growth and decay will be used as a given model and will be derived later
in the chapter on differential equations, while the formulas for sound intensity and
compound interest will be taken as standard results and will not be derived here,
(i) Growth and Decay
Many natural and physical processes such as population growth and radioactive decay
change in such a way that the rate of change is proportional to the current amount.
These processes are known as exponential growth or decay.
The general mathematical model is:

N=N; &
Where N i8 the initial amount, ¥ is the amount at time #&nd & is a constant which ig
positive for growth and negative for decay.
In growth, the quantity increases with time, while in decay 1t decreases with time.
Logarithms are used to determine unknown quantities such as time or rate in these models.

Exsmple 21 (Growth)
A population is given by: N=200¢"%
Find the time { when the populatian
becomes 400, where f is measured in
hours.
Solution: We are given that:
N =200
Substituting N = 40(:
400 = 200e™%
= eU.L'H-l
Take natural logarithm on both sides:
In2=0.04¢

In2
f= — = 17.33 hours
0.04

Hence the populations become 400 in
17.33 hours approximately.

(ii) Sound Intensity (Decibels)

Example 22, (Decay)
A radigactive substance decays according
to: N=500%
Adter 20 hours, the amount becomes 300,
Find the value of &, where ¢ is in hours.
Solution: We have:

N =500~
Substituting =20 and N =300:

300 = 500¢2%

oo
5

n [EJ = 20k
5

1 3
k=—In| - | =-0.0256
20 [SJ

Hence, k= -0.0256

The intensity of sound is the amount of sound energy passing through a unit area per
unit time. Since sound intensity varies over a very wide range, it is measured on a
logarithmic scale called the decibel (dB) scale.

(29) )
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I
L=10log | -
- [Iﬂ]

where I is the intensity of sound and I, is the threshold of hearing, which is the
minimum sound intensity that a2 normal human ear can detect. Its standard value is

The sound level L is given by:

given by:

L=10"% Wi
where, W/m? (watts per square meter) is the unit of sound intensity..Jt represents the
amount of sound power (energy per second) passing through a unit'area.
Because of the logarithmic scale, even a small increase in decibels represents a large
change in actual sound intensity, which makes logaritlimic laws very useful in
comparing sound levels in real-life situations.

Example 23 (Finding sound level)

A sound has intensity J = 107* and
reference intensity J, = 107’2 Find the
sound level.

Solution: We have: L =10log [Ii)

]
Substituting, /= 10~ and 7=1{0~'2;
~ 10
L=10log| 1
= 10 log(10%)
= 10%8
~R0dB

Example 24 A sound has level L = 60dB
and J,= 102, Find the intensity 7.

Solution: We have: L= 10 log (Ii]

0

Substituting L = 60dB and ;= 10~ 1%:

I
60=101 R
8 [ur“)

I
6=1 —_—
" (lo‘“)

Convert to exponential form:

I
106 = e

I=10°x 107" = 107 W/m?

Example 25 The sound levels at two points are L, = 90 dB and L, = 60 dB. Find the

ratio of their intensities }r—‘, where I, = 10712 W/,

1

Solution: Given: L, =90 dB, L,= 60 dB

L=10 hg(}i)
L]

For the given values of L, and L,, we get:

Formmla;

()
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I I
90=10log| L | or 9=log| =X

I I
60=10 log| -2 6=1log| 2
Dg[‘rﬂ) . Dg[‘rﬂ)

Converting in exponential form:
L1’ md =108
Ill I}
Dividing the above equations:
9
ﬁ=% and L —10°=1000
I, 10 I,

Which is the required ratio of intensities of the sound levels.

(iii) Compound Imterest

Compound intcrest is a type of interest in which the interest earned in each period is
added to the principal (initial amount), so that interest is earned on both the principal and
the accumulated interest. This results in exponential growth of money over time and is
widely used in banking and financial systems to model investment growth, Compound
interest is generally classified into-two types: discrete compounding and continuous
compounding.

Discrete Compound Foferest

Discrete compound interest is a type of interest in which the interest is added to the
principal at fixed time'intervals such as yearly, half-yearly, quarterly, or monthly. In this
method, interest is not added contimuously, but only at specific intervals, and the future
amount is calculated using a fixed compounding frequency. This type of compounding
leads to exponential growth of money over time and is commonly used in banking
systems.

The discrete compound interest is given by the formula:

=
A=P[1+1J
n
where, 4 =Final amount
P = Principal (initial amount)
r = Interest rate per unit time (in decimal form)
n = Number of times interest is compounded per unit time
t = Time (measured in the same unit as the compounding period)

) )
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Continuous Compound Interest

Continuous compound interest is a type of interest in which the interest is assumed to be
added to the principal continuously at every instant of time. In this case, the
compounding occurs without any fixed intervals, and the amount increases smoothly
over time. This type of compounding represents the limiting case of discrete
compounding when the number of compounding periods becomes infinitely large. The

formula for continuous compounding is:

A=

where,

Pe”

A = Final amount after time # (principal + interest)
P =Principal (initial amount invested or borrowed)
# = Rate of interest per unit time (in decimal form)
i = Time (measured in the same unit as the rate is based on, such as years or months)

Example26 A sum of Rs. 1000 is
invested at a rate of 5% per year
compounded continuously for 3 years
Find the final amount.

Solution: Given: P = 1000,

r =5%=005

t =3
Formmula for the continugus compoumnd
interest:

A =Pe"
Substituting'the values:

A = 1000895 %3

A = 10007

A= 1000 % 1.1618

=1161.8

Hence, the final amount after 3 years is
A=Rs 1161.8.

Expmplé 27 A sum of Rs. 5000 is
invested at, a rate of 8% per annum,
compounded quarterly. Find the amount
after3-years.
Salution: We have: P = 35000

r =0.08 (8% per annum)

Quarterly compounding #» =4

i =3 years
Formmyla for the discrete compound
interest:
r w
A= P[l + —]
n
Substituting the values:
Ha
A=5000 (1 + w)
4
A =(5000)(1.02)!
= 6341.2
Hence, the amount after 3 years is
A=Rs. 6341.2.

(32)
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10.

11.

12.

P EXERCISE 1.5 _J

A population is given by N = 300¢*%, where ¢ is measured in hours. Find the time
when the population becomes 600.

A culture grows according to N= 150, where time ¢ is measured in hours, After
10 hours, the population becomes 250. Find the growth constant k.

A radioactive substance decays as N =800 %", where  is in hours:Find the time
when the amount reduces to 200.

A substance decays according to N = 600¢”, where time #.i8 measured in hours.
After 8 hours, the amount becomes 400. Find the decay constant k.

A sound has intensity 7 = 10~ ® W/m? and reference intensity 7, = 10~ 12 W/m?.
Find the sound level in decibels.

A sound has level L = 80 dB and I, = 1072 W/m’. Find the intensity 7.

A quantity changes according to N = 500¢%. If N<.250 when £ =35, find:

(i) the value of constant k.

(ii) the quantity N when =10,

Two sounds have intensities 7, “and 7, such that L, = 85 dB and L, = 65 dB.

Find the ratio ;—‘, where 7, =102 W/m’.

2
A sum of Rs, 4000 is invested at 6% per annum, compounded anmyally for
3 years. Find the final amount.
A sum ‘of Rs. 5000 becomes 632448 when invested at 8% per annum,
compaunded annually. Find the time .
A sum of Rs. 3000 is invested at 5% per annum, compounded continuously for
4 years. Find the final amount.

An amount of Rs. 2000 becomes 3320.12 under continuous compounding at 6%
per annum. Find the time £.

(33) )
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Further Differentiation

INTRODUCTION

Differentiation, a fundamental concept in calculus introduced by Newton and Leibniz,
allows us to study how quantities change and evolve. In our previous class, we studied
the definition of differentiation along with sum, difference, product, and quotient rules,
and applied them to find derivatives of polynomials and rational functions. Building
on that foundation, we will now explore how to find the derivatives of trigonometric,
inverse trigonometric, exponential, and logarithmic funections. We will apply
differentiation to identify increasing and decreasing functiens and to find equations of
tangents and normals to curves at specific points. Higher-order derivatives of algebraic,
implicit, parametric, and transcendental functions will"also be studied. We will use
linear appreximations and differentials to estiméte function values, changes, and
calculate relative and percentage errors in real-life contexts like volumes of geometric
shapes. The unit also delves inte findingdocal and global extrema using critical points

2.1 Review of Differentiation Basics
Definition: The derivative of the fiiiction = £(x)is denoted by % or f'(x) endis
defined as:

7(s) -l

ZER)1(5) st exiots or @ — tim O if exists
h dv 50 8x '

The derivative gives the instantaneous rate of change of the function at a point.

e Power Rule: i(Jc"’)=w.x"'1 where ncR
ax

e Constant Rule: %(c)=(],for any ce R,

In the following rules & =u(x),v=w{x) arc differentiable functions and cis any
arbitrary constant.
au_

e Constant Multiple Rule: %[cu) = cz =cu'.

\ A

(3¢) )
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[ du dv i
e Sum and Difference Rule: _(uiv)_EiE= u' Vv

® Product Rule: This mle helps to differentiate the product of two functions.
i(m,r)=z«:"|;+m."'
dx

e (uotient Rule: This rule is used to differentiate the division of two functions.
i(g]_u'v—w’
d\v)

where v(x) = 0 for all x in the domain.

2.2 Derivatives of Trigonometric Functions

Dertvative of the Sine Function

While finding derivatives of trigenometric functions, we assume that the angle is
measured in radians. To calculate the derivative of £ (x) = sin x, we proceed as follows:
£+ k) =sin{x+ k), and

F(x)= lim flxt 2 —f(x) (By Alie definition of derivative)
i sin(x+h)—sinx
h

xt+h+x . \x+h=Xx
ARE 2 2 Ptq.. P-4
=lim = 2
. "~ sin p—-sing =2cos*——= 3 5

NESaZ

_ tos] R g S0 2)
430 2 i

{By substituting the valueg)

Thus i(sinx) =CcosX
dx

The derivative of the sine function is the cosine function

%(sinx)=cou

(35)




Unit-2 Further Differentiation Mathematics-12

Derivative of the Other Trigonometric Functions
After finding derivatives of sinx and cosx by definition, the derivatives of the
remaining trigonometric functions can be found using product rule and quotient rule of
differentiation.
Example 1 Find f(x)if f(x)=tanx
Solution: f(x)=tanx ="

COs8 X

Differentiating w.r.t. “x’, we have

" " '
f,(x)=(smx)'msx—smx(msx)' i =u'v—uv'
cos” x v Vv
COS X CO8 X —8in x{—sity x y ;
= - X ) (smx)r=cou, (cus::)'=—smx
cos’ x
_cos’ x+sin’ x
cos® x
1 &
= =gect x o sin x+cog’ x=1

cos® x

Thus, %(‘tanx)=sen2x. )
The Derivativ s&f}n&r nometric Functions
6] —(smx)— co8 X ii) —(cusx)——smx
XY
(i) — (tan x)=sec &6 (iv) E(cnt x)=—csc* x
(v) —(sec(bﬁxtanx (vi) E(cscx)= —csc x cotx

Example 2 Find % if y=x?cacx

Solutlon: y=x’cscx
Differentiating w.r.t. “x’

% = (x*) cscx+x%(cscx) =2xcscx+x (—cscx.cotx) =xcscx(2—xcotx)

2.3 The Chain Rule

2.3.1 Composition of Functions

Letg: X — ¥,and f: ¥ — Z, then their composition fog: X — Z is defined as:
So glx)= flg(x))

(36) )




Unit-2 Further Differentiation Mathematics-12

For example, consider two real valued functions g(x) =" —x and f(x)=sinx, then
£o8(2)= (&) (s ~x)=sin(s* =)

Theorem 1: (The Chain Rule)

If f(u) is differentiable at the point u = g(x)and g(x) is diffcrentiable at x, then the

composite function f o g(x) =f{g(x)) is differentiable at x, an (fog)' (x) =F' (g{(x))-2'(x)
In Leibniz’s notation, if

y=f@w)and ¥ =g(x),then | Suppose f(x)=#" end g(x)x|. composition
dy_dy du (fog){x)=x’isdiﬂ‘erenﬁablewm)ism
dr du dr differentiable at x = (. Does this Chain Rule?

Example 3 Differentiate y =sin(x’ —x)w.r.t ‘x".

Solution: Let u=x"—x (1)

Substituting # = x? — x into y = sin(x* —x), we have p=sinz .
Now, wehave y=siny and w=x"-x

Differentiate with respect to u. Differentiate with respect to x.
% = COS % =2x-1
By Chain Rule % _ %x% — (conu)(2x <)
b - 5Heosz> ) (By using oquation 1)
2.3.2 Derivative, @ a Function Given in the Form of Paramefric
Equatipns

Let a fimetion be'represented by parametric equations
x=f() and y=gQ@)
From x= f{#), we have
t=f"(x)
Now, by Chain Rule applying to y=g(#) and ¢=f'(x), we get:

dy_dy dt
& df dv
dy
& _dt L1
& & "
dt dt

(37) )
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Example 4 Find% if y=acosfand x=asinf.

Solution: Differentiate y=a cosf and x=a sinf wrt ¢’
@
dt

] dx
=—gsin? and —=acos!
at

&

: dy _ g __asint _
Apply the Chain Rule R
dr
2.3.3 Implicit Differentiation
When an implicit relation cannot be easily zolved for y (or. when multiple explicit

functions are involved), we can still compute % using dmplicit differentiation. The

—tan¢

steps are as follows:
1. Differentiate both sides of F(x,y)=0 with respect tox, treating yas an
implicit fanction of x.
2. Apply the Chain Rule to term= containing y.
3. Solve the resulting equationfor %

Example 5 Find% if x + % * sin(xg?) =0

Solution:; Differentiate. £+ * +sin{’y”) = 0 with respect to x to obtain:

4o don dON 1N & Y sy =
S0+ —0M) = (Ein(n") =0 | 2y="+* coslay’)+ 2y~ cos(ey’)=-1

1+2y%+cusw2)-%(xy‘)=0 Zy% [1+xcos(? )]=-1-»* cos(")

D, ool [y 5 {2y 2 V]| [T o)
2 A aw)|T T &
ydx+oos(xy )[y -H(zydr]] 1 dx 2y|'1+xcos(1)’3)-|

2.4 Derivatives of Inverse Trigonometric Functions
Here, we will prove that:
1

@ %(sin"x)=ﬁ, forx el 1) | (i) %(tan'lx)=m, forxe R
@ < (eor!n)=-——— .
dx J1-# 1+x*’

(38) )
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) Lot n)= for x € (<0, U(1,9)

1
dx |x| V-1
) 2 (ese )=~

1
dx |x[E-1

Proof (1): Let y=sin""(x), where x [-1,1]and ye[—%,%].

for x € (—eo,—1) '\ (1,%0)

siny=x ...{(1)
Differentiate equation (1) w.r.t. x, we have
dy
— =1
(.:«msyd'c

Q: 1 = 1 = 1
de cosy Jfeos'y |flZsin’y

4 (sin™ x)= for xe'(*1,1) (. siny=x)

Proof (iv):Let y =cot™'(x), where y < (0{#)-and »R.
coty=x 2 (2)
We differentiate equation (1) w.r.t.X;

—csc? y% =1 [(cot y)' = —csc? y)

=_cs:2y (cscy =0, forye(0,7))
1

&8

=— “~ 1+ cot® y =csc?
1+00t2y ( ‘ »)

%(cdt'lx)=—# for xeR (-~ coty=x)

Proof (v): Let y=sec™ x, where x e (—o0,—1]\/[L, ) and ye[{],,;]_{%}

secy=x D, |x|=1
We differentiate equation (1) w.r.t. x:
secytany% =1 ( (secy), =secytany)
Q— 1 where, secy =0 andtan y =0
dc secytany ¥ %

(3)
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any>»0 = y=0 and y=#xr = x=-1,1 and from equation (1).

dv_ 1 T

dt_xumy {2} ('secy=x)

\Jtanzy: yE(O: %J \‘SOCZJ?—]., yE[O: %}
tan y =< =

—ﬁ}tan’y, ye(%,;r) —«Jseczy—l, ye(%,:r}

0. seps |[79H5 and x & (1,50} when ye({) %J
mﬂy=‘ s ¥

(—x* -1, xe(—,-1)

while x & {—0,=1) whenye[ ]

Challengel

Prove formulae (i), }@ (vi).

Substitute the value of tan y in equation (2)
1

B .r-s/_, xe(l,)
* . xefoll)
—xv? -1
X g'foO“

Hence, E(sec le\/_ ,where x e(—w, 1) (l,x) [,-|x|={_x Fx<o)
Example 6 Find % if y=xcos (E]—\‘a‘—x’ , a0

Solutior> Differentiate y=xcos™ [EJ —Ja—x* wart, xto obtain:
a

B[ Xl 1 d(x)|_L a2 &2
& [a]”[ 1-(x/a)’ dr[ ]J @ == dx(a <)

=cos'1[£]— x _1_1. 1 -23)
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¥ EXERCISE 2.1 _J
1. Derive the formula for the derivative of the fellowing functions w.r.t. x:
(a)secx (bcscx (c) cotx
In 2 - 6, differentiate with respect to the variable involved.
2. y=x‘cosx 3. y=xs¢cx+l 4, g S
x 1—cos#
5. y=(l+csct)sint 6, y=secx+dJx—10

In7 -8, find % by making suitable substitutions and applying the Chain Rule.

7. y= :-I-_x g, y=(si11J|:+t:cmur]3"2
-x

In 9 - 12, differentiate w.r.t. the variable involved,

9. y=sec(tanx) 10. y=-fsinx +cosvx

11. y=tan® x+cot(x?) 12. y =gin*(cos2v)

13. Find % for the following parametric equations:
() x=sin’andy=cos2t (i) x=41+sect, and y = Jtans

dy bx
14, [fx=asectandy=btant,']‘henshﬁwthata= e
ay

15, Use implicit differentiation to find — dy

@) e+t 2ex+2H+c=0 (i) x+tan(xy)=
16. Differentiate w.r.t. the variables involved.

@ s [ ] & csc [ﬂ) Point to Note

=1 a 2
x x! +1 _ x, +1 ~farye (—m,—l)u(l,m),md
(iif) cot™ (\E )+ cot™ x Jlr2 -1 -
: -1 1 xz i < —1 hag no sohution.
(iv) (tanf)™ + 7 1 !
2.5 Derivative of Exponential Functions f "Recalll |
A function defined by i
lim2 =lna
f(x)=a*, wherea>0anda=1 o
ig called an exponential function, L

If a = e~ 2.71828 then f(x) = e, is called natural exponential function.

(s )
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Now, we ghall find the derivative of f(x) = a¥, using the definition.

Letf(x)=a* e (1)
From equation (1) we have f(x + A} =g*** wxilat)
f(x) =g LE+ D=0 (definition of derivative)

After substituting the expression for f(x) and f(x + 4) from
equations (1) and (2), we get:
»
=h.ma*+ -a =Hma"(a"—1)
0 h PR
]

=a“]ima_1
0k

=a'lna

Hence, we have proved that %(a‘) =a'lnal.

Example 7 Find % ifQ) y=e™> (i) af

Solutlon: () Differentiate y=¢™ * w.tt, x'and applydhe Chain Rule, to obtain;

sod . { d dut
%=e’“ Z(sm"x) ['.‘—(e")=e"-z)

% = e““’”(zsinx}%(Sin x) =(2sin x)e™ * cos x

=2(sin x){Cos D™ *
(i) Differentiate y~a* w.r.t. x and apply the Chain Rule, to obtain:

dy _ d ol Y = du
E_ff"(lmz)zuﬁ) [ (@) —a'lna-dx]

— & (Ina) (3x%)
—3x%a" Ina
2,6 Derivative of Logarithmic Functions
If 0¥ =x, where a > 0 and a # 1, then y is called the logarithm of x to the base a,
Wwritten as:
y=log,x , x>0 , yeR
If a = e, where e = 2.71828, then the function
y=log, x=Inx (whenever ¢’ =x)
i8 called the natural logarithm of x.
@) )
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Now, we will find the derivative of f(x) =log, x, using the definition.

Let fix)=log_x ... (1)
From equation (1) we have: f(x+#5)=log (x+h) .. (2)
We know f’(x)=§5f (’:”‘;‘f ) (definition of derivative)

After substituting the expressions for f(x) and £(x-+ %) from equations (1) and (2), we get:
£160) - g BLEE D08 i Lig, ("—”’)

k—bﬂh X

1 x h 21 AT
=lim—.~log | 14+— =lim =1 1+—
0 x b g,[ x] Mxog,( I}
=—.log, e
1 1 1
=—, v o log B=
x log,a [ 5y log, a]
1 .
=T (- og, x=1n¥)
d 1
Hence, we have proved that E(log., x)= %o
Example 9
Example 8 Find > if.y= 4 3 gjv
dx log, x Find Z,ify=]n(cas(e")).

Solution:  Differentiate y = Solution: Differentiate y = In(cos ("))
log,x | with respect to %’, and apply the Chain

with respect, to “x’, and apply the | Ruleto obtain:

Quotient Rule to obtain: Q_;i(mse‘)
dy _(a)'log, x~a’(log, x) dr  cos(e’) d
dx (log, x)’ 1 ine) 2
a‘lnalog, x—da" ! Gk, =
_ ¢ xhng sin(e™) .
(log, x) T cos{e”) ¢
_ a*(x(ina)’ log, x~1) =—¢ tan(¢)
~ xha(log, x)°

(43) )
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¥ EXERCISE22 _J
1. Find f'(x)if:
O S)=(+4ne" (@ f()=sin(2")
i) S@)=e= v f@=52E
—-e
2. Find & if:
ax
® y=hEe-e7) @ y=logm’% i) y=ln{¥=v-1)
! In ; N —12x+1
) y=hll-cos's) ) y=F =T

2.7 Equations of Tangent and NormalCines to a Curve
Tangent Line: Suppose that x, is a point in
the domain of the function f(x). The tangent Need to Know!
line to the curve y = f{x) at the poift || Vertical Tangent

: ; : : If m tends tooo ot —oo as X— Xg, then x = x
(xﬂ’f (x" )) is the line with equation is avertical tangent tothe curve y = f (x}l:.l
Y=Y, =m(x—xy}

wherem=f'() =], provided £Gyexist.
=%

Normal Line: A line through poifit (%, 1 (x,))  Note . ]

of the curve = f(«) and perpendicular 0 | poice iy ise known as slope of the

tangent line is.called normal line to the curve | Surveatthe point.

y=s(x}.

If m=f'(x;) is non zero, then equation of the normal line is y—y, =—l(x—x,,)and
m

if m=f'(x,)=0, then x =x, is the equation of the normal line.
Example 10 Find the equations of the tangent and normal to the curve y=secx at

the point where x=%.

Solution: Here, y =secx el 23
Differentiating {1) with respect to x:
dy

——=gecxtanx
dx
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dy

dx

Putx=%in(l), y=sac[%]=\5

The equation of tangent at(%,ﬁ] =(x,,,) with slope m= V2 is:

y_J5=JE[x-§] S -]

= sec [%]tan(%) =2 (Slope of tangent line)

y- 2= Ee- B2
4y—4*J§=4\5x—:r~E-

W2x—dy+af2-mf2 =0
The equation of normal to given curve at (%,-JE] =(x,, ¥,) i8:

)

4x+4~f§y—8—sr=0

2.8 Higher-Order Derivatives

The derivative ' of a fimetionfis itself' 2 function and hence may have a derivative
of its own. If f’is differentiable, then‘its derivative is denoted by /* and is called the
second derivative of §7 As long as the new function remains differentiable, we can
continue the process-of differentiating to obtain the third, fourth, fifth, and even higher
derivatives of £, These successive derivatives are called higher-order derivatives.

The following ‘are the commonly used notations for higher-order derivatives:

1* derivative (2™ derivative| 3™ derivative e n" derivative
Y y " »
& dy &y d'y
& &’ & &
f(x) fox) ST} o)
A Y2 Y3 Ya
Dy Dy Dy Dy
(4s) )
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Example 11 Find the higher-order
derivatives of the function

J(x) =%x" -x +%.w:z -3
Solution:
Differentiate f(x) =%x‘ —-x° +%x" -3
to find its higher-order derivatives.
f’(x)=%.41'3—3x2 +%-2x—0
F(x) =32 —6x+1
Ffx)y=6x—6
FOm =6
£O(x) =0

SOy =0@m25)
Example 12 Find all higher-order
derivatives of the function y =™

Solution: We differentiate y =™ (10 find its

higher-order derivatives.
Y _ = %
e -l&(ax)
=gt *a=ae”

=£

Differentiate with respect to “x’, to obtain:

% =a(a™a) = a’e™
4y

% =a (e¥g)=a’e™

Example 13 If x=¢* and y=¢',

show that f%-zﬁo.

Solution: Given: x=¢" ... (1)
and y=€"..(2)
Differentiate equations {1) and (2) with
respect to 7', to get:
ds _ &
E—ae" and E—Zae"”
Using equations (1) and (2), we have:
E=.1:x and i=2::aju'
dt dt
Apply the Chain Rule to obtain:
dy

dy _ dt

2
tix

& B

= ..(3)

Differentiate with respect to “x’, to
obtain:

w [& BB

&
dz}’=2dxx y.l
ac* x?

Using equation (3), we get:

(46)




Unit-2 Further Differentiation Mathematics-12

. . 2x-3
Example 14: Find y,if y=In T i
Solution: We are given: y=In Zx:l3 Find y,, in example 14.
d x

Before differcntiating we apply properties of logarithm:
1, {2x-3
=—=In
=3 (x+1]

s %[]n(Zx—3)—]n(x+1)]

1 2 1 .
¥ = 5[23:—3 —m} (By differentiating w.r.t. x)
1 =1 =1
» E(2(2::-3) —(x+1) )
Yo %(—4(2;:—3)ﬂ2 +(x+1)_2) (By differentiating wr.t. x)
= %(16 (25-3)"-2(x41)%)/  (Bydifferentinting w.r. %)

- %(—96(%—3)4 +8(x+1)))" By differentiating wir.. x)

_1| _-96 6 ()" -48 3
o z[(zx-s)‘ ey } “(@x-3) (x+I)

¥ EXERCISE 23 _J
1. Find the’equation of the tangent line to the curve y =sin™ [g)ﬂmsx at the

point where x=%.

2. Find a point on the curve y=tan“(§}—§, where tangent is horizontal. Also

find the equations of the tangent and normal at that point,

3. Find a point on the curve x+ y—e” =0 where the tangent line is vertical. Also,
find the equations of the tangent and normal at that point,

4. Find all points on the ellipse x*—xy+y*=1 at which the tangent line is

horizontal.
(47) )
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5. Findy,if:
@) y=x'-3+4x-5 (i) y=In(2x+3) (iii) y=x'e"
iv) x*—y* =4 W) P—xp+3*=7

(vi) x=acost, y=>bsint (vil) x=£, y=2¢
6. Find y, and write expressions for y,, and y,; without evaluating them:

@ y=sin(§] @) y=In(x" -a")

2
7. K x+y =25, thenshow that fil—hzs:o.

8. If y=e™cosbx, then show that ﬂ—zaﬂﬂa’w’)y:o
dF &
. 2 d’y
9. If x=sinf and y=cos t,thenshowﬂm?+2=0
1 &y
10. I.fx=]n!andy=;,thenshowthatF—y=U

11. If y=acos(ln x)+bsin(ln x) , then show thatx*y, +xp, +y=0
2.9 Increasing and Decreasing Functions

Increasing Fll]lcﬂ%\v X N7 Decreasing Function

Let 7 be an interval and let f:/'— K bea | Let 7 be an interval and let f: /-5 be a
function. We say that fig’increasing if for | function. We say that fis decreasing if for

ay x,x, €1, any x,%, €1,
x <x, = f(x)< f(x,) X <x, = f(x)2f(x)

(0 a1, e 51, ch): s ), (o i (] () oy i |

Let f be a differentiable function defined on an interval 7, Then

(i) fisincreasing on J, if f*(x)20 foreach xel.

(i) fisdecreasingon},if f’(x)<0 foreach xel.

Example 15 Prove that f(x)=e"defined on R =(—0,0) is increasing.

Solution: We differentiate f{x) = ¢”with respect to “x* to obtain.
Jf'{x)=€">0 for each x e(—o0,x)

Hence, f{x)}=e"is an increasing function on R =(—0,x).

(s8)
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Example 16 Show that f(x)=2" defined on R=(—0,00) is decreasing.
Solution: We differentiate f(x)}=2" with respect to ‘¥’ to obtain.

F(x)=2"m2E ()

S'(x)=-2"In2 <0 for each x e(—o0,0)
So, f(x)=27"is decreasing function on R ={—,).
2.9.1 Stationary Point
A point on the graph where its derivative is zero is called a stationary point.
Example 17 Find the intervals on which the function f(x)=|x|{ défined on
R =(—x, ), is increasing or decreasing.
Solution: We know that:

x ifx20

10k=1 5 frce

Differentiating w. 1. t. “x’:
o1 x>0
4 (x)_{—l Fx<0
We now evaluate f'(0) by definition:

f’(O):]j&f(UH’;_f(o)
=i )8R
rev il 0 Jy

Since f(x)=|x| is defined different on left and right of x =0, we compute one sided
lirnits:

(By definition of derivative)

limﬂ:ﬁm_—h:—l and limﬂ=l1'm£=1
BT f B0k 0t f At

Since left-hand and right-hand limits are different, the limit hh_%]%l does not exist.

Hence f(0) is not defined.
The function has no stationary point becanse there is no point where the derivative is

equal to zero.

Since f'(x)=-1 <0 for each x € (—c¢, 0) = the function is decreasing on (—<c, 0} and
F(x)=1>0foreach x € (0, o0) = the function is increasing on (0, «c)

Hence f(x)=|x| is decreasing on (—0,0) and increasing on (0,0).

() )
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In the above example, the function has no stationary point, but it changes behavior
around a point where its derivative is undefined.
Conclusion: From above discussion, we conclude that a fimction may change its:
1. Increasing/decreasing behavior around: Critical Thinking

o Stationary points where f'(x)=0,0r|s Bvery stationary point s a critical point.

o Points where f*(x) isundefined, [* D0 you ik everycfcel polat e
2.9.2 Critical Point
For a function f(x) a point x = ¢, ¢ € Dom f'is called a critical pointift

Ff'(£)=0 or () does not exist.

Examples:

1. For f{x)=|x,the derivative does not exist atx =0, 30’y = 0 is & critical point.

2. For f(x)=4x",the derivative f'(x)=2x is zero'abx= 0, s0 x =0 is a critical point.
Method to Find Intervals Where a FuncHipn(is Increasing or Decreasing
To find the intervals where a function is incfeasing or decreasing, follow these steps:
Step 1: Differentiate the given function £{x) fo find-f(x).

Step 2: Find critical points by solving ¢’ (x) = 0"and identifying points where f”(x)
does not exist.

Step 3: If critical points exist;(divide the domain into sub-intervalg using the critical
points.

Step 4: Select a test poifit from each'sub-interval and substitute it into £*(x):

» If f'(x)>0 in-a\sub-interval, the function Point to Note
i . If f{x) is continuous then in each sub-
i8 INCIoAgiRg Were. interval of the domain determined by the

» If (%)< 0 in a sub-interval, the function |critical points, the sign of the derivative
y remaing the same.

is decreasing there.

Example 18 Find the intervals in which the function f(x)=2x3—3xz—12x is

increasing or decreasing.

Solution: The function f (x)=2x* —3x* —12x is defined for all x € R =(—wo,m).

We differentiate f(x)=2x’—3x" —12x with respect to x to obtain:
F{x)=6x"—6x-12 ... (1)

It ig clear from equation (1) that f”{x) is defined for each x €(—o0,o0).

(0) )
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To find other critical points, we solve /*(x)=0:
6x* —6x—12=0
6(x*-x-2)=0
6(x+1)(x-2)=0
x=-1 and x=2
Hence x =— 1 and x = 2 are the critical points of the given function.
Mark these points on the real line. These critical points divide the domain into intervals
(—Cﬂ, _1): (—1,2)&'1(1(2, m)'

O 3
Figure 2.1
Now we check the sign of f'(x) in each subinterval.
Interval | Test point Sign of f'(x) Conclusion

(—o,-1) [ x=—2 |f(-2)=6(-2)-6(2)~12=24>0 | Increasing
(-1,2) x=0 |f'(0)=6(07-6(0)—-12=-12<0 |Decreasing
(2,0) x=3 |[F'(3)=6(3)~6(3)-12=24>0 Increaging

Hence the function f(x)=2x"—3x" <12k«

*  Increases on (—wo,—1)and(2,0). <= Decreaseson (-1,2).

2
Example 19 Find the interval§ where the finction f{x)=2x? is increasing or

decreasing on the domain-%&{—wo,a0),

1
Solutlon: We differentiate f(x)=x" with respect to x’ to obtain:
L. 24 2
f(x}=§x =_l . (1)
3x?
From equation (1), we conclude that #7(0) is not defined. Thus x =0 is a critical

2
point of the function f(x}=x2.
To find other critical points we solve f"(x)=0.
2

— =0
3x?
The above equation has ne solution. Thus, the only critical point is x =0. This
critical point divides the domain in the following intervals.
(—o0, 0) and (0, =)

(s )
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Choose x =-1 € (-, 0) and substitute into equation (1).

f1(-1)= 2 1 =—§<0=>f"(x)<0forall xe(—0,0). [(—1)% =_1]
Thus, the function is decreasing on (—o, 0).

3(-1p
Choose x=1&(0, ), and substitute into equation (1).

(l)—w=§>0=>f'(x)>0forall xe(0,0).

Thus, the function is increasing on (0, «0).
2

Hence the function f(x)=x* defined on (o, co):
s  Decreases on {—oo, ). =  Increases on\(0; x).
2.10 Relative and Absolute Extrema
2.10.1 Global (Absolute) Maximum
Let I be an interval and let /: 7 — R be a function. We say that f has a global (absolute)
maximum at x=c </, if f(¢) 2 f(x) for all-x €.
If f{x) has a global (absolute) maximum ét.x-= ¢, thet'fc) is called global (absolute)
maximum value of the function.

2.10.2 Global (Absolute) Minimum

Let I'be an interval and let £: 7 — R-be a function. We say that £ has a global (absolhute)
minimum at x=cel, if f(c)S 7 (x)forallx e I.

If f(x) has a global (absplute) minintum at x = ¢, then f{c) is called global (absolute)
minitmum value of the funhction.

The global maximum and minimum of a function are collectively called its global
extrema.

Examples:(a) Let f(x) = x> be defined on the interval [0, 2]. IY
The function f has a global maximum at x = 2 and a global )
minimum at x = 0. The corresponding maximum and minimum
values of the function are:

J(2) =4 (global maximum value) 24
and £(0)= 0 (global minimum value) (See Figure 2.2).
(b) The function f(x) =2 defined on (w0, ®) has an absolute 1T

minitum value at x = 0, where f{() = (). It has no absoluie f@ -

maximumn value. (See Figure 2.3) 1

(s2) )

B - ..~
[]
'Y
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(e) The function f{x)=— 2% + 2 defined on (o, o) has an absolute maximum value
at x=0, where f(0) = 2. It has no absclute minimum value. (See Figure 2.4)

nY

=0
Figure 2.3

Figaop 34

Local (Relative) Maxima

tive) Minima

Let7 bemninterval and let £:7 >R be
a function, We say that f has a local
(relative) maxima at x=cel, if there
exists an open interval 7, such that ¢ €7}
and:
f(c)z f(x) forall xelnd;

If f(x) has a local (relativé)\maxionith
atx=c, then f(c) is calledlocal (relative)
maximum value of the function. (See

Let Ibe an interval and let f:7 - Rbe
4 function. We say that / has a local
(relative) minima at x=e <, if there
exists'@n open interval [ such that
g€ fi7and:

f(e)< f(x) forall xeIn],

If fix) has a local (relative) minirmm at
x = e, then f{e) is called local {relative)
minimum value of the function. (See

Figure 2.5) Figure 2.5)
Absolute maximom
No greater value of f anywhere.
T acal maxinimim Alao a local maximum.,
No greater value of
S Local mbuimum
i No smaller value
1 1 ' nearhy.
Absolute minimum i i
No smaller value of ! !
f anywhere, Also n : toealorvilic |
locel minimgm : jpifuemby. [ | ¥
a e e d b >
Figure 2.5
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2.10.3 Method to Find Global Extrema of a Continuous Function
Defined on a Closed Interval [a, b]
1.  Find all critical points of the function within the interval [, &].
2.  Find values of the function at critical points and at end points of the interval,
3.  The largest of these values is the global maximum value, and the smallest is

the global minimum value.
Example 20 Find the global extreme values of f(x) = x* — 4x on [-2, 3].
Solution: We are given: f(x)=x*—4x LD
We differentiate equation (1) with respect to “x" to get:
() =42 -4 i {2)

From equation (2) it is clear that f'(x)exists on [-2,3].
For stationary points, we solve /'(x)=0:
4y’ -4=0
4x*-1)=0
(x-D(x*+x+1)=0
Either: x-1=0 or X¥*+x+1=0
The equation x* +x+1=0 has complex‘rdots, s6(the only real stationary point is
x=1,
Critical Point Value:  f(I) =1'4(1) =3
End Point Values: FED=EED) - -2 =16+8=24
FOY=3 —4(H=81-12=69
From the values -3, 24,69:
. The global maximum is f(3)=69 +*  The global mininmum is f{1)=-3
2.10.4 Secon@Derivative Test
Let f be atwice differentiable function at x=c¢, where

If first derivative is not defined at
¢ lies in the\domain of /. Suppose that f'(c) =0. Then: » critical point, can we apply
1.  fhas relative maximum at ¢ if f*(c)<0. mdp:ﬁm o

2.  fhas relative minimum at ¢, if f°(c) > 0.
3. If f"(c)=0, then the test is inconclusive, and the nature of the critical
point cannot be determined using the second derivative test alone.

Example 21 Examine the function f(x)=%x4—%x’—x‘+4x+1forrelativeexh'eme
values.
Solution: We are given: f(x)=%x4—§x’—x2+4x+l (1)

(s4) )
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Differentiate w.r.t. ‘x™;  f'(x) =2x —4x*—2x+4 e (2)
Set f'(x}=0:
28 4 - 2x+4=0
¥-2F-x+2=0
£-x-22+2=0
W -1D-242-1)=0
x—22-1)=0
x—2)x—-1¥x+1)=0
Thus, the critical points are: x=-1,x=1,x=2
We differentiate the function f'(x) = 2x* — 4x* — 2x + 4 w.r.t. /%™
F(x) =6x —8x -2
=2(3x% —4x-1) (3}
Substitute x=-1 into equation {3):
FrED =231 -4 D)-1)=12>0
Thus, the function has a relative minimum at x=-1¢
x =1, substituting into equation (3):  f"(1) =231 -4(1)-1)=-4 <0
Thus, the function has a relative maximum at €=1.
Substitute x=2 into equation (3): F"(2) =232 -42)-1)=6>0
Thus, the function has a relative minimumat x = 2,
Substitute x =—1, x= 1 and x = 2 into‘equation (1):
1 s 4 P, 1 4 13
f(—1)=5(—1) —5(—1) —(-1) +4(_1)+1=E+§_4=__

6
1,., 4 2 5 .19
JH=50 —5(1)’—(1) QO +4=~
1 a4 2 o T
f@D=5@ @@ +4+1=1
13

Finally: * __ The relative minimum valueatx=-1 isf(—l):—?.

e, The relative maximum valyeatx=1 is f(1)=%.

»  The relative minimum value at x =2 is f(2}=%.

¥ EXERCISE 24 _J

1. Determine the intervals on which f is increasing or decreasing for the domain

mentioned in each case.

D fx)=sinx ; xe(0,27) (i) f(x)=4-2 ; xeR={-wx,)

(i) FOY=x*+3x+2; xe[-4,1] (v f(x)=sinx+%oo52x;xe[0,2£]

(s8)

)
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2. Using the Second Derivative Test, find local extreme values of the following
functions:
i) f(x)=8-2x* () flx)=x*-x-2 (i) f(x)=x"-8x*+2
) fE)=E+2(x-3) ) fx)=(="-2x)¢

3. Discuss the global extrema of the following functions over specified domains.
) f(x)=sinx+cosx on[0,2x] @) F=x** on[-1,8]

4. Find the global and local extrema of the following functions over the specified
domains. (Hint: Use the increasing and decreasing behaviof of the functions
including the end points).

@) f@)=4-x* on[-1,2] (i) f(x)=cosx—ginx on[0,27x]
5. Prove that f(x)=hfz") haslucalmaximumatx:%.

2.11 Local Linear Approximation (Linearization)

Sometimes, complicated functions are hatd to-work with, so we use simpler functions
to approximate them. These approximations arg-often accurate enough for practical
purposes.

In this section, we discuss lingarization, which uses tangent lines to approximate a
function necar a specific point:

Linearization simplifies. complex—or nonlinear functions with a straight-line
approximation, making ‘calculations easier. It is widely used in machine learning,
physics, engineering) and economics for quick, local estimates, especially for small
changes around-known values.

2.11.1 _Tsnearization

If a function f(x) is differentiable at x = g, | A fonction of the form y=nm + ¢, wheremis
then the approximating finction Slops aid e I8 o ) - Mismoepe (€ el 8 Tone
L(x) =f(a) +f’(a)(x—a) :::ﬁm. The graph of a linear function is a atreight
is the linearization of f(x) at x = a. The | Let {a,f(a)) be s point on the gmph of
approximation y=f(x). If f(x)is differentichle, then the
J{x) = Lix) equation of tangert line at {4, f'(2)) is given by:

of f(x) by L(x) is called the local linear L y=F(@)+f(a) (x-a) )

approximation of f{x) at x = a. The point
x = & is referred to as the center of the approximation.

(56) )
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We can see in Figure 2.6, the tangent line Z(x)=2x —1to the graph of the curve f(x)=»>
at (1, (1)) lies close to the curve near the point of tangency. AY
For a small interval on either side of x=1, y-values of the T
tangent line provide good approximations to the y-values

of the curve f(x)=x’. We observe this phenomenon by
observing the table of values for the difference between the
values of L(x) and f(x). The phenomenon is true not

just for this curve; every differentiable curve behaves E'E
locally like its tangent line.

x 0.7 | 0.8 | 0.9 1 LIN\(*1.2 | 1.3
S =x* 049 | 064 (081 [ 1 | L21 144 | 1.6%
Lix)=2x-1 | 04 | 06 | 0.8 1 12 | 14 | 1.6
(%) — L{x) 0.09 | 0.04 | 0.00,\ O | 0.01 | 0.04 | 009

Example 22 (a)  Find the local linear approximation of f (x)=+2x—1 at x=5,

(b) Use the local linear approximation obidined ifi part (a) to approximate 9.2 , and
compare your approximation to the result produced directly by calculator.
Solution: (8) We are given: () =~/24-1 .. ()
Differentiate f (x) wrt £ O S/ ()£ (2x-1)%(2)
1
- e ()
Substitute x =55ito equations (1) and (2):

f(5)=m=3 and ff(ﬂ:«/z('-l"T:%

Now linearizationis:  L{x)=£{5)+ /' (5)(x-5)

=3+ 15-9)= 1o +3-5)=3r+4)

Hence: L(x)= %(x+4)
Thus, the local linear approximation at x=35 is:

Jzﬁn%(xn) . 3)
(s7) )




Unit-2 Further Differentiation Mathematics-12

{(b) Substitute x=35.1 into equation (3)
LG M%(s.u 1)
o2 %(9.1)

J92 %3.0333 @

Caleulator value +/9.2 =3.0332 ... (5)

From expressions (4) and (5), we see that the calculator value is very close to the value
obtained by linear approximation.

Example 23: (2) Find the locel linear approximation of f{x)<oo0sx at x= %.

{b) Use the local linear approximation obtained in part (a) to approximate co891°, and
compare your approximation to the result produced directly by a calculator.

Solution: {(a) We are given:

S(x)=cosx e (1)
Differentiate £ (x) with respect to x:
f"(x)=—sinx ... (2)

Substitute x = % into the equations-{1) and (2)

f[’é] oos5=0 atid f’( )——sin%=—1

The lincerization at ¥&°7% is:  L(x)= _f( ] f[z)[x_z)

2 2
=01} -2
(-(>-%)
= L(x)=-x+3 .3
Thus, the local linear approximation at x = % is:
Six) = L(x)
From equations (1) and (3):  cosx= —x+% e (8)
{b) To approximate cos91°, first convert degree into radians:
91° = 91x _Si=
180 180

(s8) )
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Substitute x=91°=1.58825 into equation (4):

ms?l“a—&+£
180 2
= cos91° =-0.01745329 ol )
Calculator value: cos 91° =-0.01745240 ... (6}

From expressions (5) and (6), we see that the calculator value is very close to the value
cbtained by linear approximation.
¥ EXERCISE 2.5 _J
1. Find the linear approximation of f{*)=+x+1 at x=3; ehd use it to
approximate J3.1 and V259 .
2. (a) Find the local linear approximation of f{x)=sin¥ at x=0.

(b) Use the local linear approximation obtained ‘in part (a) to approximate
sin 2°, and compare your approximation to the result produced directly by a

calculator.
3. Find the linear approximation of the following functions at the given points:
@ f(x)=Jx2+16 at x=3 (i) ~f{x)=tenx at x=7

(i) fx)=cosxatx=0
4. Use alocal linear approximation to estimate the following:
1
(i) (82)5 (i) sin29°
2.12 Differentials
Assume that fis differentiable at a point x, if’ dx # 0 is an independent variable that
can take values in the neighborhood of 0, then we define dependent variable dy,
by the formula’

dy=Jf"(x)dx - (1)
Since d¢s£\0, we can divide both sides of (1) by dx to obtain:

=76
This achieves our goal of defining dy and dx so that their ratio is equal to the
derivative f’{x).
Example 24 (a) Find dy if y=x*+7x.

(b) Find the value of dy when x=1 and & =0.1.
Solution: () Let f{x)=x*+7x.
Differentiate f(x) with respect to x:
=4 +7 ... (1}
() J
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We know: & =F' ()
Substitute the value of f*(x) from equation (1):
dy=(4x> + Tydx . (2)

{b) Substitute x =1 and dx = 0.1 into equation (2):
dy = (@1 +N0.1)=11{0.1)=1.1
Thus, the value of dy is 1.1.
2.12.1 Using dy to Approximate Ay
When a fimetion y = f(x)} is differentiable at a point P(x, ), we cannse the differential
dy to estimate the actual change Ay in y, for small change Ax in»
The actual change Ay in y is given by:
Ay=fx+Ax)—f(x) ...[1)
But calculating Ay exactly often requires complicated formulas, Instead, we use the
differential dy , defined as:
dy =f(x)dx
If we take dr = Ax, then: dy =f"{x)Ax 2(2)
Let O(x + Ax, f{x + Ax)) be a neighboring peint of P(x, ¥) on y = f(x).
e The slope of the tangent lineat P 18 (x)

s The slope of the secant ling cotmecting P and Q is %
As Ax — 0, the point{? approaches P, and secant line PQ approaches the tangent
line at P, (See Fig, 2.7)

4

I

% 11

ks
i

rind

Therefore, for small Ax :
slope of tangent line at P = Slope of secant line PG

= )=

(60) )
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Substitute f*(x) = % into equation (2):

Using Differentinls to Approximate:
@HQXM Since Ay = f{x+Ax) - f(x) and for small
Ax changs Ax
Thus, for small change Ax, the actual = dym f(x+ax)-f(x)

change Ay is approximately equal to the
differential dy , that is:
Aymdy = f'(x)dc
2.13 Error in Differential Approximations
Suppose [ is a differentiable function at a point x, and there is a small change Ax
in x. If:
e Ay ig actual corresponding change in y (given by
Ay = f(x+Ax)~f(x)
s gy is the approximation changedn. y-0btainsd-using differentials, given by
dy= f{x)dc where dx=Ax

and hence: f(x+Ax) = f{x) +dy

Then:
Error in Ay is: Ertor = Ay—dy

Relative error in Ay is: Rélative Emor =ﬂi, when Ay #0

y
Percentage error Ayis:
_|fy—dy

Percentage Error = A x100, when Ay =0
Example 2§ ‘Find dy and Ay for the function f(x)=x" when x=1 and dx=0.1.
Solution; We are given: f)=x* e (1)
Differentiate with respect to x: f1(x)=342
The formula for dy is: dy =f"(x)dx

Substituting expression for f'(x): dy =3+

Substituting x=1 and dx=0.1: dy =3(1%0.1)=0.3

We know: Ay =f{x+ Ax) —f{x)

Substitute x=1 and Ax=ck=0.1; Ay=7(1+0.1)—f(1)=7(1.1)—£(1)
From equation (1), f(x)=x",50:  Ay=(L1Y-(1y=1331-1=0331

(1)
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Example 26 Usec differentials to approximate +24 .
Solution: Let f(x)=+/ ... (1)
Differentiate with respect to x: f(x)——x 2= Z-J_ o (2)

Choose a real number, closest to 24 , which ig a perfect square. Take x =25
We are approximating 24 ,50: x+Ax=24 and x= 25

Thus: 25+Ax=24 = Ax=
Since in differential approximation, dx=Ax,wctakﬂ. dx——
We know: dy=f'(x)dx
1
From tion (2): =——dr
equation (2) dy e

1 1
Substitute x=25 and dx=-1: =—(-1)s=—=-0.1
" * a 2\0'25( ) 10

We know: F(x+Ax)= f(x)+dy
Substiite dy=-0.1, x=25 and Ax=-1;
F(25-0# £(25)¥(-0.1)

f(34) £25)-0.1
From equation (1): 24 = f25-0.125-0.1=49
Example 27 Using differentials appraximate the value of cos 61",
Solution: Let f{x) =cosx s (1)
Differentiate with respeet to x: f'(x) =—sinx ... (2}
Choose x = 60° because calculating cos 60° is easy.
‘We are approximating cos 61°, so: x + Ax=61° and x = 60°

Thus: 60°+Axr=61° = Ax=1°
Since in differential approximation, dr = Ax, we take: dx= 1°—Eradmn
We know: ay =f"(x)dx
From equation (2): dy=-sinxdx

: % N
Substitute x =60° and d=——: =—g§in 60°| — [=——x——=-0.0151
. *= il e (130) 2 180
We know: F(x+Ax)= f(x)+ay

Substitute dy =-0.0151, x=60° and x+Ax=61°: f£(61°)= F(60°)+(-0.0151)
From equation (1): c0861° =¢0860°—0.0151=0.5-0.0151=0.4849

(62)
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Example 28 The side of a cube is measured to be 25 cm, with a possible error of £1 cm.
{n} Use differentials to estimate the error in the calculated volume.

{(b) Estimate the percentage error in the side and volume.

Solution; Let x be side of the cube: x=25cm, dc=Ax=11cm

Let ¥ be the volume of cube: V=x
(a) The differential of ¥ is: W=%(x’)dt
=3 dx e (1)

Substitute x =23 and dx =11 into equation {1):

dV =3(25)" (£1) = +1875cm?
Thus, the estimated error in measuring volume is +1875 em?
(b) Percentage error in measuring the side is:

dtxlﬂﬁ=%xlﬂﬂ=4% )

=
Since: V=x"and dV =3x"dx
The percentage error in measuring the volume is:

|£ %100 = 2B 100 = 5%
14 x

‘ﬁ
v

»100

oud
x

Using equation {2): x100=3x4%=12%

Example 29 The radius rof a'circle.is measured with an errvor of at most 2%. What
is the maximum corresponding percentage crror in computing the circle's

(a) circomference (b) area
Solutlon: Since r is the radius. The percentage error in measuring the radius is given as:
i>.:1|l3|(}=2% w1}
r
{a) Let C be the circumference of the circle:
C=2ar
The differential of C is: dc=%(2xr)dr=2x& - (2)

Percentage error in measuring the circumference:

‘E x1m=‘2”;‘f’{x1m=
(84 2mr

i|x100
r

. . aC
Using equation {1): |F x100=2 %

(63) )
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(b) Let A be the area of the circle: A=z
The differential of A is: dd=%(xr’)d-=2ﬁrdr
Percentage error in measuring the area:

‘£|x100= x100
4

2W|_2x
ar?

i
r

x100=2x2%=4%

Using equation {1): ‘%

P EXERCISE 2.6 _J
1. Find the differential dy in the following cases:
O y=F-3/x () p<£cosx’

2, Use dy to approximate Ay for the following functions:
() y=x-x when x changes from 3 to 3,02.
(iiy y=sinx+cosx whenxchangesfrom 30° to 29°

(i) y=2 when x=05 and dx <A
X

3. Use differentials to approximate the value of'

1
@O 26 @)~ (33)F (i) tand6°
4. The side of a cube is measured tobe 30 cm with a maxirnum error of 0.14 cm in
its measurement. Find the maximum error in the calculated volume of the cube.

5. The radius of a gphere is measured ag 100£0.5 cm and the volume is calculated
from this measurement. Estimate the percentage error in the volume calcnlation,

2,14 Applying Extrema to Real-World Problems

To solve extrema problems in real-life scenarios, follow these sieps:

1. Understand the Problem — Identify what needs to be optimized.

2. Define Variables — Assign variables to unknown quantities.

3. Formulate the Function — Writc an equation representing the quantity to
optimize,
Find Constraints — If applicable, express limitations.
Find Critical Points — Take the derivative and find critical points,
Verify Extrema — Use the second derivative test to confirm maxima/minima.
Interpret the Solution — Relate the mathematical answer back to the real-
world context.

(s4) J

e
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Example 30 A rectangular garden is to be fenced on three sides with 100 meters of
fencing. The fourth side is along a wall and requires no fence. Fmdthedunensmnsthat

maximize the area and the maximum area. =3 !
Solution: Let the gide opposite to the wall be x meters, T
Let each side perpendicular to the wall be y meters. 7
Total length of the garden to be fenced: J_
x+2y=100 Wall
100-x
- (1)

Area of the garden =4 =xy
Substituting the expression of y from (1):

A=x(100—x)
2
A =%(100x—x’) e (2)
Differentiating w. r. t. ‘x":
_1aw =505 3)
dc 2
dA
Set — =0 50-x=0
T x
x=350

Thus, x = 50 is the critieal point.
Differentiating equation (3) w. r. t. *x’:
2
Since E=—1<:l}, the area A is maximum at x = 50 meters

di’
Substitute x = 50 into equations (1) and (2):

= 100;50 =25 meters and A= 5{100x50-507)=1250 m*
The maximum fenced area of the garden is 1250 m?, which occurs when:
s The side opposite the wall is 50 meters
o Each of the sides perpendicular to the wall is 25 meters
Example 31 Find the dimensions of a rectangle of maximum area that can be inscribed
under the curve y =4—x> and above the x-axis
Solation: L¢t one vertex of the rectangle on the parabola in first quadrant be A(x, 1)

(&) )
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The other vertex in second quadrant is B(—x,y). AY
Height of the rectangle =y
Width of the rectangle = 2x
Area of the rectangle: A= 2xy . (1)
The vertex A(x, ¥) of the rectangle satisfies y =4—x°. Bex ) A6\
Substitute thiz expression of y into equation (1):
A=2x(4-x*)=2(4x—x*) h
. . . Y S w X
Differentiate with respect to x: Idx_Z('ﬂf 3x°) .. (2) vaxy D)
dd ¥igure 2.8
Set E—O.
24-3x)=0 = 3’ =4 = T R
3 3

We consider only positive roct since x in first quadrant-is positive.
Differentiating % =2(4-3x*) wrt x:

%=2(—6x)=—12x
2
At x=—:
3
d*4 [2] 24
— =-12| ={=~—=<0
2 V33 B
Negaﬁveseoonddeﬁvaﬁveimpliesthatareaismaximumatx=%.
2
Substitute, A=<= into y=4—x":
NE] y
2
2 4 B
=4— —_— =8 =
¢ [\E] 373
The dimensions of the rectangle of maximum area are:
; 4 ; g .
s Width =2x=-— units *  Height = — units
3 3

Example 32 A cylindrical can must hold 500 cm? of liquid. Find the radius and height
that minimizes the material cost.

Solution: The cost of the material will be minimized if the surface area of the cylinder
is minimized. Qur ohjective is to minimize the surface area of the cylinder.

(66) )
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Let: ¢  Radius of the base =rcm
*  Height of the cylinder = A cm
Volume of the cylinder: V =zr*h =500cm’

},=E )

art

Surface area of cylinder:
e  Surface area of two circular ends = 2a7° *  Cutved surface area =277k
Total surface area of the cylinder:
S=2xr+2nrh ..(()
Substitute the expression of k from equation (1):
S=2ﬂrz+2m-xﬁ=2mz+@
nrt r
Differentiate ‘S w.r.t ‘r":
§=4ﬂr—% )
Set£=0:
dr
_10(210=U iy 4m=lﬂlz]0' Ly 1000
r ¥ dx

r=[ﬂj ... (%)

T
Differentiate equation (3) w.r.t. 7
4s,, . 2000
g =4 +—_

?'3

4xr

/3
Substitute r=[@] juip 2.
T dr

1
Since Z5 50, is minimum at r=[@)3.

drt T

(67) )
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1
Substitute r=(@]" ito b= 200 .
T zr

500 500
h - —

ﬁ[ [@ﬂz ()8 (250)%

The material cost is minimized when:
1

@)3 Ccm L} Heigh_t = h = —15m 3

" (=) (2508
Example 33 A car moves along the parabolic road y =4 — x%-A mobile tower is at the
origin. Find the position of the car where the signal strength'is strongest.
Solution: Signal strength is strongest when the distaiice between the car and the tower
is minimum.
Let the position of the car be P(x, y) on the pafabola y = 4 —x*
The distance D of the car from the tower at.origin (0, 0))is:

D =x* ¥y*L. (1)
Since the car lies on the parabola y'<4-x’
= x=4-y e ()
Substitute x* =4 -y into equation (1)

,.‘.'JI=-\J'4—y+y2

Since minimizing D\is-equivalent to minimizing D? :

. Rﬂiug:r:[ cim

DP=4-y+yt
Let D* = £(¥):
f(y)=y"—y+4a
Differentiate with respectto y :
af
2 =2y-1 .3
R (3)
Seti=0:
2y-1=0
_1
¥=3

(68) )
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Differentiate equation (3) with respect to y:
2
df =2>0

— =
Since second derivative is positive, / is minimum at y=%.

Substitute y=% into # =4—y:

x2=4—l=1
2 2
2
s 2 : ; % 71
The positions of the car where signal strength is maxiumum are(J;,EJand[—J;, EJ

Example 34 A sofiware company is desigding’ a data processing algorithm for
analyzing batches of customer transactions./The runtime 7{#) in milliseconds depends
on the size of the batch » (the number of transactions processed together) and is
modeled by the equation:
T(ny=r® — 122 +36n
e The term #° reflects the tirie complekity of a sorting step in the algorithm.
» The term —12+* accounts for optimizations that reduce processing time for
moderate batch sizes.
¢ The term 36 » represents overhead that scales linearly with batch size.
The company wants tofind the optimal batch size » that minimizes the algorithm's total
runtime.
Solutlon; Theruntime of the algorithm is:
Tn)=n’ — 121 + 36n -0
We need fo'find the input gize 7 (the number of transactions processed together) that
minimizes the runtime I{n).
Differentiate equation (1) with respect to n:
dar
- =3 —24n+36 ok}

Toﬁndcriﬁcalpointsset%=0:

3P -24n+36=0
n—-8n+12=0
(n-2Xn—-6)=0 wonzl

() )
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Thus, the critical points are:
n=2andn=6
Differentiate equation (2) with respect to n:
da‘T
— =6n-24 sl
7 &)
Substitute » =2 and n = 6 into equation (3):
a‘r da‘r
—=6x2-24=-12<0 and —-=6x6-24=12>0
a7 e
T

Since Ed)at n=2, the function T'(») has a local maximum at 2=2,

Since %:-0 at n =6, the function T'(n) has a local minimymat = 6.

The runtime is minimized when the input size is n=6.

P EXERCISE 2.7 4

1. A window consists of a rectangle surmounted by & semicircular opening. If the
total perimeter is 21 meter, find the dimensjons that maximize the area.

2. A rectangular sheet of metal with dimensions 40/ cm by 25 cm is to be made into
an open box by cutting equal squareg from the’eomers and folding up the sides.
Find the size of the squares that maximize thevolume.

3. A closed cylindrical tank is to-be constructed to hold 54 liters of water. Find the
dimensions that minimize theconstruetion cost of the tank.

4. A wire of 20 meters is cutinto twe-pieces. One piece is bent into a square and the
other into a circle. How should the wire be cut to minimize the total arca
enclosed?

5. A team of envirotmmental scientists is monitoring the oxygen level in a lake over
time to ensure the water quality remains suitable for aquatic life. The oxygen level
in the lake, measured in milligrams per liter (mg/L), is modeled by the equation:

o) =13 - 182+ 81t + 100
Where (Xf) is the oxygen level at time ¢ (in days after monitoring began).
Scientists want to determine when during the monitoring period the oxygen level
is at its lowest, azs low oxygen levels can be harmful to fish and other aquatic
organisms,
Find the time ¢ when the oxygen level is at its minimum.

6. The perimeter of a triangle is 16 cm. If one side is of length 6 cm, what are the
lengths of the other sides for maximum area of the triangle.

7. A poster must have 200 cm? printed area with margins of 2 cm on top/bottom and
3 cm on sides. Find poster dimensions to minimize paper used.

8. Find two positive integers whose sum is 12 and the product of one with the square
of the other will be maximum.

(70) J




Integration

INTRODUCTION

In the previous unit, we studied differentiation and learned how to determine rates of
change, slopes of curves, maxima and minima, and schitions to varicus real-world
problems. In this unit, we will study integration, which is the reverse process of
differentiation and an important branch of calculus used o find accumulation, area,
volume, and total change. We will learn the concepts of antiderivatives, indefinite and
definite integrals, their notation, properties, and fundamental rules, including the power
rule and the Fundamental Theorem of Calculus. We-will also study the relationship
between definite integrals and the arca umder a curve,'and use integration to find arcas
bounded by curves and lines, as well as volumes.of solids of revolution. Furthermore,
we will explore important integration techniques such‘as substitution, integration by
parts, trigonometric substitution, partial fractions, andintegration involving exponential
and logarithmic finctions. The concepts of ‘integration have wide applications in
mathematics, physics, engineering,” economics, biology, and technology, inchiding
calculating the volume of. confainers, population growth, consumer and producer
surplus, distance traveled, velocity, drug dosage, and moment of inertia, By the end of
this unit, we will develop both conceptual understanding and practical problem-solving
skills related to integration and its real-life applications.

3.1 Anfiderivatives and the Indefinite Integral

Definition: A function F is called an amtiderivative of a given function f on an
interval T if F'(x) = f(x) for all x in I, and the process of recovering a function F
from its derivative £ is called antidifferentiation.

To illustrate, let f(x) = 2x. If F{x) = »2, then F'(x) = 2x = f(x). Moreover, the function
G(x) = x* + 10 also satisfies G'(x) = 2x = f(x). Therefore, if F(x) is any antiderivative of
f(x) on a given interval, then for any real value of ¢, the function F(x)+c is
also an antiderivative of f{x) on that interval.

(1) )
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Definition: Let F be an antiderivative of f on an interval Z, The set (or family) of
all antiderivatives of f is called the indefinite integral of f{x} with respect to x,

denoted by [ f(x)x. Thus, | f(x)dr=F(x)+c, where  is an arbitrary constant.

In the notaﬁonj'f(x)dx= F(x)+e.
(i}  Thesymbol [ iscalled the integral sign.
)  [f(x)dx is called the indefinite integral of (x).

(iii) The fimction f(x) inside the integral sign is the integrand.

{iv) The symbol,dx is called the differential of x- It indicates the variable of
integration — the variable with respect€o which the integration is performed.

{v)  F(x)is an antiderivative of f(x).

(vi} cis the constant of integration:

3.1.1 Basic Rules of Integration
Rule 1: [kf(x)dx=k | f(x}d (Integration of a fimction multiplied by a constant &)

Rule 2: {[f(x)=g(¥)]d= [ f()dxt [g(x)dx (The Sum and Difference Rule)

Rule 3: | x"dx=£1+c,where n=—1 (The Power Rule)
n+

([T f'(x)dx=[%]l—+c,whcm n#—1 (The General Power Rule)

Rule 4: !idx=]n|x|+c, x # 0 (The Logarithmic Rule)
I%dn=]ﬂ|f{x}|+c (The General Logarithmic Rule)
X
Rule 5: EIf(x)dx=F(x)+c,thenforanyconstanls a#0and b,

Flax+b)

_[ Jlax+b)dx = +¢ (The Linear Substitution Rule)

(12) )
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3.1.2 Some Useful Integration Formulas
From the above definitions, we obtain integration formulas directly from
differentiation formulas as shown in the following table.

Derivative ( f(x))

Indefinite Integral j%(f(r))d&r = f(x)+c

2 @=0 e

%(x)=1 jldx=f¢ix=x+c

4 @y=me! " ds=Z s cn2l
dbx m+l |

%(lﬂ|x|)=%,x#ﬂ

j'la:x=1n|x|+c, x#0
x

d
()=

je’dx=e“ +c

i('_t:"‘)=¢'.”‘]1:u:|.', a>0a#l
&

Ia‘dx=£+c, a>0,a#l
Ing

%(sinx)=msx

Imsxdx=sinx+c

%(cos xy=—ginx

d _
E(tﬂ:m:)—w:r2 ¥

jsinxdt=—msx+c

Iseczx de=tanx+c¢

%(cotx) =—csc’ x

i(secx)=secxtanx

_l'c:tv.c2 xdx=—cotx+c

Isecxtanxc&=secx+c

dx

%{cscx)——cscxcotx j'cscxcotxdx=—cscx+c
d ., . 1 1

—(sin™ x)=

& 1-2° I\h—f

d = | _ 1 1 - -1

4 6eF x)—lxl T I i |x|+¢
2 (5 =— f—L do=tan wre
dx 1+ 1+x*

(73)
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Example 1 Evaluate the following integrals.
@ [ ) [-98x7dx
!9+1 xmo

Solutlon: (i) jx”dc_ggﬂ c=lggtc (ByusingRule3)
X' ] 100x™

tc|[=——+0=x"
100

W this result by differentiati
¢ can verify this by ondt( 100

(ii) —QSIx*dr=—98f—:;+c=x‘” +c=$+c (By using Rul¢) and Rule 3)
Example 2 Evaluate the integral [(8x”—6x° + 42" —2x-3)

Solution: By using Rule 2, we have:

[(85"—6x° +42° -22-3) & = [8x'ds— [6x’di#fdx'dn—[2z 5 3

=8[ " dv—6[ x°dx+ 4] Fdv - 2[ xdv—3{1 dy (By using Rule 1)
=3[£J—6(£]+4(£]—2[£J—3x+c =x -2 x' —x* -3x+c
8 6 4 2
(By using Rule 3)

Example 3 Evaluate the integfals (i) j s j'ﬂ’”"z):L

. x?
Solution: (i) J'J_d,\: =7{ ™ dx= Topte= 14Vx +¢ (By using Rule 1 and 3)
(1420 s 1 .27 x
@ | o= dx=f[x—4+x—4+x4jdx

-3
=_f(x"+2x" +1) dx=x—3+2 — +x+c——%—£+x+c (By using Rule 3)
= x
1

Example 4 Evaluate () [(5°+7x-3)'Q0x+7)dx (i) I[x+lj(l——z)dx
X

X
Solution: (i) I(Sx’ +7x-3V (10x+T) dx = w+c

(ii) ![x+l][l—%)dr=%(x+l] +e
A X
(By using the penecral power rule)

(1) )

{By uging the general power rule)
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Example 5  Evaluate J'tanxdr Example 6 Evaluate J'secxdx
Solution: sec x(secx -+ tan x)
y Solution: dx =
[t [e-n, | i By s
2
secx+tanx
=-Tnjcos +e sec x-tanx+seczxdr
_I secx+tanx
= In|secx + tan x|+ ¢ (By-using Rule 4)

Example 7 Evaluate J.tanz xek
Solution: Itanzer:=.[(sec"x—1)a&=.[seczxdc—_[1d:=tmx—x+c
Example 8 Evaluate J.coszxdx

1+0052x 1 1 sin2x
Solution: Icos xdx = J' =Ej(1+m52x)dr=5[x+ 5 ]+c
tanx —Secx
E | Evalvate | ———
e 3 v [ 222
tanx—secx tan:c —8gCXx tanx sSecx
Solution: | ——————— = | ——————dxr = dax
— j 1+tan® x J'[sac"x sec"x}
2
—I(—ms x—LJdt I(smxcnsx cosx)dx = =0 X sinx+e
COSX SEC X

Example 10 Evahuate sin3x cos Txds
Solution: We know that, sin mxcosnx = %[sin(m+n)x+ sin(m — #)x]
Putting m =3(and =7, we get

Isin?a.xms?xdt = %J‘[sin(l{)x) +sin(—4x) |

=%I(sin10x—sin4x)dx =%|:_c0310x _(_ ms4x]]+c __cosl0x " cosdx e

10 4 20 8
Example 11 Evahate dex‘

gin(x+b)
.. rsin(x+a) ,  csin[{x+b)+(a—b)]
e F= o e R e
_Isin(x+b)cos(a—b)+cos(x+b)sin(a—b)dr
' sin(x+5)

(75) )
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cos(x + b}

= [ms(a b)+sin{a— b)sm( B

=cos{@—b)-x-+sin(a—b)- Insin(x + &) + ¢
a —b*

(ab)

s [l e e

gt o -

¥ EXERCISE3.Y _J
1.  Find all the antiderivatives for each derivative.

]dx cos(a—B){1 dx +sin(a— b)j:l":((”;’;m

Example 12 Evaluatejl

dx where @ and b are distinct and have the same sign

@ %:10%‘ i) %:uw’-wﬂ
2.  Find each indefinite integral. (Chéck answét by differentiating)
j(1+2:)d: i) J' (3u® +4u)du
(i) [100x° ds (i) [(2%* +357 )ds

3. Evaluate the following:
@ [Ox+34%)k (ii) J'x‘[x+%]dx (iii) I(Jﬁﬂay

Fix+2) x+l - ple+e)
ON R ® [ i) [Pt
. 1 . . v
(vid) j—erJ;c& (i) [7"dx (ixy [2ax
o a>0 2”‘+1 +1
@ [ (0] @[5 (i) [ 521
4, Evaluate the following.
@ [escxdr ) [oot*xds (iti) [sec’ xd
@v) [sinx-cos7xdx ) dex i) I_m'idx
COs X—8Inx SMXx4+Ccosx

(76)
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= 1 oo fl—COS2x
(et) -[1+t.=c:sxd]'c (vm)-[1+m52x
3.2 Method of Substitution or Change of Variable
The method stems from reversing the Chain Rule for derivatives. Recall that for
differentiable functions y = #{x) and u = g(x), the Chain Rule states that

2 [F(e@)]=F(e@)s'

Tn terms of indefinite integrals, this becomes IF'(g(x))g'(r)dr = F(g(x)) +e

Theorem 3.1: Antldifferentiation of a composite function )
Let g be a fimction whose range is the interval I, and let fimction that is
continuous on I. If g is differentiable on its domain and F‘L antiderivative of f

(F = f)on 1, then [f(e(x)-£' s =F(g(@)+e. <<

Letting » = g(x) gives du = g'(x)dx, and If(u)du =F(u)+c.

The equation If(u)a'u=F(u)+c has the same form as the basic antiderivative
formuls, [ £(x)dx = F(x) +¢, but the indépéndent Yariable is now u.

The process of replacing x with & new( variable u=g(x) and dx with the

corresponding o is called a change of variable or the method of substitution,
‘Recall! Rule 4.

T\
Let u = f(x). Thea\d?= f'(x)dk

sm&@ o inteol) we Have I%cﬁc: ida

We know from basio intogration rules that | = Inju]+c
H

cog2x —cor 28
dx i dx
@) I COsx—Cosf

Finally, substituting # = f{x), we obtain I%dx=h|f{x}|+c

Example 13 Evaluate {(5x°+5)'x'dx

Solution: When an integrand contsins an expression raised to a power, such as
(Sx’ +5)3 , a usefill strategy is to substitute  for that expression.

Let 1 =5x"+5. Then du=25x"dx

(17) )
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52+ 57 xtde= LI(5x5+5)5*25x‘cﬁ=lIu’d¢—E %+c—ﬁu ‘e

Finally, substitute back u =5x" +5 I(Sx +5P x*dr= — ™ (5x5+5) +c

Example 14  Integrate [vx v1++xdx
Solution: Let 1++/x =u. Then, vz =u—1and x = (u —1)* = dbx = 2(u — 1) du
Substimte-v";=u—lmddt=2(u—l)a‘uintotheintegm]:

[ 1+ fxde = [e-Du 2-1) du=2[(u —1)2;;%@

. 1 3 1 ) 7 4 - V) 3
=2J.(u —21.!+1}m2¢'3’u=ZJ'(M2 26 +ut)du=2 ;u‘—su’-+3u’- +c

=§u2 —gu“ +gu’+c——(l+J_) ——(1+J_) (1+«J_) +e vu=1+Jx

Example 15 Evaluate | 7 ; — d
+7 41+

Solutlon: Let 2 =+/1+x*. Then, i3=1%x* =2 du=2x dc =>udu=xdx
j—du In|l+u|+e¢

IJ1+x’ +1+%* _Iﬂﬂ'z Iﬂﬂ+u)

=]n(1+~l1+_x2)+c

where we can remove the absolute value signs since 1++1+x* >0 forall x.
Elﬂ.‘r

Solution: Let 4 = cos x. Then,du —sin x dx.

sin x —du E” e E” 5
e dx=_[ > =—_[e du=—_—1+c=e +e=¢ M +¢c

tenx

e
Example 17 Evaluate dx
ple v 'lll+xz

Solution: Let u = tan™ x. Then, du= dx
1+.1t2
P
Il+x2 —I =e tc=ge ¢

(78)
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x

er+ Ze: e

{e"+1)

Solution: et e’ +l=u=e&' =u—-1=>edr=du

€ +2" ¢ € +2 u—1+2 u+1 w 1
Femr ety d=f{ G

1 4 u! 1 1
=I[;+u Ja‘u=111|u|+_—1+c=ln|u|—;+c=ln|e"+1|—e:+l+

Example 18 Evaluate _[

e’dxl

c

Example 19 FEvaluate wac&
+

Solution: Let % =In(1+¢"). Then, du=——d

1+¢&
& In(l+e) A
ITd&'=Iﬂ a‘u=7+c =E[]ﬂ(1+€x)]’+c
Example 20 Evaluate Imd&?

x{1+x)
Solation: Let u= 1n(1+x)—lnx

du_ 1 1 _x(+x) \x=1-x_ -1

e & 1+x xl x{(1+x) _x(1+x)_x(1+x)
e D\ W S I
dr w14 x) x{1+x)
In Sln 2 1
j%;&ﬂ'u(-du)hjudu=-"?+c=-5[tn(1+x)-|nx]’+c

Pun()

Example 21 Evaluate J' 1.
x

Solution: Let » =tan™'(x*).

oy, 4 d _3 L X
Thm’z_1+(x3)2dx(x3) = du_1+xﬁdt = 3d“_1+x6dx
2 tan () 1, 1 1 fis
Thus, .‘de=jﬂgdu =§Iudu =? W +e= E[tan 1(13)]2+C
(m) )
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3.3 Trigonometric Substitution

Integrals involving the radicals Va® —x*,va* +x*, and \x* —a* (where a>0) can

often be evaluated by making a substitution involving a trigonometric function. The

objective of trigonometric substitution is to eliminate the radical in the integrand.

We do this by using the Pythagorean identities:
sin®#+cos’ @ =1and sec’ #—tan’ @ =1

Case 1: Integrals involving & —x* (where @ >0) can frequently be reduced to a

gimpler form by using the substitution x =gsin@, where 8 —%,%]

Case 2: Integrals involving Va? +x* (where a>0) can frequiently be reduced to a
simpler form by using the substitution x = atan#, where @€ :.—%, %J

Case 3: Finally, integrals involving %> —o? (whete &> 0) can frequently be reduced
to a simpler form by using the substitution x=asec&, where ¢ [0, %)U(%, :r].
Some Special Integrals as Formulds

® Ia2 x’ = ]“Z::c
LBy , where 0
@ [ =e (5] e

+ ¢, where x #+a

Proof:(i} To evaluate J-z_xz‘# Prove the given formulas.
a p—
We have az—x"=(a_x)(a+x)’sg (i) Ixil aa\!::—;h:lx-'_‘r +e,wherea=0,x+1a
1 , 1 . 1 A
Iﬁdx=jmdx (ii) In’+x’ tﬁ—nhn [a]+c,whma=50
I(a x)+(a+x) (i) f i =h|x+m+c.“’hﬂcd¢0
(a x¥a+x) Ve
__ (ﬂ I) " (ﬂ+1') & (W)I_J_ |x+ﬂl: a|+c,wh|=re|x|>a>0
" 2a | {(a—xXa+x) (a—x)}a+x) i I wherols
# (v) ( J+c »a>0
=l L.F 1 )dx &
2a'\a+x a—x . /
;
. L——]dx ——(1n|a+x| In|a—x[)+e = —In[2F%
2a'\a+x a-=x 2a |la—x

(80) )
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{iiy Wec want to cvaluate J.

\{% dx, where 4 is a positive constant and the
a —X

domain is —& < x < g so that the square root is real

Let x=asiné, -g<a<%, then dx = acosBd6

Also

Va? -2 = @ —(a sinGf = - sin® @ = Ja*(1—sin’ #) =V cos® 8 = alcos &
On the interval —%-::B-::%, cosd >0, so |cosd =cos@. Thus, Va'x* =acosd

Substitutc into the integral: |——

W Iamg“m9d9=fld€=e+c

]

We have x=a sinf = sinﬂ=—,andsimeﬂishlhepﬁmipalrange[—
[+

e ()

Thusj'\/rdx sm[}ﬂ:

Example 22 Evnluatejl ‘9 'tz

bR

Solutlon: Let x =3 sind, where 9&[—%, 0] U [0, %], then dx =3cos@d0

9 — x* = J943 sin#)? = \J9(1-sin’ §) = V9cos® § = 3cosd

J‘W -¥ ‘.[(;:a cos8df) = [cot* 90
= [(csc® 0 —1) d8=—cot0—0+c (1)

We have x= 331110:}31116—— So, 8 =s8in" (.x)

cotd cosﬂ Jl —sin? J
x

sml?

Thus, ]‘Jg;,_xz dc=—J9;_isin'1[§]+c
(s1) )
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dx, —o0, () (0,0
xeT x€ (—2,0) U (0,)

T ff‘/*

Let X* =tan#, whm'eﬂe{—E E] then 2x dx =sec’ @ dO

Example 23 Evalvate I

Solution; I

=_! sec” 8 g=1 J-
27 tan O/tan? 0 +1 tﬂnﬂﬂﬂcﬁ'
- —jsw6d9=ljcﬂd9=—1n|cscﬂ—oot€|+c
2 2
1 1Y.a
= _ Zg _ —__ i . =4
21n|J1+mta cotf|+ ¢ S 1*(,3) Sl+e

\fx‘ +1 1

X

-
2

1{x"+1—1

xz

1

+c=—In +r
Z

Example 24 Evaluate I Ui_g dg, (x>3)
Solution: Let x =3 secd, then dv="3secBtan 4P

2
I@dx = j’ @-3memeda

= [ Jo(sec’ 0 - 1) -ta0d6 = [3tan Htan 9 a6
~3[tan’g 4953[(s0c8 - 1)d6 =3t 6 - 8) + ¢ =3[ Yoo’ 18]+

AT or s

(x+1)e

E le 25 Evalus

xample te_[ Ty

Solution: Let # = xe”, then %=xe‘+e‘(l) => du=(x+1)e" dx
(x+l (x+l)e’ du 4 -1
Il+x’e" =jl+ 2a‘x=Im=tzm # + ¢ =tan (Joe’)+c

(82)
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Example 26 Evaluate Iﬁdx, x € (~o0, 0)J(0, )

. 1
Solution: I xJ]—_dx

_-_j 3J1_x3ab: Put u=yl1-2* 2u*=1- 5" = 2udu =-3xdx

B a-1] 1 |fi@=1
___'[i uiudu Iu—lz 32(1)lnm+c—3]nﬁh_x3+l+c

Example 27 Evaluate j

T

Solution: Let #=x", then du = 2xdx

The integral becomes:

IJ:—gd‘ = leuzl_g‘zdu = 1n|u+\ju’+3’| +¢ =]:r1|u+x/u2 +9|+c
u+ +

Substitute # with x*:

'[Jx‘iw dx=1n|x2+s}x‘+9| +&
dx
(x—2)J*— 4x+3
Solution: »* ~4x+3=(" - dx+H+3-4=(x-2"-1

Example 28 Evaluate I

P
(-Dfx-ax+3 7 (x-2)(x-2) -1
Let u=x-2, then du=dx, thgintegra]bemmes

il by e

Substitute u with x—2
I = =sec |x—2| + ¢

2 c=sec |+ ¢

(x-2)Jx* — 4x+3
(83)
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¥ EXERCISE 3.2 _J
1.  Evaluate the following integrals.

; +b 2 x
(1) I\,axza‘:z&x-'-cth (11) II 1+‘J;dt (lll) Im
Gv) j S& jedP+ia ) 11+leTxdt
sec’ x .o [SINX—CORX ; gin 2x
k! )Im Intan x (ml)jv'l+sin2x “ '['J1+sm *
Insin x ) = Y o |
G [ ®) [yt <& [
2.  Bvaluate the following integrals.
@ I&;ﬁ (i) j i
: 1 ( 1, 6€ . 1

D) |7 (Q fx[”(ln ] = ’If,/ﬁ

xt+ (xii )J- 1+x

() 5t (xi) dx
!(l+x2)5 Ix-\fxz -9

(:m)j" £ b (a>0) (mv)jsecx+chﬁ (n)jﬁdx
3.4 IntegrauonbyPam

The mule that corresponds to the Product Rule for differentiation is
called integration by parts. Integration by parts is a technique for evaluating
integrals of the form{ f(x)g(x) d, where f s differentiable and g has an antiderivative,
Product Rule in Integral Form
Since g has and antiderivative, there exists some function % such that k(x) =g (x).
Applying product rule of differentiation:

(84) J
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%[f(x)h(x)] =R +h(x) (%) M s il
LIATE is a widely used guideline for
integration by paris. It helps wvou

Integrating both sides with respect to x gives:

1@ h0)={[fEH (x)+ hx)f ()] e (e E | aen hives s
Splitting the integral, we have: L — Logarithmic functions
Fx) hx)= | ¥ (x) die [ (x)f'(x) e s e s
Rearranging terms, we obtain: T — Trigonometric functions

[FH ) de= F B[R ) dr ..(1) | Bemerr AT s 8

Sinoe #(x) =g(x), x) = [ g(x) . s s iy v
Substituting into (1), we get: works better

[fgmds= 1) ez}~ || (fewax)ren [z 2, ..
Note: Although,ll.g(x) dx denote the integral of /(x). Here we use it as the antiderivative
of g(x), thatis, A(x).
Example 29 Evaluate {xsinrmcds, n=0
Solution: Integrating by parts taking x as first function; we have
[xsinnrde= x(_msm)—_[(_mm)(l)dt = X008 | 1 [ cosmrds
n n n n

xcosne 1 ginax ¥oosnx \ §inxx
- +— +d=~ +——+c
n n f n

n
Example 30 Evaluate Ix ™ dx, a0
Solution: Applying the formula for integration by parts, we have

fre= dr=x§—f§-ldr =x§—% e Bt e

a a a
=" [i—i)+c=e“[ax—_lJ+c

a o a

Example 31 Evaluaic I i

cos’ x

d:=jxseu2 x dx

dx

x
cos” x
Applying the formula for integration by parts, we have

J.Jl:sel:.2 xdx=x-mx—jmx.1dx=x,mx_jzzi

Solution: I

dx

TSINY o= x-tan x+In|cos x| +¢

(8s) )

=x-tanx+J-
COS X
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Example 32 Eveluate [lIn(sinx) - sin2xdx
Solution: {ln(sin) - sin2xdv= [In(sinx)-2sinx-cos xdx

=2Iln(sinx)-sinxcosxdt Putu=sinx,%=msx = du=c08 xdx

2 2
=2Ilnu-uﬁh=2 [hu-%—j%-ldu]=hu -uz—judu =u2]nu—%+c

. 2
—sin?x h(sinx)—s“; x

=sin2x|:ln(sinx)—%i|+c [ L)’ (ﬂ@fk e f(x) +c
Example 33 Evaluate [ (cosx-+2xsinx)dr

Solution: Ie" {cosx+2xsin x)dx =J.ez"‘2 cosx dx + Ie’?szinxdx

=€ (sinx)— | (sinx)e” 2rdx+ [€” 2xsinxdv& & sinx+c

+¢

J1+22

de Put\x=tan & Ge[

Example 34 Evaluate Isin'l( o de

¢ E] dx = sec’ §d0

Solution: Isin'l ( Shiy

J+x
< tan & ] tan &

= .[ gin™ [%J-sec’ Gdo= _[sm" [—]sac’ ade
1+tan® 4 secd

= [sin [—cosﬁ] sec’ §df = [ sin"'(sin 6)-sec’ 946
=]'0-sec ad.:;':ama—j'(me)a)dea:atma—lqma\+c
=tem 0 noec? 8]+ c=6’tan8—%h1|1+t&nzt9|+ .
=(mn"x)-x—%ln|1+x’|+c=xtan"x—%]n(1+x’)+c

Example 35 Show that [ sinbxdx = e“sin[bx—tm‘l £]+ ¢

a

1
Jat + b
Solatlon: Let / = Ie" sin bx dx Integrating by parts, we have

_eﬂ[_msbx]_.l-(_cnsbx) o o dc

b b
(86) )
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=—¢+%Ie"m&xa& Again, integrating by parts, we have

oS

™ cos b _ae™sin br a

e Ie“'smbxdn:
e”cosbx  ae”sinkx ¢::2
F== - ) vl
b b b
a* e“cosbx ae™sinbx
I+—=I=- + +
b b ¥
[bz;;az ]I=?(asinbx—bcosbx)+cl = I=%(asinbx—bcosbx)+c
Substituting a=rcos# and b =rgind, we have
I= #(rcos@sinbx—rsinﬁmsbxﬁc
1 ;
a‘ bze"‘r(smbxmst? cosbxsin®) + ¢ —az+bze“'rsm(bx—9)+c
Since a=rcosf and b=rsind
. . 2 2 2, 12 rsind b
Squaring and adding, we have r"=a" +&°. = r=,/a’+5* and =2
rcosf a

= l;anfa'l‘=E = 6=tan"(£)
a2 [

Thus, { & sin A¥d = = J +b sin(bx-tan—lf]ﬂ

a

1
& +b
N S
- .Ja’ + b?
Example 36 Evaluate Ixsinz xdx
l—cos2x
2

e” sin[bx—tan" E] +c
a

Solution: II'Jcsin2 xdx =Ix( Jdt=%.|l(x—xcos 2x)dx

=%J‘xaﬁ:—%‘|‘xcushdx Tntegrating the second integral by parts

E R EIX S e S i

(57)




Unit=3 Intepration Mathematics-12
x*  xsin2x 1( oost] x* xsin2x 1
= + - D) +£=

4 4 4
A Special Integral with Proof
.|'«J:|:“+4::2 dn:=§\sz+az +%21n|x+-\’xz+az|+c, az0
l'rool':LetI=I X +a® dx
—I1/x2+a2(l)dx Integrating by parts, we have
=P +a (0)- jx —(»*+a )de =x P +a’ - I (x’+a] 2-(2x)dx
_x1/x2+a —IJidx x-\}x +a* - Ifg
P rd ;
—x P+ - I-Jx:l-a’dt e _dx
=x 2+ —IJx’ +a dx+a"J'

dx
Jf+£
I=xx*+d* —I+a’jﬁdr
+

2 =xx* +ad +a"]n|J|:+~JJ¢-2-+-4:12 |+ e
I=lx ,fx‘ +& +£l:1|.:c+\!.1|:2 +a* |+ c
Thus,I X+ = 1/x"+az+—h1|x+\’x2+a2 |+c

Challenpe!

Prove that: (i) I a-x dt =§ 1,‘::’—::’ +a—;sin" (£)+c, a >0 and |x| <a
a
(ii) IJx’ -d a‘.r=§Jx’ -a* —%:]n|x+1jr’ S |+c, a>0and |x2a

Example 37 Evaluate I x* —4x+13 dx

Solution: [ ¥ —4x+13 de=[{(r* —4x+8)+13-4dr=[(x-2)" +9.ix
=[{(-27+(3) &

(s8) )
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Let x—-2=u, 80 dx=du

[ (=27 +0F o= o +3 du = Ju N ln|u+-.}u 17 |+

Replace u with x—2

="’;2 (x—2)2+9+2111| (5-2)+J(z-27 +9] e
”—22 - 4x+13+—ln|x —2 + - 4x+13|+c

Example 38 Evaluste [(8x—x"—7dx x—4/<3

Solution: | 8x—x*~7 dx = [—(=* -8x)—7 d.j—4[$ 3

= [V -8x+16-16)-7 de=[ J-[ (x—4)* <16} 7

=I,f3’—(x—4)zdt Let x—4=u/s0,dx=du
_j‘ [ 1 du = ,/ - +;sm [:]Hr i;:ch.(luss)

Substitute back y=x-4

e 3 o S Y ' U T Y e P
2 2 3 2 2"\ T3

Example 39 Evaluate J.-\/xz —8x+7 dx,|x—4|23

Salution: _{ P2 —8x+7 dr= j J(F -8x+16)+7-16 it
= j’ (x—4)*-9 di= j (x—4P -3 dr Let wu=x—4, so du=dx

= [oF =5 du= \f —32—3—221n|u+1,u2—32 e

Substitute back u=x—4
=";4 (x—4y - —3m|x—4+,/(x—4)=—9 +e
T x - 8x+?——ln|x N ‘+c

(s9) )
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¥ EXERCISE 3.3 _J

Evaluate the following integrals.

1. Ilnxdx 2. IxT-]nxcﬁr 3. Ixcostdt

4, Isi:zxdt 5. Jxeax 6. [re=ax

7. [xtan®xde 8. [in(sinx)-cosxde 9. [e*In(l+e*)dr

= X

10. [ @r+29d 1. [en(e)d 12 J-1+cos.rdx

13, Il—;nxd‘ 14, [ine+nifar 15, jm:g;m
: 1—x Y o’y

16. [Vesindrde 17, jf(l+;J¢c 18. Iﬁdn

19, Isin'lxdx 20. dex 21, Imcsxdx

X

N
558 je’*(x’+x‘+1)a& 23 j%:\ﬁ)dx 24. jf‘(sinx—smsx)m

3.5 Integration by Ufing Partial Fractions

Let P(x)and Q(x)be polynomial functions, where Q(x)# 0.If O(x) can be factored
into linear and/or irreducible quadratic factors, then the rational function M, can be

0(x)

expressed a8 a sum of simpler rational functions. Each of these simpler finctions can be

integrated using methods already known to us.

We will illustrate the following four cases, based on the nature of the factors in
O(x):

Case I: O(x) contains only non-repeated linear factors.

Case II: O(x) contains repeated linear factors (may also include non-repeated lincar
fctors).

Case III: O(x) contains one or more distinct irreducible quadratic factors (linear
factors may be absent or present).

(%) )
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Case IV: Q(x)contains at least one repeated irreducible quadratic factor (linear
factors and non-repeated irreducible quadratic factors may alse be present).

‘Case—l: Integration of I%dx where ()(x) contains only non-repeated linear factors
x

3x-2
Solution: IL
*(x—1)(x-2)
Let Ix-2 A B [ 3

+
x(xl)(xZ)xxle
Multiplying both sides by x{x—1)(x—2), we have

3x-2=A(x—1)(x—-2)+B(x) (x—2)+ C(x)(x~1) 21

Putting x= 0 in (1): 3(0)—2= A(0-1)(0—2)+B(0}O-2)+C(0)(0-1)
2= A(-1-2)+B0)+CO) => —2=24 =¥

Putting x=1 in (1): 3(1)-2= A0-{1-B+B(1)Q 2+ C()A-D)
3-2=A(0)+B(-)+C(0) = 1=—B~=

Putting x=2 in (1): 3(2)-2 = 4Q2=1}2-2)+ B(2)(2-2)+C(2)2-1)
6—2=A0)+BO)+C(2XD = 4d2¢ Y )c=2

3x-2 e N | 2
Therefore, D20 T2
o [ LG [, 51, 21,
x(x—1Yx—2) x x-1 x-2

=-j'1fh-dex+2_[—¢r=-1n|x |-In|x—1|+ 2In|x—2|+c
X =] xX—

Case-II: QO(x)
repeated linear factors
6x—10

(x+1)(x—3)

Integration of IP( )dx where (J(x) contains both repeated and non—}

Example 41 Evaluate I

6x—10 A B C
= + +
Ce+D{x-32 x+1 x-3 (x-3)°
Multiplying both sides by (x+1}x—3)*, we have
6x—10=A(x—3)Y + B(x+1)(x—3) +C(x+1) (1)

) )

Solation: Let
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0x+6x—10=AF —6x+N+BEFE-2x-N+CE+1D) .02
Let x+1=0 = x=-1 Putting x=—1 in (1)
6(—1)—10 = A(—1-3)* + B(0) + C(0)
—6-10=A(—4)’ = -16=164 =
Let x—3=0=> x=3 Puttingx =3 in (1)
6(3)—10 = A(0)* + B(0)+ C(3+1)
18-10=4C = 8=4C = [C=2
Comparing coefficient of x* on both sides of equation (2)
A+B=0 = B=-4 = B=—(-1) >
Therefore, _ 6%~10 _ -1 1 2

x+D(x-3 x+1 x-3 (x-3)°

6x—10 2&=I[—1+ 1, 2 2]&
{(x+1)(x-3) x+1l x-3 (x~<3)

(x_s)-ﬂ-l-l

~ 1 1 2/ et I
_—Imdx+j§dr+2j(x—3) ae | %400 | £ -3+ 25—+ ¢

Thus, I

-1
B B L

Cage-TIT: Integration of I%df where (}(x) contains a linear factor and a
distinct irreducible quadratic factor

5a 43542

(x+1x* +1)

5¥43x+2 _ A  Br+C

(e+DE*+) x+1 2 +1

Multiplying both sides by (¢ + 1)(2 + 1) to clear fractions;

S+ 35 +2=A(2 +1) + B+ C)fx + 1) A1)

Putx+1=0 = x=-1 mequatmn(l)

S(=1)2 + 3(1) + 2 = A[(-1)? + 1] + [B(-1) + C){=1 + 1)

5-3+2=A2)+0 > 4=24 = [4=2
From (1)
5f+3x+2=ﬂ2+A+_Bx2+m+Cx+C
5C+3x+2=(A+ B+ (B+Cp+ 4+C

(52) )

Example 42 Find _[

Solution:
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Equating coefficients of x*, we get
5=A+B = 5=2+B = [B=3
Equating constants, we get
2=44+C = 2=24+C >
Now, the integrand becomes

5¢+3x+42 _ 2  3x+0
(x+D(F*+1) x+1 x*+1

5x* +3x+2 1 3

dx=2{—dx+=|>—dx

I(x+l)(x’+1) Ix+1 If+1 x+1 zfxﬁ+1

=2h1|x+1|+Eln|x2+1|+ c=2]n|x+1|+%]n(x’+1)+c

. P(x) \7 ! ]
Caavs Integration of I@dx where ((x). contains repeated u‘redumblel

quadratic factors
X +2x+1
& +17
P +2x+] P +x+x+1C A D+l oxE+D) x4+l
Solution: = X .
T PR T = 2 (P11 (B+])

Example 43 Evaluate I

N ¥\ W e 1
Tl (Pl (2 +1)P
X +2x+1 x 1
Thus, dex— x2+1 &+thﬁ+.{mdx
=+ (2x) dx
I( +17*(2%) +I(x2 T
]n( i)+ 1(‘f11)1+j L ke )

(o +1)°

To evaluate [-——— d, put x=tand, dv—sec’ 6 do

(J‘-'2 +1y°

1 1
I(;.:=‘+1)2 d‘=-[(tan=9+1)"'

—jms b dh J-(1+cm29]d9_1|:g mnzza]:%[mzsmeme]

2 2

(53) )
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. 2
=%[9+sinﬂcusﬂ]=%|:9+—mam 9] 1[9 t“’“g]—l[m—t““g ]

cosd sec? 0 1+ tan’ @
:12[tsan":|c+1 x’] (1) becomes
[ e de= g g e e
=%1n(x2+1)+ tan" x+ 1(& x21+1)+c
=%]n(xz+1)+5tan'1x+2(“:2_:1)+c
¥ EXERCISE 34 J
Evaluate the following integrals.
I(x:f);rz) Ix;::;L < xuif—_lx_]&
R = S e L e
jé—';;’sm 8. Iﬁdx 9, j%
o [y [y g et
Paren ® * lgoay® 5l

3.6 The Definite Integral

Definition: Let f be a continuous fumction on the closed interval [a, £]. The definite
Integral of f from a to & is denoted by j"f(x)drandis defined by the net signed area
bmmdedbythecurvey=f(x)andtheximds fromthe linex=atothex = &.

Remark I: We will study briefly the net signed area in the section 3.7.1.

(54)
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Remark II: The value of a defnite integral is a real number, not a family of
functions, as is the case for indefinite integrals. The numbers g and 5 are the limits
of integration. Here, 2 is the lower limit and b is the upper mit.

Remark III: We will use the fundamental theorem of calculus (stated blow) to
evaluate a definite integral.

Theorem 3.2: Fundamental Theorem of Caleulus (FTC)
If f is continucus on [a, 5] and F'{(x) = f(x)on [a, ], then

f FO)dx = F(b)—F(a). O
! <O

1 1
Example 44  Evaluate: [(x° +1) &
-1

T 1

L1 L5 s 8, T
Solution; jo[.vt:5 +1) dx = +x =|:EIS +x]
-1 -1

4
=[§(1)5+1]— g(—1)5+(—1)]=%+1—%+1=2

x4
Example 45 Evaluate | _%0 5

5 Siré+cos 8

xfd mid

secd secd sec” @
Solution: | — 2%~ gg = o=
o '[sin9+oosl9 -!cosﬂ(tan9+l) ;[1+ta;n9

mid

=[inftytn e =]n‘1+tan%‘—1n|1 +0|=In1+1]-0=Tn2

il
x
Example 46 Evaluate | ————dx
'!.. Ji'+9

Solatlon: Let f(x)=x"+ 9. Then f'(x) =2x, s0

7
_ 1|(=*+ 9y
I\lﬁdx— I(xz+9) 2 (2% ).;&_ET
2 L

[+ =[VTr9 079 ]={16- B =a-3=1
(s) )
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Substitution in a Definite Integral (Change of variables)
Suppese that g is a differentiable function on [a, 5]. Also suppose that f is

5)
continuous on the range of g. Then J.f g(x))g(x)dx flu)du,

gla}

Example 47 Evaluate IZ.W"l dx
0

Solution: Let g{x)=x". Then g'(x)=2x

The integrand is € -2x = f (g(x))- g’(x) with f(u)=¢"
When x=0, u=g(0)=0°=0
When x=2, u=g{2)=2"=4

Therefore, :fufm:Te"dpfew:[e"]:=e‘-e“=e‘-1

Integration by Parts Formula for Definite Integrsls
Let f(x) and g{x} be functions with ecntiruous dervatives on the interval [a, 5].
Then the integration by parts formula‘for definite integrals is:

If(x)g(x)dr =[re([eoet)] —j[(j E(3)x) F() |
Example 48 If £{0)=f(%) =0, show that f F(x)sin xdx = —f F(x)sinxdx
Solution: I F(r)sinxde Applying integration by parts:
| fx)(-cos )] —I(—cosx)f(x)c& ——(r)o0s 5+ f(0)c08 0 +If’(x)msm
= ~OX-D+ O+ (sin] —J:shx-f"(x)dr
=0+0+ f{x)sin(x) — £(0)sin{0) —If"(x)sinxdr

— PO~ FO) ©O)- [ £Gxysinxde =] £/(x)sin xde

(%6)
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3.6.1 Properties of the Definite Integrals
Throughout this section, assume £ is a continuous function on the given interval.

Property I: | f(e)ds = | f

Using Property-II, show that

Property II: f f(x)dx =-f Fx)de !f(x)dr= 0
q b

Property III: if(x)dr=if(x)dc+if(x)dx, where a<c<b
This result canb:a genaraliz;das follo:nrs:
[redde=] fode+ | fayde | yaers | feoydenfTsae

where a<c <¢, <¢g<--<c,,<c,<b

Property IV: j'f(x)a‘x - if(a+b—x)dr
(i) As a special case, if we take(a =0, we obtain: j'f(x)dx=i'f(b—x)dx
(ii)  As another special case, il we take-a =—b, we obtain: j' f(x)dx = i f(—x)dx

(iii} Foranyintegrmdoftheformﬁ,ifwemakethesubsﬁmﬁon
fx)+g(x)
x—>a+b>x such that f(a+b—-x)=g(x) and g{a+b-x)= f(x), then

j'- _ £(x) dx=b—a.
2 f(x)+g(x) 2

Property V: | f(x)ds= [(fx) + f(-x)) e
In particular, if f(—x)= f(x) (that is, f is an even function), then

J frde=2] fyae
-a L1

and if f{—x)=—f(x) (thatis, f is an odd fimction), then j Fx)dx=0

(57) )




Unit=3 Intepration Mathematics-12
&/

Property VE: [ f(x)dv= | (f(x)+ f(a—x))dx
0 if fla-x)=—f(x)
If( & A =i

Property VII: Iff(x)zounmemteml [, b], then J'f(x)d.tztl and if f(x)<0on
the interval [c, d],thenff(x)dxst}

Property VIIL If {(s) < g) on [, b], then J e < [ g

In particular, j' f(xX)dbc =

Property IX: j(afitx)wfz(x))a& a} fl(x)mﬂ_[fz(x)&
b+aT

Property X: If f(x) is penodlc with penod T, then J' f(x)dc= [ flxydx, wherenis
an integer. In particular, If(x)d.: n_[f(x)dx -

¥ if pEu<2

Example 49 Let f{x)= {4_x ROy

4
Compute: | f(x)dx

Solution: j’ f(x)cbc=I f(x)d.x+i' f(x)a&=j'x’ 1:15|:+j"(4—x)aﬁc

LT Sl (- o2

8 8+6 14
[3 ]+ (16 8) (8 2)——+8 6—5 2—T=?

Example 50, (> Evaluate If(x)dt where f(x) =|x—1]+|x+2]

]

Solution: T o find where the expressions ingide the absohute values change:
x—1=0 = x=1 and x+2=0 = x=-2

So, break the interval [-6, 4] atx=—6,x=-2,x=1,x=4.

These points divide the interval [-6, 4] into three intervals [-6, 2], [-2, 1], [1, 4]

ND'W EXpress f{x) without absolute values and compute the integral over

(a) Forxe[—ﬁ, —2]: |x—l|=—(x—1)=—x+1and [x+2|=—(x+2)=—x—2
f(x) |x— 1|+|x+2|——x+1 x-2=-2x-1
If(x)dx j’(—zx 1)dx = [———] =[x}

e}

—(—4+2) (-36+6)=-2—(30)=-2+30=28

(58)
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Forxe[-2,1]:|x—-1|=—(x—1)=—x+1land |x +2|=x+2
f=|x-1|+|x+2|==x+1+x+2=3
1 1

§ flxyaie = { 3dbc=P3x], =3(1)-3(-2)=3+6=9

() Forxe[l, 4] |x—1|=x—1land|x+2/=x+2
fO)=|x—1|+|x+2|=x—-1+x+2=2c+1
4 4

[ Hxydbe = [ (2x+Dyabe <[ + ]} =[(4)° +41-[(1)* +1]=16+4-2=18
From 1(:a.)l, (b) :md: (c), we have:
| f@ds= [ fyede+ | f)ds+ [ f(x)de=28+9+18=55

Example 51  Evaluate jx’u_x)%d,
Solution: Let I=jx=(1_x)%¢;
f =I (1-2) (1-(1-%)p o [By uging ,ff(x)dr=_[f(a+b—x)dr]
iﬂ 2x+x*X1- 1+x)2dx _[(1 2x+x")xzdt J‘[x; 2xx:+x’xzj
2 2%_1%E§1=_§__—2_5_
J _[EI 0 9" l [5(1) 70 +9(1)) (0)

2 4 2 126<180+70 N6
7 9 315 315

Example 52 _Evaluate Icus xdx

]
(=
T

o
nlu
mlu

SolutionsLet 7 = j'eos xdx

Here f(x)=cos’x, f(2:r - 1) =[cos(2r—x)] =(cosx)’ =cos® x= f(x)
Therefore, 1 = 2I cos’ xdx  Since j f@&= 2T F@)dx if fla—x) = f(x)
Also f(m—x)=(sos(m—))’ = (~cos )" = o0s* ¥=—(3)

Therefore, foossxdr=0, Since J' Fx)dx =01f fla—x)=—f(x)

ix
Thus, I = J'ms’xa‘x=0
D

(%)
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Example 53  Show that I g5
2 +sin’ x cos’ x

3x10 'l . ,'
Solutlon: Let = I _
2o 2 +sin? x cos? x

=0

Using the property: j f(x)dx= j f(a+b—x)dx of definite integrals, we substitute x

ﬂ1”+3—x—x—%—x

PGl o s,
: .‘[s 2.,.51112[%_;)“2[%_ ]dr ,J,.s 2 Hgos? x sin’ x

s/l .
—_ [ YSIXNOOSY b Clearly Koo 2105 =0

J5+sin2x cos’x

Thatls,j J_ J_

54 V2 +sin®x cos® x

Example 54 Given j%dx=4 dnd i f(x)dx=10. Evaluate j%dx

1 1
Solution; dentity: —— =1
utlon: Kev.i ty: Tn e 1+e"‘

Multiplying the identity by £(s), we get: L2+ LI _ £z)

Integrate over [-3, 3], we get: I%dﬂ' I%dx = If(x)a"x

Substitute the given values: 4+j FAC) L =10 = j' Fx) _dx=10-4=6

(109
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Example 55 Evaluate [ ai ¥ -

i el ] ]
_ﬂx“ +2x* +1 Given If(x)dt=15. If(_;).;&:]&
. X gin’ x E ¢
Solution: Let f(x)= g ]
X +2x% +1 and | f(s)ae =10.Find. [ fx)ete.
prym CTED  —x e

=—fx) — ‘ .

(=) +2(-x)*+1 x*+2:7+1

This shows that f(x) is odd over the symmetric interval [—a, a]

£ Xsin’x
H adx=0
ence, -[x 4 4+2x% +1

Example 56 Given J' f(xydx=4 and f(2-x)=f(x)= f(—x).Evaluatei f(x)dk.

Solution: Since f(2-x)= f(x), j'f(x)dx=4=>2j'f(x)dr=4=>j'_f(x)dx=2
Toevaluatej'f(x)dr: Putx =2—-¢, dy="<df. Whenn¥=1¢=1; Whenx=3,¢=-1

Therefore, | f(x)ds = [ f2— <= <[ FZ-0-d) = [ F2-tat

= [ fe-xdv=[ fx&22( f)dc=2(2)=4. Since f(2-x)= f(x)= (=)

¥ EXERCISE 3.5 _J
1. Evaldate the following definite integrals.
j(x’+x)dx @) [@+3’+2)dr () jsin xdx
(iv) ’].1+smx (v) 1' cos’ 846 (vi) j‘\r
(il )IJ—H‘ Yol g J'tan'xdx (x) Iliz‘:xdr

2. Evaluate the following definite mbegmls

5-3x if x=<0
-_[f(x)d:’ AR f(x)={5+3x if x>0

(103
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() [ fe)dr, where f(x)=|x—a|+[d (i) [|a-x]
¥ if 0<x<2 ; s
3. [.etf(x):{zx+1 i 2er<d Here g(x) is defined as: g(x) = f(x) + /(4 ).

d
Compute {g(x)d.
O
1 2 1 p
4. Simplify () [f@)dx-[f(yde—[Fx)de+ [ fx)dr.
0 o | |
3 3 5 5
(i) ISf(x)dx—ij(4—x)dx+_|'5f(x)dx—I4f(5—x)dx.

1
5.  Show that j’ 2" (1-x)"dx jx"a —x)™dx and hencé évaluate Ir(l —x)!" k.
6. Evaluate the following defimte mtegmls

o [wima @ [Fe @[5
7. Let f(x)be a fimction satisfying f(x)+ f(—x) » for all x. Evaluate the
definite hwsrﬂljzf(x)dn
8. Let _3[ F(x)dr=20, lf FCrydx =45, Evﬂumlf f) .
b : 3
9. Given that j Flxydx =16 and ? f(x)dx=12. Evsluate the integral
I(2f(x)+5)dn
10, If f(4—x)=f(x),show thati f@x)dx= T fG)ds.
11. Showthatj'(l—x)f(l—x’)dr= if(l—x’-)a&.
12. If f(a+x)+ f(a—x)=0,show thatT f(x)dx=0.
’

13. Show that Tﬂdx=j{f(x)dr, where f(x) is an even function. Hence or
- 1]

1+¢*
10y )
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. ¢ 5
otherwise evaluate_l[ﬁcﬁ.
14, Given the finction f(x) satisfies the following conditions
4
O [foa=12 (@ fx+2)=f)
L]

Evaluatejlf(x)dx.
15. Showthat
: - ... [(SINXCOSX
@ ’;Lln(tanx)dx=0 (i) ! I:e"” =0
5 3 N3
53 !x(:r—x)cos(:r—x)dx=[] (v) !-(.x‘ﬂ;ﬁ)f'z)d:ﬂ
16. Evaluate the fellowing definite integrals:
L X A Er
O I Qe ®
o In(x +2) A 7o e
(iii) -!1n(6—x)+1n(x+2)ﬂ& (iv) ll[eﬁnr+em‘(smx+cosx)dx

3.7 Application.of Definite Integrals

3.7.1 Area Undérthe Curve

If f is continueus/'and f(x) 2 O over the interval [a, b], then the area 4 of the region
under the.cutve of f from ato b is A=jllf(x)dx

Note:

1. If f{x) < 0 on the interval [a, #], then the area bounded
by the curve y= f(x) and the x-axis is given by

: & ) 0 "
J.f(x)dx‘ or equivalently Ilf(x)|dx or equivalently I‘l"l-\_,\_J!L

y=f)

"nv

_j F(x)dkx. Figure 3.1

103 )
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2. If f(x) 2 0 on the interval [&, ¢] and f(x) < 0

on the interval [c, b], then the total area #
bounded by the curve y=f(x) and the x-axis
on the interval [a, &] is

]
!f(x)dr( S o

j’ flx)dx+

e ]
or equivalently ]’ F(x)dx+ j |F ()] e

or cqivalently | )~ FCe¥e

3. If f(x) changes sign at ¢, ¢;, ¢, .., €, in (@, b)'where ¢, < ;< --- < ¢,
Tf(x)a'x £+

are the roots of f(x) =0.
] f(x)d‘-r{

4. The area bounded by the curve | 5. Atea between two curves
x = f(y), the y-axis, the horizontal | If f and g are continuous and f(x) = g(x)
lines y=c and y=d (@ c) ix | over the interval [, 5], then the area 4

] J(x)di|+

Total Area= j:|f(x)| dx =

given by of the region bounded by the graphs of
H f.g. x=a,and x=»his
B2 ;
° 4=[[f(x)—g =)
A The above result does not require £(x)
y=d

or g{x) to remain positive over the

interval [a, &].
x=f%) %

— -
o - T\/’:\ﬂf’r
x=5b x=a
e -
y=gx)
Figure 3.4
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Net Signed Area
&
'I'hedeﬁniteintegralj'f(x)ch represents the net signed area between the curve and

the x-axis from x =a to x =25, Its sign depends entirely on whether the curve crosses

the x -axis.

e If the curve lies entirely above the x-axis, the integral directly gives the net signed
area, which is pasitive.

» [fthe curve lies entirely below the x-xds, the integral directly gives the net signed
area, which is negative.

e If the curve crosses the x-axis, the net signed area g found by algebraically
adding the positive area above the x-axis and the negative arca below the x-axis.

e Net signed area will be zero if the total pozitive area above the axis exactly equals
the total negative area below it.

Example 57 Find the area bounded by the parabola y = x* — 5x + 4 and the

X-aX18.

Solution: Given the parabola: y =%~ Sx+4

Set y =0 to find x-intercepts:

P-5x+4=0 =2 G- DE-—4H=0
So, the x-intercepts aredt x=1 and x=4.
The parabola opens upwards (positive leading
coefficient).
Between thesroots x = 1 and x = 4, y{function) is
negative. The vertical lines are x = 1 and x = 4, which
are exactly the intercepts. Figure 3.5
Therefore, the region bounded by the curve, the
x-axis, and these lines is from x = 1 to x = 4, where the curve is below the x-axis.

Since the curve is below the x-axis fromx =1to x =4, the area is:

4 4 4
Area= [|y|dx = [ —Sx+4)dv= [ (—2* +5x M) dx
1 1 1

(103 )
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4 3 2 3 2
3% [F)

- E & 3

8 [ 11] 16+11 27 9

3 L6

The area is % sguare units.
Example 58 Find the area bounded by the curves y =13 —x* and y'<{2x +5.

Solution: First, we find points of intersection of the curves y = 13— and y = 2x + 5
as:

13-x*=2x+5 = 13-x*-2x-5=0=> 8-x¥-2x=0

=>x+2x-8=0 = X*+4x-2x-8=0

= x(x+4)-2(x+4)=0 = (x+4(x-2)=0

So,x=-4dorx=2

Determine which curve is on the top:

Test x=0: ;jj

) =13-0*=13

$O)=2(0)+5=5 T ¥e.s
So, y =13—x* is above y =2x + 5 on'the interval [4, 2]. 5

5Xx

2 2
= [ [upper~lower]ds = | [(13 - )~ (2x +5)]dx
-4 -4

2 e K
j(s—x’ —2x)dx=|:8x—?— ] Figure 3.6

_4

=(s(2)—2;—2’J [!3'(—4)-(_4)3 (‘4)2]=[12_§J_[_48+%]

fi B BTy B g T2 s Sy g
373 3 3

The area between the two curves is 36 square units.
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Example 59 Find the area of the region bounded by the parabolas y = 4—x* and
y=x*-2x
Solution: Te find the point of intersection
equating both equations
4-3 =x"-2x
4-x*-x*+2x=0
4-2x*+2x=0
-2x* +2x+4=0
Divide by —2:
X -x-2=0
(x+1Xx-2)=0
S0, x=—-1and x=2
Intersection points: (-1, 3)and(2, 0)
Determine which curve is on top at [-1, 2]
Take x=0 € [-1, 2]. Putting it in both curvess‘wehave
y(0)=4-0" =4 and p(0)=0"-2(0)=0
So, 4-x">x"—2x forx=0
Thus, f(x) =4—x"is the upper curve, g(x)=x* 2 is the lower curve,

1 2
Arca = [[f(x)- g(@)]dc = [[ (@-) - (F22x) |

-1

2 2 2
=[@4-27 +2x)dr=|:4x—§x3 +x=]
-1 -1

=[4(2)-%&"’)—[4{—1)—@+(—1)*)=%—(—%]=9 SquAre units

3.7.2 Consumer and Producer Surpluos

One place in economics where area between two curves is important is in the
calculation of a quantity called consumer surplus and a quantity called producer
surplus.

Demand Funetion e
The demand curve for a commodity shows the quantity
consumers are willing to buy at any given price. Let p be i
the price that a consumer is willing to pay for a quantity .
x of a certain commodity. Then p and x are related to o Femand finetdon
each other through the demand function p =I{x). The >
graph of the demand function generally slopes Figure 3.8
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downwards, as the demand for a commodity decreases when its price increases; that
is, with an increase in price, the consumer is likely to buy less. [Figure 3.8]

Supply Function J 23
Let p be the price at which a producer is willing to sell a
quantity x of a certain commodity. Then p and x are P =5(x)
related to each other through the supply function p = §(x).
The graph of the supply function generally slopes

upwards, ag the supply of 2 commodity increases when Sopply function
its price increases; that is, with an increase in price, the

producer is willing to supply more. [Figure 3.9] o >
Market Equilibrium Figure 3.9

The point where the demand and supply curves intersect is called the market
equilibrium. At this point the quantity that consumers want to buy equals the
quantity that producers want to sell, A
If (x,, p,)is the equilibrium point, the quantity
x, is called the equilibrium quantity and the
price p, is called the equilibrium price:

Algebraically, to find the equilibrium point,we~| ™"~
solve the system of equations formed (by )the

: . 0 % z
demand equation and supply efuation. T

Supply curve

«» ) Equilibrivm point
Demend cutve

Consumer Surplus (€8}

Let the demand functien be p = D(x), and letx_be the quantity demanded when the
market price is p, . However, some consumers who are unaware of equilibrium price
are willing to-pay more than p_for the quantity x, of the commodity. The difference
between what 8 consumer is willing to pay and what they actually pay is a benefit to
the consumer,

Thus, consumer surplus can be defined as:
Consumer surplus is the total benefit gained by

consumers when they purchase an item at the
equilibrium price, rather than at the higher price
they would have been willing to pay.
Geometrically, it is the area under the demand
curve and above the horizontal line drawn
through the equilibrium point.

<) ' )
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S | Area under demand function | |  Area under equilibrium price
N fromx=0tox=x, fromx=0tox=2x,

— | (Demand function ) s | (Equilibrium pricc)ds

=TD(x)dt—]‘padr=T(D(x)—P.}d‘

L [ &

Producer Surplus (PS})
Let the supply function be p=S(x), and let x, be the quantity(supplied when the
market price is p,. However, some producers are willing to accept less than p, for the
quantity x_ of the commodity. The difference betweet’ what producers actually
receive and what they would have been willing to accept is a benefit to the producer.
Thus, producer surplus can be defined as:
Producer surplus is the total benefit gained.by
producers when they sell an item at\the
equilibrium price, rather than at the lowerprice
they would have been willing to acgept:
Geometrically, it is the area above the supply
curve and below the horizental line' drawn
through the equilibrium point:

Figure 3.12
P = Area under equilibrium price} ( Area above supply function
B fromx=0tox=x, fromx=0tox=x,

= ?(Equﬂibnum price}dc— ] {Supply function)dx

9 r

=?p‘dt—IS(I)d‘=T(P. ~8(x))dx

Consumer Surplus (CS) and Producer Surplus (PS) Formulas
1. 'With Respect to Quantity (x)
¢ p = DX{x)=demand price function
* p=5{(x) =supply price function
¢ x,= equilibrium quantity
* p,= equilibrium price = D(x,)=5(x,}
Consumer Surplus (CS)=area between demand curve and equilibrium price line,

109 )
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from x=0to x=x,: CS=T(D(I)—F,)¢E
Producer Surplus (PS) = a:'ea between supply curve and equilibrium price line,
from x=0 to x=x_:PS =T(p,—S(x))dr

Total surplus (TS): TS = CS + PS =T(D(x)—S(x))dx

2, With Respect to Price (p)
Let: » x,(p)=D '(p) = quantity demanded at price p
*  x{p) =5"(p) =quantity supplied at price p
*  p.. = choke price (demand = () for higher prices)
*  p.. =minimum price (supply = 0 for lower prices)
* 5, = equilibrium price
Consumer Surplus (CS) = arca between p, and p, ,under demand curve x,(p):

Cs = T x,(p)dp
=,
Producer Surplus (PS) = arca betwéen p,,, aud p,, under supply curve x, (p):
PS= | x(p)dp

P=Pris

3. Summary Table

Surplus |“Infegration w.r.t. Quantity | Integration w.r.t. Price
e T(ow-p) e [ %(o)o
P§ ]‘(p.—s'(x))c& [ x(p)dp
0 Bin

4. Key Notes
(i) Choke price p,,. = D(0) (price whenx =0 in demand).
(i) Minimum supply price p_.. =S(0) (price when x =0 in supply)
(iii) When integrating w.rt x, limits are quantities, intcgrand is pricc
difference.
(iv) When integrating w.r.t. p, limits are prices, integrand is quantity.

My )
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Example 60 The supply curve for a good is p, = +/16+x. The demand curve is
linear with vertical intercept 73 and passes through the equilibrium point. If the
quantity sold is x, = 33, find the equation of the demand curve p,.
Solution: Supply curve: p.=16+x
At x, =33, p =+/16+33 =+/49 =7. So equilibrium point is (xe, 7,) = (33, 7)
Demand is linear: p, =mx+¢
Vertical intercept ¢ =73 = p, =mx+73
It passes through (33, 7): 7=m-33+73=>33m=—"66o>m=-2
So, p, =-2x+73.
Example 61 If the supply function for a particular commedity is 25p = (x+10)?
and the market price is Rs, 64, find the producer surplus by two methods:
(i) Integrate with respecttox (i) Integrete with respect to p
(% 10)°
25
Atp =64:25x 64=(x, +10 = (3 +0)° =558
Take positive root: x, +10 =5x8 = x+10=40"= x, =30

Solution: Given:  25p=(x+10Y = p=

Method (i) Integrate w.r.t. x:
30 2 3 3¢
A (a0 o | g, (6+10)
PS—I(p, p(x))dk _[[64 5 ]dx [54.1: e ]u
=[64x30—@] [ 17[;3] 1920 (?5) (1;) =1920-840= 1030
Method (ii) Integrate w.r.t. p:

From:25p= (x+10° = x+10=5p = x=5Jp-10
Find p . when x=0:

0=5p-10 = 5/p=10 = \/_=E = JP=2 = py,=4
PS = ]'x(P)dv I(SJ_ 10)dp = [ o Up] =[?PM—IOP]

2532 10 2
=[;(64)’“—10(64)]—[;(4)“—10(4)}[3(8 -s0|-| Ly -

aw
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=¥-?—640+4o=ﬂ2‘;—'m-mﬂ=¥-ﬁm=1ﬁso-m=u}so

Both methods give PS = Rs.103(.

3.7.3 Solids of Revolution

The volume of an object plays an important role in many problems in the physical
sciences. In this section, we consider methods for computing volumes of solids of
revolution.

If a region in a plane is revolved

about a line in the plane, the g g Y=S 8 atate
resulting solid is a solid of | |) R . Cr
revolution, and we say that the |0 4

golid is generated by the region.
The line about which we revolve Figure 3.13(a)
is an axis of revolntion, In particular, if the region shown in Figure 3.13(a) is
revolved about the x-axis, we obtain the solid illustrated in Figure 3.13(b). If a plane
perpendicular to the x-axis intersects the solid shown in Figure 3.13(b), a circular
section is obtained and volume in this case can‘be found by disk method which is
explained below:

Letfbemnﬁnuousandnm—mgativeou[a,b],mdletﬂbetheregionbmmdedby'
the graph of y = f(x), the x-axis, and the vertical lines x = o and x = 4. The volume ¥V
of the solid of revolution generated “by revolving R about the x-axis is

V=[z[fx)] a.

Similarly, let g be\ continuous and non-

negative on [c, 4], and let R be the region

bounded by the graph of x = g(¥), the y-axis,

and the horizontal lines y = c and y = 4.

The volume ¥ of the solid of revolution

generated by revolving R about the y-axis is
g

V= j z[e] B Figure 3.14

Volume of a Solid by Cross-sectional Method

Let S be a solid that lies between the planes P, and P». If the cross-sectional area of §
in the plane Py is A(x), where A is a continnous function, then the velume of S'is

V= iA(x)dc

i) )
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Example 62 A solid has a circular base of radiug 2. Parallel cross-sections
perpendicular to the base are equilateral triangles. Find the volume of the solid.
Solution: Let us take the circle x* + 3 = 4. The solid, its base, and & typical cross-
section at a distance x from the origin are shown in Figure 3.15.

Ciroular 7T i) 2
2 a
r
A ACY D vy B
(a) The solid (b} Its base {c) A cross-section
Fignre 3.15

Since B{x, ) lies on the circle, we have y =\0'4—x2and 80 the base of the triangle ABC
is [4B|=2y . Since the triangle is equilateral, we seefrom Figure 3.15(c) that its
height is +3y. Therefore, the cross-gectional #rea is

Afx)= %(Base)(Height) = % 2y-3y From Aﬂl)gDiT Figure 3.15(c)
=By = VB(4-+) e ()
mdt:.\e volume ofthe solid is ' J§=I%I
V=£A(x)dr=£J§(4—x )dx=wf§|:4x—?]_z o D=5y
- AN T A [_g _g]_@ .
—v’i[[«z) 3] (4( 29— ]]-Jis 3+8-3 | = =5~ cubio units

Example 63\ “Find the volume of the solid ¥4
obtained by rotating the region bounded by y=x, | y=64
y =64,and x = 0 about the y-axis.

Solution: Since the axis of rotation is the y-axis, we
write the curve y =" in the form of x=y'?. The | *=0—
region and the solid with a typical disk are sketched
in Fipure 3.16. Using the Formula

V=Tx[g(y)]’a:v with £ =0, d =64 and 7

)
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g(»)=y", wehave
V=fﬁ(y’”)zab*=fr_[ymab»=fr[%y”’]

3 53 3 34573 3 5 3
=S (64" 0] =T [@)"]=F@)=T1029) -

Example 64 A cone is formed by rotating the straight line y = 2x around the

x-axis from x = 0 to x = 5 om. Find the volume of the cone,

Solutlon: The volume ¥ of a solid formed by rotating y = f(x) around the x-axis
E

from x=a to x=bhis: V=J'rr[f(x)]2dfr

cubic units

3072x
5

Here f(x)=2x,a=0andb=35.

3 5 5 \
N -
0 s A L

3
=4,,(5?_0J =4,,[$] =$ 523.6 cm®

Example 65 A fumnnel is designed by . rofating (the line y=3x+1 around the
x-axis from x=0t0 x=4 cm. Findthe volumé ofthebﬁmnel.
Solutlon: The volume ¥ is given by the formrula: ¥ = In‘[ FRT de

Heref(x)=3x+l,a=0,and b=4
4 4 2 4
V=EI(3x+1)2dr=xI(9x’ +6x+1)dx = g|:¥+%+xi|
o 0

=532 43034 5 | = = (304)° +3(4° +4)—(0)| =#[192+ 48+ 4] =244z om’

¥ EXERCISE 3.6 _J

1. 1. Find the area of the region that is above the x-axis, but below the curve
y=x-2¥3-x).

2.  Find the total area and the net signed area between the graph of y=x*—4 and
the x-axis over the interval (i) [-3,—1] (i) [-3,3].

3.  Sketch the region bounded by the given curves and find the area of the region.
() y=2xy=x (i) y=+x y=x
i) y=x*—x, y=1-2° (iv) y=x*andy=|x|.

) )




Unit=3 Intepration Mathematics-12

10.

11.

12.

13.

14.

15,

Find the area of the region bounded by y=|x-3|,x=2,x=4 and the x-axis.
Find the area bounded by the parabola y=x"—6x+8,x=2,x=4 and the
x-axis.

Find the area bounded by the parabola x =9—37, and the y-axis.

Find the ratic of the areas of the regions bounded by the parabola
y = x* —4x+3and the coordinate axes.

For the function f(x) = 2x over the interval [-3,3]:

{(a) Find the net signed area {b) Find the total (physical) area

Find the area of the region bounded by the curve y = {x~1)(x + 1)(x — 2) and
the x-axis,

Find the area of the region bounded by the ling(y=x+1 and the parabola
y: =2x+10,

The demand finction is p = 30 — 2x — x* and 'sapply function is p =—6 + 4x + 32,
Find consumer surplus and producer surplus.

At equilibrium, the quantity sold is #.=4/and the{rice is p. = 16. Consumer
surphus is 16 and producer surplus is/8. Both(the demand and supply curves
are linear. Find the demand function D(x) and the supply function S(x).

The supply function is p = In{x)+ 2) and the quantity sold is x.= 2.

Consumer surplus is 6 —2'1n 2. Find:

(a) Equilibrium price (b) Linear demand function p =a — bx.
If the demand function for a particular commodity is p = 100 — 2x and the
market price is p/> Rs. 64, find the consumer surplus using two methods:

(a) Integrate with respecttox,  (b) Integrate with respect to p,

Find the »olumes of the solids obtained by rotating the region bounded by the
givenrenrves about the indicated axds.

0 ¥=x’,x=2, y=0; x-axis (i) x+y=2,x=0,y=0; x-axis

(iiiy y=vx-5,x=6,x=8,y=0;x-axis (iv) y=x*-2x,y=0; x-axis

3.8 Applying Concepts of Integration to Real-Life World

Problems

3.8.1 Moment of Inertia ?(m)

Definition: The moment of inertia of a single particle of

]
ir

mass m about an axis AB is defined to be mr?, where r is :

A

the distance from the particle to the axis 48. For a system B
of particles m,m,,...,m, placed at distances 7,%,...,7, Figure 3.17

s
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respectively from a given axis, the moment of inertia of the system is defined as
]
ma’ +mpt ke mpt= Y m]

i=1

The moment of inertia of a rigid body with continuous mass distribution is:
lim, ,, X 7*-6m = [r* dm

the integral being taken over the entire body.
Note: If the moment of inertia of a body of mass M about any axis be MR®, then R

is called the radius of gyration of the body about that axis.

‘Example 66 A Uniform Rod of Length 24
Find the moment of inertia of a uniform rod of 7|
length 2 and mass M about a line through one end

and perpendicular to the rod. fe—x—dx
Solution: Let M be the mass of 2 uniform rod 4B of 4 s B
mj;;hZa,ﬂlenthcmassperumtlengthofﬂmmd Figure 3,18

=

Let AY be a line through A4 and perpendicular to AB.

Let us consider an element P of length<x at a distance x from the line 4 ¥.
- Sm= Mass of an element PQ = (Msgs per unitlength) x (5%) =2—“‘;x§x
The moment of inertia of this element PO about the line AY is
Xdm=x -%-5::
Thus, the moment of inertia’ of the whole rod about AY is
1‘-;: %a&=2_ﬂi‘§f¢=£[£]:“=£[@_@]=£[ﬁ]=i Mo s - engh'

units

2a| 3 2 3 3 ) 243 ) 3

Prove that-the tofinmﬁaofauniformmdoflmgih 2a md masy M about a line through
the middle point and perpendicular to the rod is im’.

Example 67 A Uniform Rectangular Lamina:

Find the moment of inertia of a iniform rectangular lamina about a line through the
centre and parallel to a side.

Solution: et ¢ be the centre of the rectangular lamina ABCD with
AB =2q,BC =2band Mbe the mass of this lamina.

Mass M M

Area (2aX2b) 4ab

Let OX be a ling paralle] to AB about which the moment of inertia is to be required,

e )

Then the mass per unit area (density) is
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Take an eclementary strip PQ of breadth & p 4
perpendicular to OX at a distance x from O.

.. 8m =The mass of this clementary strip

: M M 0 B4
density x area s (2b-0x) P ax
The moment of inertia of this strip about QX is 4 g B
bz M bg Figu:e3.19
om—=—20bx—
3 2a 3

Thus,ﬂlemomentofinertiaoftherectangu]arlaminaahaut OX is
_ My Mp? -
——dx—— ldx—— = ——2a)=-Mb
j j [, = ——(a—(-a)) <7 —(2a) =3
Hencethemomentofmertmoftherectangularlnminnahoutaﬁnethmughthe
centre and parallel to the side with length 24 is %Mb’.

3.3.2 Distance, Velocity, and Acceleration

Suppose a particle is moving along a straight’ line with position function s(¥),
velocity function w(f), and acceleratmn function (aff). Since s{f) = v{#), the
Fundamental Theorem of Calculus glvges

TV(I‘-)df T '(f)df [sGa}]: _3({2) 3(;‘1 dlsplacemcnt (1)

Similarly, since v'(t) alf), ke Fundatnental Theorem of Calculus gives
Jatodt =vg) )
§

If we want to calctlate the distance traveled ,4

during the timg\interval [¢,, #,], we have to W)

consider the. intervals when W)} = 0 (the

particle-Moves to the right) and also the 4, m_’

mtervn.'ls when W7) < O (the particle moves to

the left). In both cases the distance is °

computed by integrating |v(t)|, the speed.
Therefore, the total distance traveled = Tlv(t)l at

Figure 3.20

0
Figure 3.20 shows how both displacement and distance traveled can be interpreted
in terms of areas under a velocity curve.

In ty
Displacement= [w(#)dt = 4 — 4, + 4,  Distance= |[v(r)|dt =4 + 4, + 4,
h h
@) )
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Example 68 A particle moves along a straight line with acceleration
a(t) = 61 —18({m/s?) and initial velocity W0) = 15 m/s.
(a) Find the velocity fimction w(¥).
(b) Find the displacement of the particle during 0<¢<3.
(c) Find the total distance traveled during 0<7<3.
Solution: (a) To find W)
We have a{f) =67 18
Velocity is the integral of acceleration:

v(t)=_i'a(r)dt=j(6t—18)¢=6%—18:+c=31’—18:+c
H 1]

where ¢ is constant of integration.
As vW0)=15m/s
So, W0)=3(0)y—18(0)+c¢

Thus, w(f) =3* —18¢+15
(b) Displacementon 0<#<3
3
§=[ (3 -18¢+15) dt =[£ “9¢ +15(F,
L]

=27 —814+45=-9~"This means that the particle moved 9 m to the left.
(c) Total distance traveledon 0<7<3
Note that w(fy=3(* —6¢+5) =3(z -1} - 5)
and so, v(7)2 0 on the interval [0, 1] and v(¢)<0 on (1, 3].
Thus the total distance traveled is

i1t = [l 1o+ [ivoy1 e = [+ fowmar
a [H] 1 L] 1

1 3
=3¢ 18t +15)dr - {3 -18¢ +15)ak
] 1

=[¢ —9¢* +15¢}, —[* —9¢* +15}

= [(1-9+15)—(0)] - [(27-81+45)—(1-9+15)]
=7—(-16)=7+16=23m

(g
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Example §9 Growth rate of population: A town’s population growth rate (in
people per year) is given by

P(f) = 5000 +200¢
where ¢ is the number of years after 2020. If the population in 2020 (¢t = () was
100,000:
(a) Find the population function P(f) (b) What will the population be in 2030?
{c) Find the total population increase from 2022 to 2028.

Solution: Given
A town’s pepulation growth rate is
P'(t) =5000+200¢ people/year, { = years after 2020,
P(0)=100,000
@ Repaleson ftion F(0) %35 Opmfgn(itlﬁ:qmm after 2020)
—t= t i8y.10 years
P(f)= [ P$)de = [(5000+2000)3 | b)) = 100000 +5000(10) + 100(100)
P(f) = 5000t + 1002 + ¢ = 100000'% 50000 + 10000
Given P(0) = 100000 = 160000 people

100000 =0+0+¢c = ¢=100000
P(f) = 100000 + 5000¢ + 1004
(c} Population increase from 2022 to 2028
2022 >t =2 and 2028 >1, =8
Increase = P(8)—P(2)
P(8)=100000+5000(8)+100({64) =146400
P(2)=100000+5000(2)+100(4) =110400
Increase =146400-110400=36000 pcople
3.8.3 Average Valae of a Function
Definition: is “continuous on [a, &]. then its average value on [a, ] (also

]
called its it value)is £, = —— [ ().
b—a?
Example 70  Find the average value of the function f(x) = x* + 2 over the interval

-1, 2].
Solution: With a=-1 and » =2, we have

& 12 . T
i =—j'f() S (_l)j'(x +2) =§[?+2x]_1

1{( 2’ -y 8 .. 1. .3_1(9 _
3[( +2(2)J( +2(- 1))] [3+4+3+2]_3(3+6]_3

Thus, the average value of f(x)=x* +2 over [-1, 2]is3.

My
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Example 71 A temperature sensor moves slowly along a 10-meter track,
continuously measuring temperature. The temperature at position x meters is given
by

T(x)=20+x, where T(x) isin °C

Find the average temperature measured by the sensor as it moves from x=0 to
x =10 meters.

Solutlen: Function: T'(x) =20+x, Limits are from x=0 to x=10

1 10
A T ture=——{ (20+x)dx
verage Tempera 10_0_!( x}

1 210 1 {10y 0|,
m[zo +2] 10[[20(10)+ J [20(0)+ J]_zsc

3.84 Drug Dosage Required by Integrating"Concentration
Core Concept: Drug Concentration and Intégration
Think of fighting an infection as a battle between the dmg and the bacteria.

Drug Concentration C(¢): This is like the ?ctun;\bu'ofsp}dlm myourbloodslrmatumer\'
nghtaﬁeradosu.ymhavem@ysoldlmﬂwrhmu.ﬂmbodyrﬂmwsﬂmm
(metabolism/excretion), so the number decreases.

Min{mum IanﬂoryComtlﬁnnMC) Tlﬂg*wﬂ:lemlnimumlnmherof soldlers needed 1o
hold the battlefield and prevent thé bacteria from growing. If the number of soldiers drops below
this, the infection can start winning again..

Area Under the Curve (AIIC):ﬁIfyuuitmgmeamh of "number of soldiers™ (concentration) ve.
time, the area ymder that curve Tepresents the total fighting effort over time.
Ashm‘tinnamthmﬂnysdldlmmghtmvathasamehutal"ﬁghﬂgﬂfﬁm"asalomghmemth
fewer goldiers.

ThsWﬁM@Eor‘t‘ {AUC) is what matters for killing the bacteria effectively.
Whylnlngrﬂtﬂ?

Integraumismstawnymaddupﬂlemtal "apldier-hours” {concentration X time).
IfC(t)mthemncmmumatum:,lhm

AUC =}C(r)dr
[}
This AUC {Area Under the Curve) measures total drug exposure.
Doctors know from experiments:
e IfAUC is too amall —» the drug won't work well.
e [fAUC istoo large —> risk of side effects.
kSﬂﬂmycalculahaﬂmAUCtndﬂcidethn:ightdoseandﬂ'aquenﬂy.

Example 72 Basic AUC Calculation
A patient is given an intravenous dose of an antibiotic. The concentration in the

1z9 )

A
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bloodstream over time is modeled by:
C{1) =8¢ ™" (mg/L) where ¢ is in hours.
{a) Find the total drug exposure (AUC) from ¢t =0 to ¢ =6 hours.
(b) What is the AUC from ¢ =0 to infinity?
{c) If the minimum required total exposure over the first 6 hours is 40mg-h/L, is
the drug exposure from this dose sufficient for a 6-hour treatment?
Solution:(a) AUCfrom /=0 to r=6:

_g.15: |®

6
— (o015 5 _ol| & __ 8 -0.15%6._ 0
AUCH—‘I[Se dt_s[—{).ls]u_—ﬂ.ls(e &)

=%(1—e*“) =53.333x0.5934'%/31.65 mg-h/L

(b) AUC from ¢ =0 to infinity:

AUC,  — [8™% dr—8 il Y 0)= 53,33 ma-h/L
“"“_—! =8 013, "ot BB me

{c) Required total exposure over first 6 haurs = 40mg . h/L
Actual AUC from 7=0 to ¢ =6=3165mg-h/L
31.65 <40

Conclusion: No
The drug exposure from this dege over:6 hours is insufficient to meet the required
minimum of 40mg-hr/L

¥ EXERCISE 3.7 _J

1. Find the moment of inertia 7 of a uniform rectangular plate ABCD about the
edge 4D when AD = 3, AB =8, and the mass per unit area is 4.

2.  Find the moment of inertia of a uniform triangular lamina about its base.

3. A particle moves along a straight line with acceleration a(f) = 12t — 36 (m/s%)
and initial velocity w0} = 30 m/s.
(8) Find the velocity fimetion v{?).
(b) Find the displacement of the particle during the time period 1<7<6.
(¢) Find the distance traveled during this time period.

4. A particle moving along a coordinate line at time =0 is at a position 2cm
from the origin and traveling at a velocity of Scm/sec. If the acceleration of the
particle is given by: a(f)=3—4(z+2)". Find the velocity and the position of

the particle as functions of «.
(121
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5.

10.

11.

12,

A projectile is launched vertically upward from an initial height of 5, feet with
an initial velocity of v,f't/s. Neglecting air resistance, show that its height s{r)

gbove the ground at time r is given by s(t)=—%g1’2+vut+.!uwhﬂre, g>0is

the magnitude of the acceleration due to gravity.

In a bacterial culture, the growth rate is proportional to the number of bacteria
present. Initially there are 200 bacteria. After 2 hours, there are 1800 bacteria.
(a) Find the number of bacteria at time # hours.

(b) How many bacteria will there be after 4 hours?

The rate of population growth of a small city (in people per year) is modeled by
P'(f)= 800 + 60¢, where ¢ is the number of years after.2025. If the population in
2025 (t = 0) was 25,000 people:

(a) Find the population fimction P(?).

(b) Estimate the population in 2035.

(c) Calculate the total population growthfrom 2028 to 2033.

Find the integer b such that the average value’of f(x)=2+4x—3x" on the

interval [2, b] equals —7.
2

Let f be continuous, and suppose:'l‘f(x)dx=5.lf the average value of f on
[

[0, 4] is twice the avefage valie'eh [0, 2],ﬁndj' f(x)dx.

Let f be continuous, and suppose:i'f(x)dx=s.ﬁ the average value of f on
[1, 4] s hires times the average value on [3, 4], ﬁndj' Fx)dx.

Let f be continuous, and suppose: j'f(x)dt=10 andjf(x)d:mﬁ. If the

average value of f on [0, 3] equals the average value on [3, 4], find

[F(zya.

A patient receives an IV bolus dose of a drug, The concentration in the blood is
modeled by:
C(t)=12e"¥ (mg/L) where t is the time in hours since that dose was taken,

] )
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The minimum ecffective concentration (MEC) is 3 mg/L. The drug is

considered effective if total AUC in a 24-hour period is at least 150 mg-h/L.

{a) Find the time T (in hours) when the concentraticn reaches the MEC.

(b) Calculate the AUC from =0 to ¢ = T for a single dose.

(c) Determine if one dose provides enough total AUC over 24 hours. If not,
how many doses (given at intervals of T hours) are needed in 24 hours to
meet the requirement?

1y )




Differential Equations

INTRODUCTION

The idea of differential equations was first proposed by Isaac Newton and Gottfried
Leibniz during the development of calculus. The term *“differential equation” was
introduced by Leibniz in 1676, In the 18" century, mathematicians/like Euler and
Lagrange made significant contributions to the theory of these gguations. Over the
centuries, research conducted by hundreds of mathematicians, physicists, economisis,
chemists and other scientists around the world has broadened the range of applications
and methods to solve differential equations.
Differcntial equations are generally classified inte two”broad categories: ordinary
differential equations and partial differential equations. In this unit, we shall study
only ordinary differential equations.
For example, if a particle covers a distance)s in time ¢, then its velocity v and
acceleration a can be represented by the differential equations as follows:

v= & and a= av

dt dt

To begin our study with this important topie, we will first define differential equation
and classify their various types. Unless otherwise stated, the term differential equation
used in this unit will refef’io an ordinary differential equation.
4.1 Differential Equation: Definition, Order and Degree

An equation that involves at least one derivative of a dependent variable with respect
to an independént variable is called a differential equation. For example:

dx a dx de  d
ot & e . T2y
@) ?y+1=m(?"’] ® Jx_y%{%] —siny (v (E?’J +%=0
The order of a differential equation is the order of the highest derivative that appears
in the differential equation. For example, the order of the equations (i) and (v) is 1, the

order of equations (ii), (iii) and (vi) is 2, whereas equation (iv) hag order 3. A
differential equation of order 1 is called first-order differential equation, such as (i)

and (v).
(124 )

D Q+ymsy=sinx (ii) d—2y+1y[ﬁj =0 (iif) Q=ﬂ




N e T e . Mathematics-12

If the differential equation is written &s a polynomial in derivatives, then the greatest
expenent of the highest-order derivative appearing in the equation is called its degree.
Otherwise, the degree of differential equation is undefined. For example, degree of
differential equations (i} and (ii) is 1, degree of differential equation (v) is 2 and the
differential equation (vi) has degree 3. Since the differential equations (iii) and (iv) are
not written as polynomials in derivatives, their degree is undefined. A differential
equaticn of degree 1 is called first-degree differential equation, such as (i) and (ii).
p

1

Degree applics only to the differential equations written already as polynomiel in-derivatives. For

example, the degres of the differential equation (iif) is clearly undefined. Afier aquaring both sides,
ayY ~N

ﬁedegreﬂofmulﬁngequaﬁnn%={d§] is 2. However, the degreeof the original equation

| remaing undefined.
4.2 Construction of First-Order Differential Equatlons

from Practical Situations
First-order differential equations medel problems where the rate of change of a quantity
depends on the quantity itself or on time/For example, population growth or decay,
Newton’s law of cooling or heating, electric circuits, economic models and radioactive
decay etc.
4.2.1 Population Growth/l}etay
Situation: The rate of changé of population is propertional to the population itself.
Mathematical Model:
Let P represent the population at time ¢ . Since the rate of change of population is
proportional to the population at that time, we can write:

dP
— o P Growth and decay
dt Growth refers to an increase in the
If & is the constant of proportionality, this becomes: | value of a quamtity, while Decay
dr referg to a2 decrease in its value.
E = kP Thess processes are commonly
psed to model Teal-life situations
This is a first order differential equation. such a8 population growth and
Observation: From this equation, we observe: radioactive decay.

(i) If k > 0, the population increases (growth).
(i) If k<0, the population decreases (decay).
(i) If k=0, population remains constant.
By solving this differential equation, we can find the population at any specific time 2.

L] )
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4.2.2 Temperature Problem (Cooling/Heating Law)
Situation: The rate of change of body’s tcmperature with respect to time is
proportional to the difference between beody’s temperature and the surrounding
temperature.
Mathematical Model:
Let T represent the temperature of a body at time ¢, and let 7; be the constant
temperature of the surrounding medium. According to Newton’s law of cooling (or
heating):

dar

=5 *\G=T)
Introducing a constant of proportionality & > 0, the relation becomes:

ﬂ'— s
=k (G-

Observations: () If T < T}, the body is wastihg tp and % is positive,

(i) If T > I, the body(is cooling.down and % is negative.

By solving this differential equation, we can find the temperature T of the body at any
time ¢.

4.2.3 Inflation/Deflation Pxoblem in* Economics

In this model, we construct 4 first-order differential equation to describe how the price
of a good changes over time due to inflation or deflation.

Situation: The rate of change of price is proportional to the current price.
Mathematical Model:
Let P represcntithe price of a good at time £. Then,

dP Infistion/Defintion
EWP Inflation means the price of
goods is increasing over time,

Let & be the constant of proportionality representing the | phile deflation means the
rate of inflation (when & > 0) or deflation (when X < (), | price of goods is decreasing
then the desired differential equation can be written as; | over time.

dP

L kP
s

4.2.4 Flow of Electricity in Series Circuits
In daily life, many problems involve the current flowing in series circuits. Here, we
discuss two simple cases connected to first-order differential equations.

26 )
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(i) Charging a Capacitor Through a Resistor (RC Circuit Model)

Sttwation: An RC circuit consists of a resistor of Switch R

resistance R ohms and 2 capacitor of capacitance C | —o3 o—AAN,
farad connected in a series with a DC voltage source R
of constant emf V volts. (see Figure 4.1). Vs
At time ¢ = 0, the switch is closed, and the capacitor
begins to charge. Let g be the charge on the capacitor

i 13

C

|
i+

attimef,and I = % the current flowing through the Figugd 4.1

circuit.
Mathematical Model
The voltage across the capacitor is:

v,=1
5

According to Ohm’s law, the voltage across the resistor is:
Ve=IR

By Kirchhoff’s veltage law, the sum of voltages across the resistor and capacitor is
equal to the total voltage from the battery. The sourcé-voltage denoted by ¥ that is

given as:
Vo=Vt ¥

¥, =iR+1
C

Substituting 7 = % , theequation beécomes:

R%+%=I{q or simply,

RC%=CVS—Q

(i) Growth of Current in an RL Clrcuit

Situation: An RL circuit consists of a resistor f —

of resistance R ohms and an inductor of =

inductance . henries connected in a series with

a DC voltage source of constant emf ¥ volts. é
R

The initial current is assumed to be zero (3e¢e =
Figure 4.2). T
At time r=0, the switch is closed and the
current through the inductor begins to grow.
LetI'be the current flowing through the inductor s
attimef{, Figure 4.2

zy )
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Mathematical Model
The voltage across the inductor is:
r=12
According to Ohm’s law, the voltage across the resistor is:
V=R

By Kirchhoff’s voltage law, the sum of voltages across the resistor and inductor equals
to the applied voltage:
Vo=V 1 Vg
dt

In this way, differential equation is:

L%=VS—RI

¥ EXERCISE41 _J
1. Write the order and degree (if defined) of the following differential equations:

@ ﬂ+':r'ﬂ—smyﬁ+xzy=u (ii) (ﬂ) +&

a’ ad dr at ] d
(i) %’Hin(%):o (i) %+e"sin(x)=0
(v) cosx[%}s+%+y=0

2. Let A dendfe the amount of money deposited in a bank at time #, which grows
over time with constant compound interest rate » > 0. Construct a differcntial
equation which represents the growth of amount over time.

(Hint: The rate of change of amount with respect to time is proportional to amount
itself).

3. Let T denote the temperature of a body at time ¢. Suppose that the effect of the
surrounding medium is negligible. Construct a differential equation that
represents the temperature of the body at any tirme ¢, assuming the body is losing
heat due to some internal processes.

4. Let N dencte the amount of radioactive substance present at time ¢ Construct a
differential equation that models the radioactive decay of the substance.

Hint: (Radioactive decay is a natural process by which an unstable atomic
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nucleus loses energy by emitting radiation. The ratc at which a2 radioactive
substance decays is proportional to the amount of the substance present at any
given time).

5. For an RC circuit, recall the differential equation representing the charging of a
capacitor. Deduce the differential equation that represents the discharging of the
capacitor.

6. For an RL circuit, recall the differential equation representing the charging of an
inducter. Deduce the differential equation that represents the discharging of the
inductor.

4.3 Solution of First-Order and First-Degree Differential

Equations
General form of the first-order and first-degree differential‘equation is:
2 1)

where fis a function of two variables in x and.y, \defined on some region of the xy-
plane. It is always possible to write the above equation-in differential form as follows:

M(x, yyde e N(x, y)dy =0
where M(x, y) and N(x, ¥) are the functions’of x and y.
Examples: @) 2 =212 oo+ y)dehx—y)dy=0
& y-x
(i) %=—§ or x@ftydy=0

A solution of the différential equation % = f(x,y)isarelation S(x, y}=0, free from
the derivative % ¢ which satisfies the given differential equation in some region of the
xy—plane:

The general solution of the differential equation %= Jf{x,¥) is the relation

§(x,y,¢)=0 containing an arbitrary constant ¢, which represents all possible
sohtions of the differential equation of this form. The presence of the arbitrary constant
¢ gives a family of curves, each member of which is a solution of the differential
equation. Some deferential equation also possess solutions {called singular solutions)
which are not the members of this family. However, we will not study these solutions at
this level.

A particular solution of the differential equation % = f{x, ) is asolution that does
not contain any arbitrary constant. It is obtained by assigning a specific value to the
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arbitrary constant appearing in the general solution, In order to determine a particular
solution from the general solution, an additional condition is required.
A condition of the form

y=y, at x=x, writtenas y(x,) =y,
is called an initinl value condition. A differential equation together with an initial
value condition is called an initial value problem (IVFP).
Example 1 Show that the relation

y=cx+2 {1}

represents a solution of the differential equation
dy

—-x==2 o

@

Solution:
Differntiating equation (1) w.r.t x, we obtain:

Q—i(a’c+2)=c «.(3)

dr d
Substituting the values of ¥ from equation (1},
and & from equation (3) into the lefi-hand’side Jote i
.dx ] . The relation (1) rtepresents the
of differential equation (2), we have; family of straight lines having 3-
dy intercept 2, where the arbitrary
y—x—=(cx+2)—x(c)=2 constant ¢ represents the slope of
dx cach line (see Figure 4.3, exclude y-
axis bacanse its slope iz tmdefined).
or y_x%=2 ., o

Hence, the equation(1) represents a solution of differential equation (2).
Example 2, Show that the relation tan y =10(¢* —1)* represents & particular solution
for the differential equation Ze'tany+(1—e’)seczy%=0 i

Solution: We have:
tan y =10(e* -1* .. (I}
Differentiating equation (1) w.r.t x, we get:

%(tany) =10%(e’ P o sed y% =10x2(¢" —1)e*
Ml o s by (& 1)
(e" —1)sec’ y% = 2x10(e* —I)2e"
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Using equation (1), the above equation can be written as:

—(l—e')seczy%=2tanye’ = Ze’tmy+(l—e’)sec2y%=ﬂ

which is exactly the given differential equation. Since the equation (1) has no arbitrary
constant, we conclude that it represents a particular solution of the differential equation.

44 Finding General and Particular Solutions of First-
Order Differential Equations

In the previous section, we verified whether certain relations satisfy given differential
equations. Now, we turn to the central task of this umit : Solving first-order
differential equations. We restrict ourselves to two important types of such equations:
separable differential equations and homogenecus differential‘equations.

Our goal is to find the general solution of a given differential equation. This often
involves introducing an arbitrary constant during the process of integration. We begin
the secticn with the method of separation of variables:

4.4.1 Separable Differential Equation
A first-order differential equation is called Separable ifit can be written as:
&_ L PR 0
. ~EWEN K lgfx)dx prass dy v ifh(y) = 0
For example, the differential equation % =—£ is separable, because it can be written
Y

as ydy=—xdx. However, the differential equation %=x+y is not separable.
y—x

Method to Solve a S¢@yrable Differential Equation

Note that the separable differential equation:

Q —]
ot 1600,
can be written as: ﬁaﬁz=g(x) dx
Integrate both sides:
1
ol L

By solving the integrals on both sides, we obfain the general solution of separable

differential equation.

Example 3 Find the general solution of the differential equation xdx+ ydv=0.

Solutlon: The given differential equation is separable. It can be writien as:
ydy=—xdx
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Integrating both sides:
jya!v=—jxdl:
=5 £=——+c
2 2

= y=—x+2 2
Since the constant ¢ is arbitrary, it can be

replaced by % Hence, the general solution of

the given differential equation can be written
L

L+ y=c
Note: In the general sclution x* + y* =¢, the
constant ¢ must be postive, because the sum of squares of two real numbers can
never be negative. The corresponding derivative %=—£is undefined when y=0.

y

However, we typically ignore this special ecase while sglving such differential equations
at this level. The general solution x*+ y*=c fepresents the family of concentric
circles of radii v/c centered at the crigin (see Figure 4.4).
Example 4 Solve the initial value problem:

%:%xz +x-3; yp(2)=0

Solution; Clearly, the given differential equation is separable. It can be written as:
3 3
a}»=(zx’ +x—3]a‘x = [@:j(zf +x—3]d:

= Ia}=%jx’dx+.|'xdx—3.[dx=> y=%x’+%x2—3x+c... M

Applying the initial condition y(2}=0, thatis y =0 when x=2:

o=12412 39340 o e=2
a° "2

Thus, equation (1) becomes:
y g b ey
4 2
‘Which is the required solution to the given initial value problem.
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Example 5 Solve the differential equation:
¢&*tan y dx +(1- €")sec? p dy=0; ye(—%,%)y:ﬁﬂ.

‘Remember!
Note the real logarithmic functions ave
defined only for the positive real

Seolution: The given differential equation can be | munbers. Ifw <0, it makes no sense to
writs In ». Thus, for ary non-zero

written as: ©
dy__ 2tany _ 2¢° tany varisble v, wehave | — = Inju| +c.
d (& -Dsec’y & —1sec’y N - 4
Which is clearly a separable equation. We rewrite it in the form:
_ 2eftany Note oY R
S ety 1. While solving injegrgls in @ differential
) equation, it is convénient to write the constant of
Multiplying both sides by sec )y . integration as ¢ when natural logarithmic
tan y functions are involved. This is because for a
3 % constant ¢ >0, the expression In ¢ still represents
8E&C J"ay= 2 i en grbitracy real constant.
tan y e -1 2. Recall that a fimetion y = f(x) is said to be a cne-
Integrating both sides: to-pne function, if for all x,, x, € Dom fwith
J&) = (%), we have x, =x,.
, 7

= Injtan y|=2In|e” -1|+102
= Intany|=In|c(e” 1|
Since the logarithmic funetion is one-to-one, we can write:
| y|=|e(e” —1)*| = tany =tc(e’ -1y

Since, the constant ¢ is arbitrary, the general solution of the differential equation can
be written as, fan v =c (e —1) or simply:

y= tan (1) | [ y E(‘% %]J

44.2 Homogeneous Differential Equation
A firgt-order differential equation ig called homogeneous if it can be written in the

form:
()

where F(zjmaﬁmchon oftheratlo—only For example, .2 x"+:r.y i8 a
x . Y -2y
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homogeneous differential equation because, it can be written as:

X

& __Z x [J’)

9 — |
x

“

On the other hand, the differential equation % =x+ y is not homogeneous because

x+y mmbeexpressedasafuncﬁonofz.
x

Easy tests to identify a homogeneous differential equation;

1. Same depree Test:

Suppose g(x,y) and A(x,y) are polynomials in x and y>If the sum of exponents of
x and ¥in each term of g{(x, y) and A(x, y) is same, then the differential equation
& _gxy) .

5 h (5} is homogeneous. For example, in the homogeneous differential equation:

& _x v’

) y-x'y
each term of the numerator and deneminator of the right side is of degree 3.
2. Variable Substitution Test

The differential equaticn %=f(x,y) will be homogeneous if for every nen zero real
number # , we have: '

fny)=1(x)

For example, in the homogeneous differential equation —

*+ _@&Y + (o)) _ X+
TN =y D i) 7 -5y

Method to Solve a Homogeneous Differential Equation
The homogenecus differential equation:
dy (¥
pr F [;] (1)
can be converted into a separable differential equation in variables x and v by
making the substitution:
y=w ...(2}

134 )
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Differentiating both sides of equation (2) wr.t x:

AT
& v+xdx ...(3)

Substituting the values of % and % from equations (2) and (3), the equation (1) can

be written as:
dv
v+x5=F(v) ( w )
Rewriting, we obtain: If the equation, .%=f(x,y) is
x@=F(v)—v dy
dx homogenecus, then on substituting y =wx, ;
It becomes separable differential equation &
and can be written as: isreplagedbywx; and f{x, y} can easily
L € sdplified by replacing x with 1 and y with
Fy)-v x . . & xty -
Onintegraﬁngbothsidﬂr e T
..- o= J- & with-d ind y with v, in the right-hand side,
F(V) ¥ wegetv+xﬂ—H—v
By solving mtegrals of the abeve equation™ | & v-1 )
and then substituting back =2 , we obthin
x
the general solution for'the homogeneous differential equation (1) .
Example 6 Find the general solution of the differential equation % Yy
y-x
Solution: The given differential equation is:
Z L (1)
y—x
Note that every term of the numerator and denominator in f(x,y)— lsofdegree
y—x

1, Thus, the differential equation (1) is homogeneous. On substituting y = vx, we have;

v+xﬂ_x+vx 1+v - dv 1+v »

& w-x v-1 dx v—1
dv v +2v+1 v—1 1
2 s e = — — dv=—"dk
xdx v—1 4+ 2v+1 x
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Integrating both sides we get:

I—v’+2v+1 _I_
—2v+2 1
= ——j v2:2v+1dv=]n|x|+]n|c| = —E]nl—vz+2v+1|=ln|ax|
= ln|—v’+2v+]|=—21n|ax| = lJ1|—v"+2v+1|=]1:|\c::t|'=l
= |—v +2v+1|— o
Substituting v=2 back in the above equation:
X
2 —y* + 2xp +x*
"y?”f“:ﬁ - 7 |=c=x=
= |—y’+2xy+x‘|=l = —y’*+2.mcy+:r’=:ki2
e c

Renaming the arbitrary constant as ¢ 20, wé get the required general solution of the
given differential equation as follows:

-y +2xyp+x*=c or ¥/+2xy— =
Example 7 The slope of tangent at\any point.to a family of curves f(x, y,c)=0 is

given by the rule m(x,y}=x2;;yl; x, y20. Find particular members of the family
passing through the point-£(2,6).

Solution: Since the\ derivative % represents the slope of tangent to the family
F(x, y,c)=0_ wehave to solve the initial value problem:

dy 5 +3y
e O
W2 =6

Note that each term in the numerator and denominator of the right-side of the
differential equation (1) is of degree 2. This means that the differential equation is
homogeneous. Using the substitution y =vx, the equation (1) can be written as:

dv 1+
+X—=
dx 2v
o L LW LW Y v 1
& v 2v 2v 1+ x
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On integrating both sides, we get:
2v 1
I1+v’dp_-[;&
= h+V)=hjd+hld = hl+)=hle = 1+*=c]
The arbitrary constant allows us to write the above equation as follows:
14+v* =ex

On replacing v by £ in the above equation, we get
x

the general solution for the given differential
equation as follows:

=cx
= =cx’
or V=l -x* .. (2)
Substituting x =2 and y = 6 in equation (2):
(6)’ =e(2)' -(2)

2

y

]_ =
e

x+y

= ec=5
Substituting ¢ =35 in equation (2) , we(get the reqiiired particular solution as follows:
2 2
_ 37 =5x sy
Few members of the family (2) are given in Figure 4.5, where the bold curve
represents the particular member ¥* = 5x° —x*.

¥ EXERCISE 4.2 _J
1. Show that each of the following relation writien against the differential equation

is its solution.

. ﬂ_ g - Q= i d i _l

(i) xdr—1+y,y—c.x 1 (ii) :vrzl(2y+1)d’c 1; y*+y=S5 "

(iii) §=e‘(sz+1);s=tan(e'—10) (iv) xtany%—1=0;xcosy=b
2. 'Which of the following differential equations are separable and which of them are

homogeneous?

(i) x%=l+y () *(2y+Ddy—de=0

i) (ay+x')dy-yde=0 ) L=
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@) %+k(T—Tm)=0 (vi) %=ln(x)—]n{y);x}0, >0

Find the general solutions of the differential equations given in problems (3 to 21):
1
& _(1-p° ) & _ & _ o
3. dx_[l—x’] 4 —mE? 5. = ycos® |y
B _ i B et d__ lex
6. ‘de e 7. — =2l e 8 = TR
_E gl @
9. Pdit(-P)=0 to. y-=2 2[y2+dr]
11. sec’ xtan ydr+sec® ytanxdy=0 12. (&* +e=)ydy+(e ™ —e*)dx =0
13. xsinxdc+nydy=0 14. Q:pns"[l]#
dx .25 S -
15. (3 +2x)de+xdy =0 16 (2 +33 ) de—2xydy =0
17, (P +xy+3)dx—x*dy=0 18, x%=xe_§+y
19. y—xQ=3[l+xﬂ)
dx d
dy , 2xy
. ydx =0 . 2 .
20. ydx+xdy 21 dr+2y+1 x
Solve the initial value problems (22 to 25):

& _ A QP o= By s -
2% =& 7 ; y(0)=1 23. ¢k+2‘“ 0; s=4e when =0
24, (y+,/x2+y2)m—xay=o;y=owhmx=1 25. %J“'; p(1)=1

X

4.5 Applications of First Order Differential Equations in
Real-Life Problems
First-order differential equations play a vital role in modeling various real-life
phenomena in fields such as physics, biology, chemistry, economics, and engineering.
These equations invelve the rate of change of a quantity and help describe how that
quantity evolves over time.
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Example 8 (Population Growth)

In a culture, there are 100 bacteria initially and are doubled in 2 hours. Find the number
of bacteria 7 hours later.

Solution: Let N represents the number of bacteria at time £, then we have to find N(7)
using the information:

M®)=100
N(2)=200
We have to solve the differential equation:
dN
2T kN
dt

Where k > 0, because the population is increasing. Note that the above differential
equation is separable. It can be written as follows:

L aw=kar
N
On integrating both sides:
J~av=[ka
N
= In|N|=kt+¢ L)

Using the condition N{() = 100 in@quation (1), we get ¢ = In(10{}.
Now, equation (1) becomes:

In|N|=kf + (100)  of ]n|%=kr
= o
100
=< N=100e" (2)

Applying the condition N (2)=200, we get:

200=100€* or ¢* = 2. which gives 2k =1n2 or k=%ln2=1n\5.

Thus, equation (2) is rewritten as:
N =100m¥"
Substituting #=7 in the above equation, we get:

) i
N(T)=100""% =100"? =100(2)? =1131.371
Hence, the number of bacteria 7 hours later is 1131 (approximately).
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Example 9 (Radioactive Decay)
A certain radicactive substance hag a mass of 80 grams initially. Afier 10 hours, only
50 grams remain,

(a) Find decay constant.

(b) How much of the substance will remain after 24 hours?

(c) After how many hours will only 2() grams remain?
Solutlon: Let M represents the mass of radicactive decay at time 7 Then, we have:
A{0) = 80 and AK10) = 50. The differential equation for the radicactive decay is
given by:

‘Which is clearly a scparable differential equation. On separating the variables and
then integrating both sides, we get:

Mjy=ce™ - (1)
Where c is the constant of integration and & > 0,is\the constant of proportionality
(decay constant).

(a) Applying initial condition AK(}) = 80von equation (1), we get c = 80.
Now, imposing the condition M{10) =-50%n equation (1), we get 50 = 80e™'% which
gives:

k= —lh[f}go.w.

10 \8

Hence the decay constant ig\D:047 approximatcly.
(b) Substituting the values of ¢ and 'k in equation (1), we get:

M(f)=80e% sl 2)

= _M(24) =80 """ 25,8944 2 26 prams

Hence, there will be approximately 26 grams substance after 24 hours.
() Substituting M{?) = 20 in equation (2), we get 20=380¢"""  Solving this
equaticn for £, we have t =~ 29.496. Hence, 20 grams substance will be left after

approximately 29.5 hours.
Example 10 (Deflation Problem in Economics)
Suppose an economy is experiencing deflation at 4% per year. If the current price of
an item is Rs. 500, find its expected price after 3 years.
Solution: Let P denote the price of item at time ¢. Since there is a deflation, the
differential equation concerning the problem is given by:

% =—{4%)P=—0.04P
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On solving the above differential equation, we get:

P{)=ce ™™ (1)
Since the current price of item is Rs. 500, we have initial condition P(0) = 500. Using
thig condition in equation (1), we get:

P({) =500
Substituting ¢ = 3 in the above equation:

P(3)=500&""%P = 443 46
Hence the expected price of the item after three years will be Rs, 443.5.
Example 11 (Cooling/Heating Problem)
A cup of coffee is served at 90° C in a room where the temperatute is 25° C. After 10
mimutes, the coffee cools to 60° C. Find the temperature of the coffee after 20
mimites.
Solution: Let T denote the temperature of the coffee at.fime ¢. Using the conditions
T{0) = 90 and T(10) = 60, we have to calculate 7{20) by solving the differential
equation:

dar
—=—KkT =2
2 k(T +25)
Note that the above differential equation is'Scparablé/and can be rewritten as:
d dr=<kdt
(T~25)
On integrating, we have:
1
dr =—k|dt™ = \M[T-25=—k+In
I T-25 - T_25=e"“
c c
= T@)=28¥ce™ (1)

Applying initial condition T{0) = 90 on above equation, we get 90 =25 + ¢ or ¢ = 65.
For the second condition 7{10) = 60, we get 60 = 25 + 65¢ ' from equation (1). On

solving this equation for k, we have: & =$ ot k= 0.0619. Now, the equation (1) can
be written as:
T()=25+65¢"%1
Substituting, #=20 in the above equation:
T(20)=25+65¢"%"® =  T(20)=43.85
Hence the approximate temperature of the coffee after 20 minutes will be 43.85°C.,
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Example 12 (RL Circuit Problem)
An RL circuit has an emf of 5 volts, a resistance of 50 ohms, an inductor of 1 henry
and no initial current. Find the current in the circuit at any time 7.
Solution: We have to find the current 7 flowing in the circuit at time ¢ using the
Ve=5Svolts, R=500Q, and 7(0)=0.
The differential equation governing the RL circuit at time ¢ is given by:
L%=V -RI v L=1henry
Substituting the given values:
dI
—=5-501
dt

The above differential equation is separable. On scparsting the variables and
inmgmﬁng,wehnve'
1 ¢ =10
—|\———dlI=\dt 2\ F— S —dl= | ds
1- IOI I 5G+.1-107 I

= —Eln|l—101|=r+c ...{1)
Applying the initial condition X0) = 0:
1 _
——Infl=} =
=0 1=10(0)|=0+7¢
= —iln|1|=c = ¢=0
50
For ¢ =0, the équation (1) becomes:
—hfi-107= = lfi-1o7=-50 =  [I-107]=e™
= :I:(l—ll}ui’)=¢=z‘1":'Jr

On checking the initial condition, X0) = 0 for the above equation we have:
+{1-10(0)) =& ® or +1 = 1. This means that the negative sign is to be ignored.

Thus, we have:
1-10f =™
1 —s0r
= I)=—(1-¢™)

14
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10.

¥ EXERCISE 43 _J
A particle is moving in a straight line and its acceleration is given by a=2¢ 7.
Find
(i) velocity v in terms of ¢ if v= 10 m/sec, when = 0.
(i) distance s in terms of ¢ if s =0 m, when =0,
In a culture, there were 1000 bacteria initially and were found to be 900 after five
hours. Use differential equation to find the number of bacteria after 7 hours.

The number of bacteria in a culture currently is 1000, Three hoarsago, it was 750,
‘What was the number of bacteria five hours ago?

A radioactive isotope has a half-life of 12 hours. The initial mass is 160 grams.
(a) What is the decay constant?
(b) How much mass will remain after 36 Hulf-life is the time required for a

hours? uantity of & radioactive substance to
(c) After how many hours will onlky™10 | feduce to halfof its initial amount due to
; radioactive decay.
grams remain? .

Suppose the inflation rate for the\cost of a basket of goods is 8% per year. If the
current price level is Rs. 10006, use differential equation to find the price level
after 5 years.

Use differential equation to find the current price of a good if the deflation rate is
11% per year and itd-price after ten years is expected to be Rs. 5000.

Aslam deposited Rs. 5000 on opening an account in a bank 15 years ago. Using
differential equation, find the constant annual rate of growth if he closes his
account now by receiving Rs. 15,000.

A canofsoda at4°C is placed in a room at 24 °C. After 30 minutes, its temperature
is 12 *C. Find the temperature after 1 hour.

An RL circuit has a battery of 12 volts, a resistor of 60 Ohms, and an inductor of
2 Henries. If the circuit ig closed at time £ = 0 with initial current zero, find the
current /(i) flowing in the circuit at any time £.

An RC circuit has an emf of 12 volts, resistance & =60 and capacitance C=3
farad. Initially, the capacitor is uncharged. Find the current Xf) at any time £.
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Analytical Geometry

INTRODUCTION
Analytical geometry, also called coordinate geometry, S
is the branch of mathematics that combines algebra
and peometry to study shapes, lines and figures using |
a coordinate system. Instead of just drawing or
imagining figures, we describe them with equations pac
and points on the xy-plane, which makes it easier to [
calculate distances, midpoints, slopes and [
intersections. This approach allows us to solve
practical problems, like finding the shortest path, [§
checking if two lines are parallel or locating the exact
position of an object. Analytical geometry was first
developed in the 17® century by the™ French
mathematician René Descartes, who introduced the
idea of using coordinates to represent” geometric :
figures. His work laid the foundstion for fmodern Figure 5.1
mathematics, as analytical geometry became.the link between algebra and peometry,
making it possible to study space'and shapes with greater precision,
In this unit, we will study ‘about straight lines, angles between coplanar intersecting
lines, concurrency of medians, right bisectors and altitudes, area of triangular region
and applications of analytical geometry to real life problems.
3.1 Equation of Straight Lines
We have learit/that in coordinate geometry, a straight line can be represented in
different forms depending on the information given.
General Form
The general form of a straight line in two variables is written as ax + by + ¢ =0, where
a, b and ¢ are real numbers and 2 and b are not simuoltaneously zero.
Slope-Intercept Form
If m is the slope and ¢ ig the y-intercept of a line, then equation of this straight line in
slope-intercept form isy =mx + ¢.
Point-Slope Form
If a line passes through a point (x,, ,) and has slope m, then equation of straight line

in point slope form is y —y, =m(x —x)).
a4 J
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Two-Point Form
If an inclined line passes through two points (x;, y,) and (x,, ,), then equation of straight

line in two-point form is 222 =275 o YTH _ *¥7H nry—y1=y2_y1 (x—x)
H—h =Hh A= AR Qh

Intercept Form
If @ and & are the x-intercept and y-intercept of the line, then equation of straight line
in intercept form is §+§ =1. a0, b0,
Normal Form
x cos@+ y sinf = p is an equation of the straight line, where p)is the perpendicular
distance of the line from the origin and #is the angle made by perpendicular with the
positive x-axis, measured counter clockwise.
Example 1 Find an equation of the straight line if its 8lope is 3 and y-intercept is 7.
Solutlon: The slope and y-intercept of the line afe respectively:

m=3c=7
Thus, slope-intercept form of a line is:

y=mx+tg

y=3x+7
Example 2 Write down an equation of the straight line passing through (—4, 3) and
having slope —5.
Solution: As the point (<4; 3) lies'on'the required line having slope —5, so by point-
slope form of equatioriof the straight line, we have

y—-3=-5x—(4)or y-3=-5(x+4) or y—-3=-5x—-20 or Sx+y+17=0
which is an equation of the required line.
Example 3-Find an equation of the straight line passing through the points (-3, —2)
and (5, 4).
Solution: Using two-point form of an equation of the straight line, the required equation is
y=(2) _x-(-3)
4-(-2) 5-(-3)

Pl EEd
6 8
or y+2=§(x+3)or By+2)=6{x+3)
or By+16=6x+ 18 or w8 +2=0 or Iar-4dp+1=0
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|Example 4 Write down an equation of
the straight line which cuts the x-axis at
(3, 0) and y-axis at (0, —6).
Solutiom: As 3 and —6 are x and
y-intercepts respectively of the required
line, so by two-intercepts form of an
equation of the straight line, we have

R P

3 -6

2x—y =6

2x-y-6=0

which is the required equation.

Example 5 The length of perpendicular
from the origin to a line is 3 ynits and the
inclination of this perpendicular is 120°.
Find the equation of the straight line.
Solution: Here, p=3, & = 120°.
Equation of the straight line in normal
form is:
xcosf +ysing =p
x cosl20° +ysinl20° =3

3

¥+ X2 =3
3% T2 Y

x—J?:y =—6
x—ng+6 =0

5.2 A Linear Equation in Two Variables Represents a

Straight Line

Theorem 1: The linear equation aé.+ by + ¢ =0 in two variables x and y represents a
straight line, where a, b and ¢ are real numbers and 2 and & are not simultanecusly zero.
Proof: Here, a and b cannot be both zero. So, the following cases arise:

Case-I: Whena=0
Then ax + by + ¢ = 0 becomes

by+e=0~0r y=—£

b
which is an-equation of the straight line
parallel to x-axis.

Cage-ITI; When a=0, 50
Then

by=-a—c

Case-II: When b=0
Then ax + by + ¢ = 0 becomes

c

ac+c=0 or x=-—

which is an equation of straight line
parallel to y-axis.

ax + by + ¢ = 0 takes the form

or y=—£x—£=m+k
b b

which is glope-intercept form of the straight line with slope —% and y—intercept—% .

Thus, equation ax + by + ¢ = ( always represents a straight line,

149
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5.2.1 Transform the General Linear Equation to Standard Forms
Theorem 2: To transform the equation ax + by + ¢ = 0 in the standard forms.

(i) Slope-Intercept Form
Wehave ax+by+c=0

or = -
or ¥y =—%x—§=mx+k (where, 520)
where m= —E,k=—E

b b

(ii) Point-Slope Form
We note from above that slope of the lineax+ by +c=0 is —% and x—intercept is—%.

So, the point (—E,o} les on the line.

Equation of the straight line in point-slope fofm i y—{]=—§[x+£]

a
(lii) Symmetric Form

Xh Y N
cosf gin & % (say)

a
&=
:I:\‘a2+b2 o> :I:\/az+|f?2

m= tanﬂ——— singd =
Apointonax+by+e=0is [——,0].
[+

So, equation of the straight line in symmetric form is:

£
a) _y-0
b

= =r

ta +B  tfat +b
Sign of the radical to be properly chosen.
(iv) Two-Point Form

We choose two arbitrary points on ax + by + ¢ = (). Two such points are (—E, ] and
a

(0 ——] Equaticn of the straight line through these points is

47 )
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¢
=g *rZ B c a c
Y -4 o y—ﬂ=i[x+—J or y=——[x+—)
0+S —€_p ¢ a b a
b a a
{(v) Two-Intercept Form
ax+by=—c

or £+Q=1 " ——~+7—=
i e _¢ _c
) )

where x-intercept = —E,y-intemept= 3
a

which is an equation of straight line in two-intercept form:
(vi) Normal Form

The equation ax+ by+c=0 =(1)
can be written in the normal form as:
oo N

:I:-J.:tz +5 :I:\}'.a2 + b%
The sign of the radical to be such that-the right hand side of (ii) is positive.
Proof: We know that an equation of 2 straight line in normal form is:
xcosftysinfd=p (i)
If (i) and (iii} are identical we must-have
a b c
cos@ simféd p

0069=8in9=v'00529+si112|9= 1
a b +a + b +/a? + b

a b -c
Hence, cosf=————= and sinf=———andp= ————
Ha + tia® +b* +at + b

Substituting values of cos &, sin # and p in (jii), we have:
axthy = —¢
tVa*+b* e +b°
Thus (i) can be reduced to the form (ii) by dividing it by +wa* +5* . The sign of the
radical to be chosen so that the right hand side of (ii) is positive.
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Example 6 Transform the equation 3x— 10y + 13 =0 into
(i) Slope-intercept form (iiy Two-intercept form (ili) Normal form

(iv) Point-slope form (v) Two-point form (vi) Symmetric form
Solutlon: () 3x— 10y +13=0
10p=3x+ 13
y=1.7c+E (where, m=i,c=E)
10 10 10 10

(@) 3x—10y+13=0 | (i) 3x— 10y=—13
or  3x—10y=-13| Dividing both sides by ++/(3)* +(~10=+/109 .

or ——+—y=1 | Since R.H.S is to be positive, we have to take negative sign.
= 3x 10y 13
x ¥ Hence, = is the normal form of the
or —p+ar=l J109 109 109

3 0 given equation.

(lv) A pointon the line is (—%,GJ and \((¥) We take any two points (—%,OJ
: i 13 .
ts sl —. — :
its slope is m and (0, mjonthe line
Equation of line in point slope-form'is:. | 5o, equation of the line in two-point form is:
y—0=1[x+E] 13
047" 3 y-0 _*T3
13 13
——0 0+—=
10 3
{(vl) We have tanﬂ—i—m sir.tﬁ'—i cosﬁ‘—l and a point on the line is
10 Jios’ J109
(-,0).
3’ Transform the equation
Equation of the line in symmetric form is: ﬂ:ﬁgt%m
13 two-intercept form,
x+? y-0 normal form, point-
10 = 3 =r (say) glape form, two-point
w . m form mand symmetric
109 109 form. )
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5.3 Equations of Medians, Altitudes and Right Bisectors
Example 7 Triangle ABC has vertices A(2, 3), B(4, 5) and C{-2, 7). Find the equations
of medians of the triangle 4BC.

Solution: Given that A4(2, 3), B(4, 5) and ({(-2, 7)

Let D, E and F be the mid-points of the sides BC, AC and AB respectively.

D[4 +g—2) , %J = D(,6) Remember!
A median joins the vertex of a
E[2+;—2), %} E(0.5) m:e :i"defhe mid-point of ‘hEJ
F(ﬂ, ﬂ) —F(,4)
2 2
Equation of the median AD is
y-3 x-2
3-6 2-1
or y=3=-3{x-2) .
or 3x+y-9=0 i
Equation of the median BE" .
From the points B and E, it follows thatline BE'is
horizontal and its equation can be written as s W
y=3 ST 3 T 1 2 3 4 357
Equation of the median CFis
y-10x+2
7-8 2-3
or ST =3(x+2)

or 3x+5y-29=0

Example 8 4(1, 2), B(5, -1) and
C(—2,—4) are the vertices of A4ABC. Find
the equations of altimdes of triangle ABC,
Solution: Given that: 4(1, 2), B(S, —-1),
C(-2,-4).

Let AE, BF and CD be the altindes of
the sides BC, CA and AB of the triangle
respectively.
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Slope of BC =

—2-35

Slope of AE = =1

—4-(-1)_3

7

-7

Slope of BC 3
Equation of the altinde AE is

y—2=_??(x—1)

or Iy-6=-Ix+7
Tx+3y—13=0

Equation of the altitude CD is
y+4=§(x+2)

or 4x - 3y—-4=0

Example 9 Triangle ABC has vertices
A(-3, 2), B(5, 4) and (3, -8). Find the
equations of right bisectors of triangle
ABC.

Solution: Given that

A(-3,2), B(5, 4), C(3, -8)

Let D, E and F be the mid-points of the
gides BC, CA and AB respectively.

543 4+(8))_ 5
D( Y ]—D(4, 2)

E(_3+3’2+:(Z_S)J — B(0,-3)

2

24 6
et A= () 3

-1 -1
Slope of C4d 2
Equation of the altitude BF is

yH=2 -9

Slope of BF =

oo x+2y—-3=0
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e — = |
Slope of right bisectorto A B=———=-4
ope of righ Siomc of 15
Equation of the right bisector to AR is:

y—3=—4(x—-1) or 4x+y-7=0
-§-4 -12

Slope of BC = ey 8
PR 3-5 2
— -1 1
Slope of right bisectorto B =—=—=——
P Slopcof BC 6

Equation of the right bisector to BC is: Remember!

or x+6y+8=0

Slupegf@:ﬂ:ﬂ=_g
-3-3 -6 3

Slope of right bisector to CA = 5
Equation of the right bisector to C4ig
y+3=§—'(x—0) or 3x5y—-15=0

5.4 Condition of Concurxrency of Three Straight Lines
Theorem 3: Three non-parallel lines

£ ax+by+e =0 (i)
£, axh b y+e,=0 (i)
L ax+hy+e =0 ...(iii)
a b q
are concurrentiff |a, b, ¢|=0
a b o

Proof: If the lines are concurrent, then they have a common point of intersection
P(x,,3,) say. As £, }{ £,, so their point of intersection (x, ) is:

_be,— ﬁzq _ %G a6 on g
“whah' ab—apn o Beh%0)
152 )
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This point also hes on (iii), so

lacz-hzq}r ["2“1"'1“2]+ o
as(qbz-azbl b’albz-azh b

or  abe, -he)+h(an —ac)+lab, —ab)=0

An easier way to write the above equation is in the following determinant form:

a b ¢
a b ol=0

This is necessary and sufficient condition of concurrency for three lines.
Example 10 Check whether the following lines are concurrent.or not. If concurrent,
then find the point of concurrency.
3x-2y-2=0
x+y-4=0
2x—y-2=0
Solutlon; The determinant of the coefficients of the given equations is:

3 2 -
1 1 1 1
. =3‘_1 ::l—(—z)z ::|—2‘2 _1‘
2 -1 -
= 3(<2-4) + 2(-2+8) -2(-1-2)
=3(-6)+2(6)—2(3)=-18+12+6=0
Thus, the given lines are concurrent.
As we know that the point of intersection of any two lines is the point of concurrency.
Fromx+y-4=0and2x —y—2 =0, we have
Ix—6=0 = x=2

Put x=2.inx' y —4 = 0, we have ﬁwﬂﬁﬁiyﬁ:m‘]’ 3x+4y:h:u
2+y4=0 = yp=2 find the vatue of &

So, (2, 2) is the point of concurrency.
5.5 Egquation of Lines Through the Point of Intersection of

Two Lines
‘We can find a family of lines through the point of intersection of two non-parallel lines
£, and £,.

Let £ :ax+hy+c =0 i)

and £L:ax+bhy+c,=0 -.(ii)

sy )
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For any real &, consider the equation

ax+by+e +klax+by+e)=0 -(iii)
This, being a linear equation, represents a straight line. For different values of £, (iii)
represents different lines. Thus (iii) is & family of lines.
If (x,,»,) is any point lying on both (i) and (ii), then it is their point of intersection.
Since, (x,,,) lics on both (i) and {ii), we have

axn+hy+6=0 ad ax+by +c=0

From the above two equations, we note that (x,, y,) also lies on (iii).
Thus, (iii) is the required family of lines through the point of intersection of (i) and (ii).
Since, k can assume an infinite number of values, (iii) represents an infinite number of
lines.
A particular line of the family (iii) can be determined if one'more condition is given.
Example 11 Find the family of lines through the pomt-of intersection of the lines

2x-3y-14=0 and 2x+y-—10=0
Find the member of the family which is:

(a) perallel to the line with sl -%

(b} perpendicular to the line 2x— 3y+2 =0
Solution: (a) Given that 2x -3y —14=0 ..{1)
2x+yp-10=0 «(id)

A family of lines throughthe point'Gf intersection of equations (i) and (ii) is:

2x -3y M+ H2x+y-10) =0
or (2+2kx+ (k-3 +(-14-10k) =0 ...(iii)
2+2k
k-3
This ig the slope of any member of the family (iii). If (iii) is parallel to the line with

slope —%,thcn

Slope of (jii) is given by: m=—

2Rk 1 o sk o SERY wkE-l
k-3 2 3

Put k=—§in(ﬂi),wehave

ol Do)

1s4 )
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[6—14] [—?—9) [—42+70)
— X+ y+ =0
3 3 3
(S5 (5)
—— x+| —— |y+| =— |=0
3 3 3

—8Bx-16y+28=0
2x+4y-T7=0

which is the required equation of the member of the family.
{b) Slopeof2x-3y+2=0 -..(1v)
is % . Since (i) is perpendicular to (iv) given,
242 o hadE=h
k-3 3
k=-13
Substituting k£ = —13 in (iii), we get
24x-16y+116=0 or 6x+Ay—29=90
which is the required equation of line.
Theorem 4; Altitudes of a triangle aré gonCurrent.
Proof: Let the coordinates of the vertices of A4BC be as shown in figure.

wehave -

Then, slope of BC = 22—2 ; c
5%
Therefore, slope of the sltitade AD=-2"5
Ya—=Xs
Equation of the altitude 4D is
P . Bz, y2) D O 2}
y—y1=—ﬁ(x—x1) (point-slope form) Figure 5.5
z 3

or x(x,—x,)+¥(y; — ya)—x(x, —x)— 3 (0, — y;) =0 i)
Equations of the altitudes BE and CF are respectively (by symmetry)

x(x, —x,)+ 30y — ) -5, - x) -y, (0, — 31) =0 (i)
and x(x, —x, )+ y(h — y,) —5(5 —x3) - 3, (n —»,) =0 wofiid)

The three lines (1), (ii) and (iii) are concurrent if and only if
X =% Y=Y (% -x)-3n0,-n)
X=X W3 X% -x)-3n04-3) =0
X=X W—¥: —%0-x)-3»0-1)

sy )
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Adding 2™ and 3™ rows to the 1* row of the determinant, we have
0 ¢ 0
H=% ¥—%n —H0G-%)-305-n)=0
n=X MY ~HE-K)-1(0 )
Thus, the altitudes of the triangle are concurrent,
Theorem 5: Right bisectors of a triangle are concurrent.

Proof: Let A(x,, 3), B(x;, ¥5) Az, )

and C(x,, y,) be the vertices of

AABC.

The mid-point D of BC has [
F

:‘1"‘1:’}'1"‘?2
coordinates[x’;x’,y’;y"). 2 2

Since the slope of BC is
2275 the slope of the right

Elat%s hth
3 Fa

Xy =Xy Blx, y) H[J;;tt‘.J y,_+y,J Az )
bisector DO of BCis — 22 a2
Ya— 0 Figure 5.6

Equation of the right bisector DO of BC is:

y_yz + ) s =X (I—Iz_i_xj]’ (Byusi]]g, point-slope fonn)
2 Y3, 2

1 2 2 1 2
or r(xz-xs)+y(yz—y,)—5(yz - )—E(x,’ ~x)=0
By gymmetry, equations of the other two right bisectors EQ and FO are respectively:
x(x; <) ¥y -;vl)—%(yi —yf)—%(x_f—xf) =0 ..(i0)

and x5 — %)+ 303 —2)—5 (% ~32) 5 (4 —x) =0 (i)

The lines (i), (ii) and (iii) will be concurrent if and only if
1

=% V=P —%(yi —J*:)—E(xi‘—ﬁ)

n—X BN —%(yi—yf)—%(xs’-xf) =0

H=% NV —%(yf —yi)—%(xf‘—ﬁ)
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Adding 2 and 3™ row to 1* row of the determinant, we have
0 0 0
n=n mon 5 (E-)-(2-%) =0
%-% H-V —%(yf—y-f)—%(ﬁ—xi)
Thus, the right bisectors of a triangle are concurrent.

Theorem 6: Medians of the Alx, ¥}
triangle are concurrent.

Proof: Let A(q, n)B(x.) | o .. ..
and C(x,, y,) be the vertices |¥'| 2 * 2
of ABC.

The mid-point D of BC has

Htdh Wtk
2 72

coordinates [xz-;.x,,yz "2'3’3]_ By 5 [11+13.J’z+3'3) Clx, v}
2 2
Equation of the median AD is Figure 5.7
Y—H __ X x (Two-poi
= point form}
k 1
3’22}’3 —y xzzxa_xl

or Xy, +y—2p)+ (2% - % =) =1+, —20) + (5 +x -2x) =0 ..(i)
By symmetry, equations of the other two medians BE and CF are respectively:
(0 + 3 T 20 ) (2%, —xy -2} (0 + 3 - 29,) + 9, (0 + 3 — 22, ) =0...(10)
() +9{72p,) + y(2% —x —x) — X (0 + Y, — 20 ) + ya(x +x, —2%,) = 0. (i)
The lines-(i}, (ii) and (iii) will be concurrent if and only if
Y+ 3 =2y 2n—x—x, 05+ -23)+ 000 +x - 2x)
MY =2y, 2x-x X X (03 - 20,) 4 10 +x - 2x, ) =0
Yi+Y =2y, 2a-x-X (Y —2y) 4 y(x +x —2x)
Adding 2™ and 3™ row to 1™ row, we have
0 0 0
WY=Ly, 25-n-% L5 -20)t 0 +x —20)=0
nt+y: -2y, 24-x-x —n(n+y—2y)+ys(x+x - 2xn)
Thus, the medians of a triangle are concurrent,

sy
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10.

11.

12,

13.

¥ EXERCISE 5.1 _J
Find equation of the altitude of triangle X¥Z from vertex X (1, 3), ¥ (5, 7) and
Z(-3, 9.
A(-3, -, B(4, 5) and (-1, 2) are the vertices of AABC. Find the equation of
right hisector of side BC.
The vertices of APQR are P(1, 2), (5, —6) and R(7, —2). Find the cquations of all
three medians,
Show that the medians of the triangle with vertices A(3, 2), B(—1,=5) and C(7, 2)
are concurrent.
The vertices of a triangle are 4(2, —1), B{4, 3) and {6, <1). Find the equations of
altitudes and show that they are concurrent.
Find the equations of medians, altimdes and right bisectors of the triangle whose
vertices are A(2, 5), B(-3, 4) and C{6, —8).
Convert each of the following equation into

(a) 2x+3y—-6=0 (b)) x—2y+4=0

() 4x+35y—-20=0 (d) 3x+t4p—=12=0
() Slope-intercept form (iiy» Two-point form
(iii) Intercept form (iv) Point-slope form
(v) Normal form (vi) Symmetric form

Find the equation of fanily of lineg through the point of intersection of the lines
x+ 2y —3 =0, 3x —y44' = 0. Find'the member of the family which is:

(i) pmlleltoalinewithslope% (ii) perpendicular to the line 3x+4y=0

Find the family of lines through the point of intersection of the lines

2x =3+ 5=0, x + 4y —7 = 0. Find the member of the family which is

(i) paralleltoy=2x+1 (ii) perpendicularto y=x

Check whether the following lines are concurrent or not. If concurrent, then find
the point of concurrency x+2y—7=0; 3x v 4 =0; 2x + 35y -145=0

Find the condition that the lines y =m, x +¢;; y=myx+c, and y=m, x + ¢, are
concurrent,

Find the value of £ if the lines x +y—4=0,2x -y +1 =0and kx + 2y — 10=0
are concurrent.

If the lines 2x+ 3y —7=0,4x—y— 5=0 and 6x + gy — 9 = 0 meet at a point,

then find the value of «.
sy )
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5.6 Angle Between Two Lines

Let £1 and £ be two intersecting lines (£, |2, ), which meet at a point P. At the point
P two supplementary angles are formed by the lines £) and 7.

Unless £ L £z, one of the two angles is acute. The angle from £ to £2 is the angle &
through which #; is rotated counterclockwise about the point P so that it coincides with £,

In the figure below, #is the angle of intersection. It is clear that the inclination of a lin®
is the angle measured in the counterclockwise direction from the positive x-axis to the
line.

Theorem 7: Let £ and £z be two non-vertical lines such that they are not perpendiculat
to each other. If m, and m, are the slopes of £, and '/, respectively, then the angle &

from £, to £, is given by tan @ = -2

1+mm,
Proof: From the figure, we have
a, = +8
or O=a,—a

tan & = tafi(®; — @)

tan @ = tan g, —tan g ~m, —m,
l+tang, tan] 1+mm,

Figure 5.8

Corollary ¥, || 4, if and only if m; =m,  Since, £, || 4,50, 8=0

1+mm,
< nL, = my
Corollary 2:
Since, £, L £, wehave §= 5.

Hence £, 1 £,iff 1 +mm, =0.
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Example 12 Find the angle from fhe line with slope —% 5 e T itk %

Solution: Here, m, =—§ and m, =%
Let @be the required angle, then
2(])
bng="a M 2 0 3 B o mgen

1+mm, E][_IJ 20
1+[ (-1

Thus, #=135°
Example 13 ; Find the angles of the triangle whose vertices-are A(1, 2), B(7, 3) and

C(4, 9).
Solution: Let the slopes of the sides AB, BC and C4-be denoted by m,, m, and m;

respectively. Then
i I8 o BB T BB-1 =
TA7 T Ia 3T T8t | %2
The angle A is measured from 4B to 4C .
1.7
pn 4™ __ 63 —_ .39
l+mm, +[1][3] 25
6 )\ 3
= A4=5735°
The angle B is measured from BC to AB,
1
tﬂ.llB=mﬂ_m'= E_(_Z) =E
l+mm, +[1J(_2) 4
6

= B=T7287
TheangleCismeasuredﬁ‘omEtoB_C.
m,—m, ‘2% 13
tanC=—2 = =

1+mm, 1+(_2)(§) 11

= C=4978
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3.7 Area of a Triangular Region Whose Vertices are Given
To find the area of triangular region whose +¥
vertices are: P(x,, y,), O(x,, ¥;) and R(x;, y,).

Draw perpendicular E,Q_N and RM on

X-axis.

Area of triangular region POR = Area of
trapezoidal region PLMR + Area of
trapezoidal region RMN(Q — Area of O

B X
trapezoidal region PLNQ Fimfre$.10
( Note 1\\.) 3

A trapezinm is 6 quadrilateral having two parallel and tevo noni=paralle] sidea.
Lﬂrenofu'npemidalregion =%(mmof|| gides) (distance between || sides). J

[ pp— p—— T
=5 (1PL 1+ B8 |}{| ZM [}+— (| RM |+ | QN )| 341) - (| PL| +| ON }{| ZN)
1
=E[(y1+y3)(xa—x1)+(y3+yz)(xz—x3)—(y1+yz)(x2—xl)]
1
=E(xay1+Isy3_xly1_11y3+xﬂ’3+sz”z_xBJ’3_xsyz_xzyl_xz.}’z+xl.}’1+xlyz)
1
=5 (B =205t 5y — X~ 3 + Xh)

Thus, the equired area 8 glvem by: A =203 =35) + 50, =3) + 50 =3,

xlyllm ]

Although the formula for finding area of triangle is proven for the vertices taken in
=E o X 1 Q-1. It holds for the vertices taken everywhere onxy - plane, Since the area iz always
PR ¥ non-negative, the absolute value of the determinant is considered as the area.
Corollary; If the points P, O and R are collinear, then A=0
Example 14 : Find the area of the region bounded by the triangle with vertices 4(a, b),
B(—a, b) and C(0, —b).
a

Solution: A=—|a

b
b
0 -

k3| =

1
1
1

= [ab-+ )~ b(-a—0)+1(ab—0)] = [2ab-+ab+ab]=2ab
Thus, the area of A4BC is 2ab

a6y )
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Example 15: Find the area of the region bounded by the triangle with vertices 4(1, 2),
B(3, 6) and C(5, 10).
Solution: Area (A) of the region bounded by the triangle ABC is

1 21 1 21
A=%3 6 1=%2 4 0 by(Rz R‘]
5 10 1 4 8 0 kR

=%[16—16] (Expanding by 3™ column) = 0

Thus, the given points are collinear.
¥ EXERCISES.2 _J
1. Find the angle measured from the line £, to the line &, 'where
(i) ¢, Joining (2, 7}and (-4, 5) (ii)._ ¥;: Joining (1, 2) and (3, 5)
£,: Joining (-7, 2) and (1, 3) £,: Joining (2, —1) and (4, 3)

Also find the acute angle in cach cast.
2. Find the angle from the line with/glope m, to the line with slope m,, where
; 1 ..

3. Find the angle from line¢, to theline £,, where
() {2x+y370L:x+ty5=0 (i) {:2x3y+2=0Li:x+y4=0

4. The angle from thé line ax — y + 2 = 0 to the line x + y — 4 = 0 is 30". Find the
value of a.

5. Find thednterior angles of the triangle whose vertices are:
(1) 42, 3), B(6,3), (4, 7) (i) L(1,2), M5, 5), N(7, 2)

6. Find the interior angles of the quadrilateral whose vertices are A(2, 1), B(3, 1),
€(4, 5) and D(-1, 5).

7. Find the imterior angles of the kite whose vertices are A(0, 0), B(2, 3), C(4, 0) and
D(2,-3).

8. Find the arca of the triangle formed by the points 4(—3, 2), B(4, —1) and C(1, 5).

9. By computing the area of triangle ABC check whether the points are collinear
where A(0, 4), B(3, 2) and (6, 0).

10. The coordinates of the points are 4(0,4), B(—2, 1) and C(—3, —2). By computing
the area bounded by ABC, find the value of 4 if points are collinear.
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5.8 Homogeneous Equation of the Second Degree in Two

Variables
We know that if a graph is a straight line in a plane, then its equation is a linear equation
in two variables x and y. Conversely, the graph of any linear equation in x and y is a straight
line.
Suppose we have two straight lines represented by
ax+byte =0 i)
and ax+byte,=0 ...(ii)
Multiplying equations (i) and (ii), we have
(ax+byte)axt+byte)=0 ..(i)

It is a second degree equation in x and y.
Equation (jii) is called joint equation of the pair of lines (i) and (ii). On the other
hand, given an equation of second degree in x and p;-8ay

@+ 2y + by + 2gx+ 2 +e=0 (V)
where @’ + &'+ b’ # 0 represents equations of a pair of lines/if (iv) can be resolved into two
linear factors. In this section, we shall study specialjoint equations of pairs of lines which
pass through the origin.
Let y=mx and y = m, x be two lines’passing through the origin. Their joint equation is:

(v — myx)Xy — mpx)y= 0
or P (my + miph my my =0 ..(v)
Equation (v) is a special type of a second degree homogeneous equation.
5.8.1 Homogeneous Equation
An equation ofthe form f(x, ¥) = 0 is called a homogeneous equation of degree n if the
function £(x, v) is homogeneous of degree », that is, f (kx, &) =k f(x, y) for some real
number k.
For example, in equation (v) above if we replace x and y by kx and &y respectively, we
have:
Rl k) =By - (m +m) xy + B mymy 2
= B[y —(m +m)xy + mm,x*]=0 = f(iox, ) = B f (%, )

Thus (v} is a homogeneous equation of degree 2. A general second degree homogeneous equation
can be written as: & + 2hxy + by =0
provided a, i and b are not simultanecusly zero.
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Theorem 8: If b # 0, then the homogeneous second degree equation

ax® + 2hxy + B2 =0 (1)
represents a pair of lines through the origin. The lines are
(i) real and distinct, if #* > ab (i) real and coincident, if #* = ab

(iii) imaginary, if #* < ab
Proof: Multiplying (1) by & and re-arranging the terms, we have:
B + 2bhxy + abx* =0 Challenge!
by + 2bhoey + Ix’ =%’ + abx’ =0 | Theorem 8 is also true when b= 0.

(by + hxY — (W — ab) =0 You can prove ‘it with the help of
your instruc@ ou may face

(by+hx+th2—ab)(by+hx—th=—ab)=0 scveral cass. )

AN

Thus equation (1) represents a pair of lines whose equations. are:

by+x(h+Jh2-ab)=u 2
and by+x(h—Jh’ —ab)=0 (3

Clearly the lines (2) and (3) are (i) real and §istinct if 422 ab (ii) real and coincident if
i = ab (iii) imaginary, if #* < ab. It is inferesting to'note that even in case the lines are
imaginary, they intersect in a real point viz (0,0)since this point Lies on their joint
equation (1),
Example 16 Find an equation.of each of the lines represented by 3x* —10xy + 3»* =0
Solution: 322 - 10xy+3)A=0
3x? — Oy — xpf+3y7=0
3x(x - 3p) <Ax-3y) =0
=3)Bx-y)=0
x-3p=0and3x-y=0
5.9 Acute Angle Between the Lines
ax? + 2hxy + byA =0 (i)
‘We have already seen that if b # 0, then the lines represented by (i) are:

by+x(h+Jh2—ab)=o (i)

Formula {iv}is also true when =10.

2 < Yo it with the help of
and by+x(h— K- b) =0 (i) y::rm;sl*:rruwc:oir “‘;'lou may ltl‘)ac:e
Now, slopes of (1i) and (iii) are respectively given by: SeYesl emen
~(a R —ab) ~(a-r —ab)
m = p and m, = 5
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2h
Therefore, m, +m, =3 and mlmz=%

If #is the measure of the acute angle between the lines (i) and (jii), then
g || N —m)  fm +m,) —dmm,

TR I T R T
J4_h’_g W H—ab 2/ F—ab
N b __VFE I
| 5 b (3]
tan9=2—mb,pmvidedh2—abz=0 \-Giv)
[

Thus, equation (iv) gives angle between the lines representeéd by equation (i).
Special Cases:
» If two lines are parallel, then & =0, so that tan # = 0 this implies #* — ab = 0,
which is the condition for the lines to be coincident.
+ If the lines are perpendicular, then @@=, %0°, so-that tan# is not defined. This
implies a+b=0.
Hence, the condition for (i) to represent a pair of perpendicular lines is that sum of the
coefficients of x* and y? is 0.
Example 17 Find measure of the( acute anhgle between the lines represented by:
5%+ 6y + 2 =0.
Solutlon: Here a=35,4=3,b=1
If #1s the measure of the @ngle between the given lines, then it is given by:
nd L2V —ab _249-5_2
|a+&| |5+1] 3
& =33.69°
5.10 Application of Analytical Geometry to Real Life
Analytical geometry connects mathematics to the real life. It allows us to analyze
positions, distances, slopes and angles making it essential in aviation, astronomy,
engineering and many fields of science and technology.

Example 18 Planet A is at (1, 0) AL and planet B is at (0.5, 0.866) AU. Find the
distance between them. Write answer in km.

Solution: Distance = |f[1-(-0.5)]" +(0—0.866)"

=J2.2540.75 =3 =1.732 4U

We know that |4U] = 149.6 million km, then
Distance = 1.732 x 149.6 = 259.1 million km
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Example 19 Aircraft flies from 4(100, 200) km to B(500, 800) km, Find slope of the
track and straight line distance.

Solution: Slope

_ B00-200 _ 600 —15
500-100 400

Distance = /(500—100)* +(800—200)

= /(400)* + (600 =+/520000 = 721.11 km
¥ EXERCISES5.3 _J

Find the equation of lines represented by each of the following and also find measure
of the angle between them (Problem 1-5):

L
4.
6.

10.

11.

12.

6 — Sy —-47=0 2. 2Z2-Ty+3H2=0 3, S2+Gy+yr=0
Z+2ysecaty?=0 5. T2-8y+yP=0
Find the value of & such that the lines represented.by the equation
(k- 8 — 9xy + 3k” = 0 are perpendicnlar to each other.
Prove that the lines represented by the equation' 992+ Gy + x* = 0 are coincident.
Find a joint equation of the lines through‘the origin and perpendicular to the
lines 3x* + 5xy — 2)2 = 0.
A(—2,-1) and B(3, 4) are twa points on the solar panel roof. Find slope and tilt angle.
The paths of two rays.from a starare represented by the equation

2%+ Sxy— 32 =0
Find the equations of the two lines and determine the angle between the rays.
The trajectoties of two projectiles in a physics experiment are modeled by the
hemogenéous equation 9% — 12xy + 4y* = 0. Prove that this represents two
coineident lines and find angle between them.
The stresses in a metal plate are represented by the homogeneous equation
3x? — 8xy — 3)” = 0. Show that this equation represents a pair of straight lines
through the origin. Find:
i.  the equations of lines represented by this equation.
ii. angle between them.
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Conics i

INTRODUCTION

After studying this unit, we will be able to identify conics (circle, parabola, ellipse,
hyperbola); derive and apply circle equations in standard form and find circles given
various conditions; determine when a line intersects or touches a citcle; find tangents,
normals, and tangent lengths for circles; derive and apply parabola equations, find
clements, and write parabola equations from focus, vertexy directrix; find tangency
conditions and equations of tangents and normals, t¢ parabolas; derive ellipse
equations, convert to standard form, find their elements, find tangency conditions,
and write tangent and normal equations; derivethyperbola equations, find elements
from given data, find tangency conditions, and write tangent and normal equations;
and apply conics to real-world problems likke)suspension bridges, satellite systems,
electron orbits, radio systems, flashlights,and architecture.

The Greek mathematicians Apellonins (260-200 B.C.) and Pappus (early fourth
century A.D.) made significant ¢ontributions to the study of conic sections using
Euclidean geometry. Here, we 'will employ the methods of analytic geometry to
investigate their properties.

Consider a circle, with, its centre C. Draw a line ASthat passes through C and
perpendicular to the circle’s plane. Choose a fixed point 4 on this line. Now, from A,
draw every possible siraight line that touch any point on the circle. These lines
together form'a surface known as a right circular cone. Each of these straight lines is
called a generator (or a ruling) of the cone. The complete surface has two separate
parts, called nappes, which meet only at the point 4. This meeting point is
the vertex of the cone and the original line RS is the axis of the cone.

When you slice this cone with a plane, the intersection curve is called a comie
section (or simply a conic).

There are also special cases called degenerate conics. These happen when the slicing
plane passes through the vertex A. Instead of getting a nice curve, the intersection
might be just a single point, a single straight line, or a pair of intersecting lines.
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‘R =R R
 / /4 s | Bypmbol
S 5 g 1

Figure 6.1(a) Figure 6.1(b} Figure 6.1(c) Figure 6.1(d)

Depending on the angle and position of the plane, vou can get a circle, an ellipse, a

parabola, or a hyperbola.

» If the cutting plane is perpendicular to the axis, the section is a cirele; see Figure 6.1(a).

* If the plane is inclined and cuts only one nappe, the resulting curve is
an ellipse; see Figure 6.1(b).

* [If the plane is parallel to a generator and cuts only one nappe, the curve is
& parabola; see Figure 6.1{c).

+ [f the plane is parallel to the axis and cuts both nappes, the curve is a hyperbola;
see Figure 6.1(d).

We will begin our study with the circle: Other conic sections will be discussed in

the subsequent section.

6.1 Circle
A circle is the set of all peints i a plane that arc at a fixed distance from a given
fixed point. The fixed point is"called the centre, and the fixed distance is called the
radius of the circle. ;
Theorem 1: The equation-of a cirelé with centre at the >
point (&, k) and radiugris (x — kP + (y - kP =+
Proof: Let C(h, k) be the centre of the circle and r be its Px,5)
radius. Let P(#{}) be any point on the circle. Then by
definition, the_distance |[CP| is equal to . Using the
distance formula between the points P(x, ¥} and C(A, k), we

h

obtain 5 >
VB +(y—kY =r e
Squaring both sides gives Question
(x-h)'+(y—k)y' =+ (1) Can you imagine, why the circle:
This is the required equation of the circle. - R+ (y-kF=0
Note: is named as a point circle?

(i) Equation (1) is known as the standard form of the equation of a circle.
(ii) Hfr=0,the equation (1) reduces to (x — &Y + (¥ — k> = 0, This equation
represents a point circle centred at (A, £).
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(iii) If (&, &) = (0, 0), then equation (1) reduces to x* + y* = #2. This equation
represents a circle whose centre is at the origin.
6.1.1 Parameiric Equations of a Circle

Let P(x,y) be any point on the circle x* + 3* = r* end lot P(x,3)
f be the angle measured counter-clockwise from 7

positive direction of x-axig to aP‘, then by definition: g -
|ﬁ:|:|s:‘5'=£,sim§'=z where 0 <8 <2x. \J

r r
Thus, the parametric equations of the circle are: Figure 6.3

x=rcos, y=rsin#
The point P(r cos §, 7 sin &) lies on the circle 2 + y2=7* for all values of 4.
Example 1 Write an equation of the circle with cenfre (—2, 1) and radius 3.
Solution: Using the standard form (x—A)* & (y—k) =¢* with A=-2,k =1, and
r=3, we have
G- P+ (- =5

@+ B
Hence, the required equationisx® + 3% +4x — 2y —20=0
Example 2 Prove that the-locus of the point of intersection of the lines

xeosf?+ysinf=a, xsinl—-ycosf=»
is a circle with ‘eéntre at (0, 0) and radius Jo&? +b , where # is a parameter.
Solution: Thellocus of the point of intersection of the given lines is obtained by
eliminating\& between the two equations. To eliminate £ we square both equations

and add them:
(xcos @+ysin@P+(xsin8—-ycos fF=a + 1
Expanding,
{12 cos? B+ 2xy cos 8 sin § + 7 sin® &) + (12 sin® § — 2xy sin B cos § + y* cos® By = + B*
Simplifying, x*(cos® 8 + sin? &) + y*(sin® 8 + cos® §) = a* + B

Since cos* 9-+sin* 61, we obtain
PO+YPO=a+8 or P+ =(ﬁ)’
This is the equation of a circle with centre (0, 0) and radius Ja+ 5.
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6.1.2 General Form of an Equation of a Circle

Theorem 2: The equation x* + 3? + 2gx + 2fy + e=0 ...(1) whereg, f,ccR
represents a circle.

Proof: Equation (1) can be written as: 2% + 2gx + 2 + 2fy =—

Completing the square for x and y, we add g* + f* to both sides:

(P 4280+ )+ 0P + 2+ =g+ fmc
This gives (x+2)’ +(r+ /) = (V&' + —c)z.

Alternatively, this can be written as [x—(—g)f' +[y-(-DF =(1/g3+ f’—c)z,
which is the standard form of the equation of a circle with centre (-g, —f) and

radius -\/g:" + f* —¢, provided g®+ f* —¢>0.

Hence the equation (1) represents & circle under the condition g* + f2 —¢> 0.

Note:

(i) If g’ + f* —c=0, the equation (1) represents a point circle with centre (—g, —f).

(i) If g*+f*—c <0, the equation (1) répresents nofeal locus (an imaginary circle),

6.1.3 Working Rule to Find fh¢' Cengzt’and Radius of a Circle in
General Form

To find the centre and radius of a eircle from.its general equation, follow these steps:

Step 1: If necessary, make the ‘coefficients of x* and 3 equal to 1 by dividing the

entire equation by the conmigon coefficient of x* and 12,

Step 2: Centre of the gifele = [_mfﬁ‘*‘;mtﬂf -1 _mfﬁi:;mtofy]

Step 3: Radius of the'circle
_ J[ eoefficient of xT R [meﬂ':icient of y
2 2

Example 3 Show that the equation 5x* +5) +20x+25y +10 =0 represents a circle.

Also find its centre and radius.
Solution; The given equation can be written as:
2+  +4x+5y+2=0 (by dividing both sides by 5)

This is of the form x* + y* + 2gx+2fy + ¢=0. Comparing, we get

2
J —constant term

2

5 25 25 33
Now, g’ + f*— =2’+(—J —2=44=-2=2+4+"="—>0
ow, g2+ f —c=(2) > 2 i3
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Since g*+ f* —c¢ > 0, the equation 5x* + 537 +20x + 25y +10 = Orepresents a real

circle.

Therefore, centre is {—g,—f)= [—2,— g]

The radius is given by: Radius = \/g’+f’—c = g
V33

Thus, the given equation represents a circle with centre [—2, —%) andradmsT

Example 4 A point moves so that the sum of the squares of its distances from two
peints A(1, 1) and B(2, 2) is equal to 4. Prove that its locus is a circle.
Solution: Let the moving point be P(x, y). Then the geometric.condition is:
|P4]" +|PB[" =4
Using the distance formmla:

(Vo7 +0-17) {27 +G-27 ) -4

(k-1 + (=1 +(x=2)" +(y-2)' =4 (Simplifying)
(* —2x+D+(* -2y + D+ (£~ 45+ 4)d(y" —4y+4)=4 (Expanding)

22+ 2% 6x— 6y +10=4 {Collecting like terms)
B+ -3x-3p+5=2 (Dividing both sides by 2)
¥+ —3x-3y+3=0 {Subtracting 2 from both sides)
It represents a circle,
6.1.4 Equation of 4 \Circle with Given Endpoints of a Diameter
Let A(x,, y,) and Bfx,, ¥,) be the endpoints of the =

diameter. Let P(x, ») be any point on the circle other than Px, )
A and B. From plane geometry, the angle subtended by a i ,); o
diameter atany point on the circle is aright angle. e iy

Therefore, Q / ¥
Z APB=90°

Thus, the line sagmen‘bsﬁ and BP arc perpendicular Figure 6.4
to cach other.
TheslopeofA_P is m =27 and the slopcofﬁ i8 m, o dub .

r—x X=X

Using the condition for perpendicularity of two lines, m,- m, =—1 we obfain:

where xs=x,, x7=x,

any )
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Multiplying both sides by (x—x, )(x—x, ) gives: O T—
-n)Xy-»)= _(x_xl)(x_xz)
(x_xl)(x_xz)+(y_y1)(y_yz)=0-
¥+ _(xl +x3)x_(yl + 7))y +{xx, +3,)=0

Since the above equation is satisfied by the points 4(x,, y,) and B(x,, ,), it represents

the required equation of the circle.

6.1.5 Equations of Circles Determined by Given Conditions

The gencral equation of a circle x*+3y* +2gx+2fy+c=0 contains three

independent constants g, f and c. These can be determined if the circle satisfies

three given conditions. We will discuss four different cases.

Case-1: A Circle Passing through Three Non-collinear Points

If threc non-collinear points through which a circle passes are given, we can find the

three independent constants g, f and ¢ in the generalieguation.

Example 5 Find the equation of the circle passing threugh the points (—3, 3), (—1, 5) and

G, 1). Do You Know?

Solution: Let the equation of the circle be

2+ + 2gx + 2fp A ¢SO0

Since the circle passes through (-3,3):

(3P + (3P +2¢(-3)+2f()+c=0
9+9—-6pt6f+c=0

—6g4 B +o4£18=0 ...(1) Aﬂeﬂ}-ﬂ“fﬂmﬂd_ b ous
Since the circle passes thfgiigh (-1, 5): e
1P+ (5P #26-1) + 2f(S) +¢=0 (et Y1) G2 y2) amd (o3, y) i@ given
I+25-2g+10f +c=0 Wmﬂmm
2g+10f +c+26=0 ...(2) L4yt x oyl
Since the circlepasses through (5, 1): S+yx oy 1
5y + (1P +2g(5) + 2f(1) +c =0 Sy 17°
25+1+10g+2f+c=0 e :
10g+2f +¢+26 =0 ...(3) SN 50

Subtracting equation (2) from equation (1):
(6g+6f+ec+18)—(2g+10f+c+26)=0
6o +6f+c+18+2g—-10f—c-26=0
—4g-4f-8=0
g+f+2=0 ...(4)
Subtracting equation (3) from equation (2):
(2g+10f+c+26)-(10g+2f+c+26) =0

am )
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2g+10f+c+26-10g-2f—c—-26 =0

—12g+8f =0
3g-2f=0 ...(5)
From equation (4), g = —f — 2; Substituting into equation (5):
I—f-2)-2f=0

=3f-6-2f=0 = -5f=6 = f=—§

Substituting f = —g into equation (5):

6 12 4
3g-2|-2|=0 = 3g=-= = gelc
g [5] g g3

Substituting g=—§ and f=—§ into equation (1)

-6 _4 +6 _6 +¢c+18=0 = E—E+¢:+18=Cl
5 5 5 5
—%+c+18=0 = c=E—18 = c=—?

Thus, the required equation of the circle.is
2+ +2(—%Jx+ 2[ Gjy—ﬁ =0

5 5
Multiplying both sides by 5:
522+ 52 ~8x—12y~78=0
Case-2: A Circle Passing through Two Points and Having its Centre on a
Given-Line
Example 6, Aocircle with its centre on the y-axig passes through the origin and the
point (a,.5), where & > 0. Find its equation.
Solution: Since the circle passes through the origin and has its centre on the y-axis,
the centre ig of the form (0, #), where » is the radius. Since the circle passes through
the origin,  also equals the distance from (0, r) to the origin. The circle also passes
through (a, b). Therefore, the distance from the centre (0, 7) to {a, b) equals the radius
s

r=J(@-0 +(B-r)
Squaring both sides: =g +({b-r)
a+¥

=g+ -2br+r* = r= , b#0

) )




U . Mathematics-12

The equation of the circle with centre (0, #) and radius » is:

x-02+(y-rf =~
*+3y-2yr=0

232 T
x2+yz—2y(a ;;b }=0 Substituting r=a;bb :

Multiplying through by &:
b2+ — (@ + )y =0
Case 3: A Circle Passing through Two Foints and having Tangent at One of
These Points
Example 7 Find the equation of the circle passing through '(1;)2) and touching the
linex—-2y+4=0at(2, 3).
Solution: Let the equation of circle be:
2+ + 2+ 2fy+e=0

Through (1, 2):
124+ 224+ 2g(1) + 2f(2) + =0
2g+4f+c+540 (1)
Through (2, 3):
224324 20(2) + 2f(3)+c=0
4o+ 6f+c+13=0 w(2)

Given line x—2y+ 4= 0 kas slopé % The normal through (2, 3) has slope —2.

Equation of normallineisy - 3=-2(x—-2) = y-3=-2Zx+4
2x + y — 7 =0 i3 the equation of the normal line.
This line being’a normal through (2, 3) passes through the centre (—g, —f) of the
circle, Therefore:
)+ (-N-7=0 = 2g+f=-7 w(3)
Subtracting (2) from (1):
Qeg+4f+c+5)-{dg+6f+c+13)=0
2g-2f - 8=02pgt+tf=-4=> f=—4-¢g (4)
Substituting value of f in (3)
2g+(4-g)=-7T = 2g-4-g=-7 = |g=-3

From (4) f=—4-(-3)=—4+3 = [f=-1
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Put values of f and g in (1)

2(-3)+4(-D+c+5=0 =
Thus, the required equation of circle is: x* +3y* —6x—2y+5=0.
Case 4: A Circle Passing through Two Points and Touching a Given Line
Example 8 Find the equations of the circles passing through the points A(3, 4) and
B(3, —4) and touching the line x+2y+9=0.
Solution: Let C(A, k) be the centre of the required circle.
Since |CA|=|CB| = |C4' =|CB[', we have

(h—3* +(E—4)= (b-3)° +(k+ 4)z

(k—4) = (k+4)*

F-8k+16=k"+8t+16 = -S$k=Rk=>-16k=0 = k=0
Thus, the centre is C(A, 0). The radius is

r=|CA|=/(h—3)* + (054)F =J(h-3)* +16
The distance from the centre C{h, 0) to the line) x+ 2yF9 =10 is
|h+2(0)+9] _|r+H|
JiE+2t a5
Since the circle touches the line, thig distahce equals the radius:

h+9
%:,}(&-3)%16 4

z
Squaring both sides: @ =(h—-3Y +16

(h+9) =S{(h-3) +16]

10
B +18A+81=5(h*—6h+9+16) i /0
1 +18h+81= S(h — 6k+25) 10w

W +18h+81=5k* —30h+125
0 =5k*—30h+125-h* —18h—81
0=4k* —48h+44
F_12a+11=0
B 1lh—h+11=0 P,
Mh—11)—1(h—11)=0
-1k —-1)=0
h=1h=11

Thus, the centres of two circles are at (1, 0) and (11, 0)

3
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Radius of circle with centre (1, 0):
F=J(1-3 + (0—4)2 =(-2)* +16 = J4+16 = 420
Radius of circle with centre (11, 0):
r=y(11-3F +(0—4)" =J(8)* +16 =64+16 = /80
Equation of circle with centre at (1, 0) and radius +/20 :
=17 +(y-0) = (v20)
(x—1+y* =20
Equation of circle with centre at (11, 0) and radius +/80 :
(x—11 +(y—0)— (+BO):
(x—11)* +y*=80
Example 9 Find the equation of the circle which touches the y-axis at a distance of 3
units from the origin and cuts off an intercept of B.units on the x-axis.
Solution: Let the point of tangency be (0, 3)<Since the circle touches the y-axis at
this point, the centre lies on the horizontal line through (0, 3), that is y = 3 and its
x-coordinate is +r where r is radius.
Take the centre to the right of the y-axis}
Centre = {r, 3), radius =r
Equation of circle:

(x—#¥ +{y-3P=7
P -2+ )+ (P -Gy +O) =1
2ty —2re—Gph9=0
For intercept on the x-axis, set y =0:
252 +9=0
Let the roots be ay, x;. Then:
XX, =2rx-x=9
Intercept length = | x, — x;

= y(n +x,)* —4xx, =V4rt -36
Given intercept = §

N4’ -36=8 = 4 —36=64 Figure 6.6
=4’ =100+’ =25=r=5
Thus, one circle with centre (5, 3) and radius 5 is:
(x-5¢+(y-3¥=25
By symmetry (tangency at (0, —3) and centre on left side of y-axis), we obtain four
circles:
{x £ 5¥ + (¥ £ 3)? = 25 where + signs are independent.
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10.

11.

12.

¥ EXERCISE 6.1 _J

In each of the following, find an equation of the circle with

(2) centre at (5, 7) and radius 2

(b) centre at (z cosd, 2 sind) and radius a

(c} ends of diameter (3, 4) and (2, 7).

Express cach of the following, in the standard form and hence find its centre and
radius:

(@) 22+27 —4x—12y+11=0 b) ¥+ 2ax+2by—2ab=0
Find an equation of circle passing through the points (2, 8), (5;—1) and (-3, 3),
also find the centre and radius.

Find the equation of a circle which passes through «the Jorigin and cuts off
intercepts 2 and 3 on the x-axis and y-axis respectively:

Find the equation of a circle passing through the points (1, 3), (2, —1) and having
its centre on the line x + y = 3. Does the point (4;,1) lic on the circle?

Find the equation of the circle passing through-the point (-3, — 4) and touching
the line 3x—y— 1 = 0 at the point (1, 2).

Find an equation of a circle of radius a lying in the)second quadrant and tangent
to both the axes.

Find the equation of the circle which touches the x-axis at the point (5, 0) and
passes through another point (3,'2).

Find the equation of the girclé passing through the point of intersection of the
lines x — y — 5 =0, 2x +~4 =0 and'it has its centre at (5, 0).

Find the equations of the circles touching the y-axis and also the straight line
3x — 4y = 0 at the peint (8, 6).

Find the equations of the circles passing through the points A(3, 2) and B(3, -2)
and touching the line x + 2y + 3 =0.

Find the equations of the circles of radius 5 that are tangent to the line

4x +3y= 10 =0 at the point (1, 2).

6.2 Tangent and Normal to a Conic

For a non-degenerated conic,if a line touches a conic at AY
exactly one point, it is called a tangent to the conic, and Normal mﬁm
the point is called the point of contact. In Figure 6.7, LM 0

is a tangent to the conic at the point P.

The line perpendicular to the tangent at its point of contact
is called the normal to the conic at that point. For .
example, in Figure 6.7, P@ L LM at the point P 0

Wi

ﬂlus,'P_Q'isthenormaltomeconic at P. gure 6.7
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6.2.1 Equation of Tangent to a Circle

() Circle centred at origin: x* +y*=r*

Let P(x,, y,) be a point on the circle 2% +3? =2 (1)
Differentiating both sides of the equation with respect to x, we have:

s Be &
o

& y

The slope of the tangent at P(x,, y,) is the value of % at this point:

ab’) %
(@)
&)y N

Therefore, the equation of the tangent at P(x,,y,)is: y— ¥, =—%(I—I1)s » =0

1
xn =0T+ 0] -« (i)
Since P(x,,) lies on the circle x* + 3 = »,"we have
xt+yrEr -...(}
From equations (ii) and (iii), we obtain the required equation of the tangent:
Xty =1
(b) General circle: x* +1* +2gx+2fp+e=0
Let P(x,y ) be a point or the circle®
Differentiating both sides with respect to x:
dy dy
2e+2y—+2p+2f—=10
Y 28 fdx
&
2y—+42f==-2x-2
el e L
dy
+ ShLic
Ar+f)+
The slope of the tangent at P(x,, y,} is:
ab#] x+g
pﬁ.:[— = ——
By WS

Hence, the equation of the tangent is:

s

—2(x+g) = %= P

+
y-n=-2"E(z—x)

n+f
an
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Multiplying both sides by (3, + f):
- Xy +f) =—(x+g¥x—x)
Wt fy—w —fy = +x —grtgx
X6 + 3y + 85+ ¥ =57+ * + 8% + ¥ (Rearranging)

Adding gx, +f y, to both sides, we get:

X6+ +ex+ g Hf v+ fy=x" 32+ 2gm +2fy, ...(3)
Since P(x,,y,) lies on the circle, we have:

x P+ +2gx +2fy +e=0
= 2 +y+2gx +2fy=— voo(4)

Substituting equation (4) into equation (3) and rearrangmg gives the required
equation:

x5 +yp +g(x+x)+ f(r+3)+e=0
6.2.2 Rule for Writing the Equation fd Tangent to a Circle
We have proved above that the equation of the' tangent to the circle
¥ +y* +2gx+2fy+c=0 at the'point(x, 1), is:
x5 +3p + 8+ x)+ f + ) he =0
This can be obtained from the equation of the ¢ircle by making the following

substitutions: ( \
@ xom @ ¥ S lmmmwmmﬂmJ
(iii) x_}”TJ‘l G 2 21’1 curves (couls) s well

(v) The constant tetm-¢ remains unchanged.

6.2.3 Equigion of Normal to a Circle at P(x;,y,)
The tangent to-the circle x*+y*=r* at P(x,,y,)

is xx, +yy, =#*. The normal is Nate ]

Theumteofﬂ:emla.(ﬂ,ﬂ}.msﬁﬂﬁe

x v tothnlnfﬂummﬂ.eonﬂmmg J

;yl—}n;l=0 or —==<. normal to & circle slweys passes through its
X B CHIre,

Example 10 Find the equation of the tangent and normal to the circle
x2+y*— 4x + 6y + 12 =0 at the point on the circle whose ordinate is —2.
Solution: The equation of the circle is:
X+ —dx+6y+12=0
Here, y =-2, substituting into the given equation of circle:
(2P —4x+6(-2)+12=0 = 2+4-4x—-12+12=0
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= X-dx+4=0 = (x-2¥F=0 = x=2
Thus, point of contact is P(2, —2). The equation of the tangent at (x,, y,) is:
oty —2x X)) 3 (y+y) +12=0
Substituting x, =2 and y, =-2 = A& +(2)-2(x+2)+3(y-2)+12=0
2x—2y-2x—4+3y—6+12=0 = y+2=0
So, the equation of the tangent is y = 2.
The normal at a point P is perpendicular to the tangent.

Slope of the tangent is zero, so slope of the normal is undefined (vertical line
through P). Thus equation of the normal is x=2.

6.2.4 Position of a Point with Respect to a Circle
Theorem 1: The point P{(x,, y,) lies outside, on, or insidethe circle

2+ +2gx+2fp+e=0 Pz, p)
according as %" +)," +2gx +2fy ¢ 50
Proof: The centre of the circle is C{—g,~f) and

radius is »=1Jg>+f° —¢. The point_A@#,, y,) lies

Pz, 3,)

outside, on, or inside the circle according as

|CP| >#, |CP| = r, or |CE]<T, . e
thatis |[CP| 2
that is, according as:

Ja+e@ vt H” 2 Je+f-e

Squaring both sides(gince all quantities are non-negative):

Fw+e +(i+f) 2 g+ -c
w+2gn+ @+t v+t % g+ fl—c
Cancelling g*and f*:
xlz+23371+y12+2f}'1 %_c
Thus: 2 +pi42gx +2fy+c 2 0

Example 11 Determine whether the point P(2, 3} lies outside, on, or inside the circle:
E+yr+2x-3p-10=0
Solution: Substituting x = 2 end y = 3 into the lefi-hand side of the circle’s equation:
(2F+(BP+2(2)-3(3)-10=4+9+4-9-10=-2<0
Thus, the point P(2, 3) lies inside the circle.
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6.2.5 Intersection of a Line and a Circle

Let the equation of the line be

y=mx+ce we{1)
and the equation of the circle be

r+y=a +:f2)

The coordinates of the points of intersection are the simultaneous solutions of (1) and
(2). Substituting the value of y from (1) into (2):

2+ (mx+ cP =a

Z+oxl+2mec+ P —a? =0
21 +md) + 2mex+ (2 —a?) =0 ...(3)
Equation (3) is quadratic in x and gives two values of x say, xyand x;. Corresponding
to these values of x; and x,, we get values of v as y, and y5 Thus, the line y=mx + ¢
intersects the circle x* + y* = &* in at most two points (x;, y;) and (x;, y,)-
For the nature of the points of intersection, we examine the discriminant, D, of (3).
D =(2mcyf Al + mP)(P - &) =4’ — 4P & + M — )
= 4ac? — 422 + 4 — AmPc? + dmia? S A + 4d? Had?
= 4a(1 + n) - 4c? == 4(1 + mP)~]

Case-I: Two distinct real points
The two points of intersection of the)line y.= mx + ¢ and the circle x* +3? = &% are real
and distinct, if the discriminant >0
that is, if 4[@*(1 + ) - 2190 <=\ F(l+m)-2>0 < F(l+md)>c
Case-I1: One real point (tangent)
The line y = mx + c.touches the circle x*+y*=g? at exactly one real point, that is, the
case of coincident points if the discriminant = 0
that is, if 4[24+ n®) - #] =0 & Al+m)-c¢=0 = dFl+m)=¢
Case-III*No real intersection
The line y = mx + ¢ cuts the circle x% + 3 = g at two imaginary points (that is, does
not cut the circle) if the discriminant <
thatis, if 4[ a*(l+m’) -’ |<0 & A(l+m*)-* <0 = a(+m)<d
Corollary-1: Condition of Tangency of a Line to a Circle
From Case II, the line y=mx+c is a tangent to the circle ** +)* = a® if:

|l’3|=t'-‘s11+l'?!2 or c=iﬂ\/1+_mz
Therefore, the family of tangents to the circle is: |y =mx t aVl+m?
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Note that _lel is the perpendicular distance from the centre (0, 0) to the line.

N

Hence, the condition for tangency is that the distance L] equals the radius a.

Vi+m?

Corvllary 2: Coordinates of Point of Contact
For the tangmty=m+a\0‘1+ m?, the quadratic equation (3) has equal roots given by:

_ —2mc _m
2(1+m*) 1+n
i aq‘l+ )Jl_
+

Substituting into the equation y = mx +avl+m’

_ —-am o —an’ el —an’ +a(l+m’)  a
d m[dhm’J-‘- o J1+nt K J1+nt 1+m*

Thus,thepointofoontactis[ it £ J

N+m2 A m?

Similarly,ﬁnrthetangenty=m—a-\fl+mz,thepointofwnmctis( il S ]
Ji+m? l+o?

6.2.6 Tangents from g\Roint td.a-Circle
Theorem 2: Two tangents can be drawn to & circle from any point P(x, 3,). The
tangents arc real and distinct, coincident, or imaginary according as the point lies
outside, on, crinside the circle.
Proof: Considet the circle x* + y* =a”. The line y=mr+a..}1 +m’ is a tangent for
all values of m. Tf it passes through P(x;, 3,), then:
y1=mx1+dmthatis, ¥y —mx, = ayl + n*
Squaring bath sides:
o —mp Y =a1+m’) = 3 -2my+w'x’=a’+a’'m’
or {(x’—aym’ -2xym+(y’-a’)=0
This is a quadratic in m. Its discriminant, D, is:
D=(-2xy) - 4x’ —a Yy’ —a’)
=4x’ '~y —an’ —a’ i +a’) =4a" (5’ + " ')
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The two values of m are:
e real and distinet if D >0<> x,* + 3% > a” {point lies outside the circle)
* real and coincident if D=0<>x’ + 3 = 2% (point lics on the circle)
¢ Imaginary if D<0&>x?+ 37 < a® (point Les inside the circle).
Example 12 Tangents are drawn from (4, 5) to the circle x* + 3 = 29, Find an
equation of the line joining the points of contact (The line is called the chord of
contact),
Solutif.o)n: Let the points of contact of the two tangents be P(x,, 3,) arid O(x;, 13)-
The equation of the tangent at P is xx; + v, =29 and at @ is xx; +3py=29. Since
both tangents pass through (4, 5): 4x, + 5y, = 29 and 4x, + 5, 529.
Thus, both P(x,, ;) and O(x,, »,) satisfy the equation 4x+5y=29, Hence, the
equation of the chord of contact is; 4x+5y=29.
Example 13 Find a combined equation of the pair ‘of tangents drawn from (5, 0) to
the circle x* + y* =9.
Selution: Let P(A,k) be any point on either of the twortangents drawn from A(5, 0)
to the given circle, The equation of line~A4£/is:
222 -9 = y=- K G-99 -9 =k-9

= k-(h-5y-5%=0
This line is tangent to the ¢irele x* +y2.=9. The perpendicular distance from the

: : | 5% |
centre (0, 0) to the ling must equal the radius 3; %ii
k +(h-5)

y=0=

Squaring both sides: 25k% =9k +(h—5)° 1= 25k% =9k* +9(h-5)*

9(k=5)* —16k* =0
Since (A, k) is any point on the two tangents, the joined equation of the pair of
tangents is:

9(x—5)*-16y°=0
Example 14 Find the equations of the pair of tangents drawn from (4, —1) to the
circle x* +y* —2x+4y=0. Also find the points of contact.
Selution: Given: x* +y* -2x+4y=0 ...(1)
The circle has centre (1, —2) and radins J(—1)? +(2)* =/5. The equation of a line
through (4, —1) withslope mis: y+1l=mx—4)=>mx—-y—-4m—-1=0
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The perpendicular distance from the centre (1, —2) to this line must equal the radius:
|m(1)—(-2)—4m—1| N |m+2—4m-1| |-3m-+1]
5 PN o 1R
Jm? +(-1)? I +1 Jmt +1
Squaring both sides:
Bm—1F =5(m* +1}) = Im* —6m+1=5m"+5 = 4m* —6m—4=0
= 20 —3m-2=0 = 2m —dm+m—2=0 = 2m(m-D+{m-2)=0

= m-2)2m+1)=0 = m=2, m=—l

Substituting these slopes into the line equation gives the tangentss

Form=2:2x—y—-8-1=0 => 2x-y-9=0 Nal2)
For m=—l: —lx—y—4 2 -1=0
2 2 2
= —%x—y+1=0 = x+2y-2s0 ...(3)

Now we proceed to find the points of contaet.
From (2) y = 2x — 9 putting in (1), we have
P+ {2x-9P -+ 42x—9) =0
2 +4x?-36x+81 -2x + 836 =0
52 E30x +45=0

P-6x+9=0"= (x~3¥=0 = x-3=0 = x=3

Putting x =3 in y = 2x—'9, we have y = 2(3)-9=-3
Therefore, one pointof contact is (3, —3)

2
From (3) y=%x putting in (1), we have xz+(ﬁ) —2x 4[2—;]=0
AN g B T
B Find the area of the triangle formed

by the two tangents drawn from
A2+ —dx+4-16x+16=0 (J‘r';-llwﬂmirck
42 + 32— dx+ 4 16+ 16 =0 nf:y’—zx+4y=nandthachurd
562 —20x+20=0
X—4x+4=0
(x-2P=0 = x-2=0 = x=2
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Putting x=2 iny=2_Tx, we have y=%=0

Therefore, other point of contact is (2,0).
6.2.7 Length of the Tangent from a Point to a Circle
Theorem 3: The length of the tangent drawn from a point P{x;, y,) to the circle
P+ +2gx+2fy+e=0is Jxlz +y,° +2gx, +2fy, +e.
Proof: Let the centre of the circle be C(—g, —f) and its radius be r=\fg2+f’—c.
Let PT be a tangent from P to the circle, touching it at 7.
Then, CT L PT . In right triangle PTC:
|Prf =Jpcf -Jcrf
Where |PCl =(x + &Y + (3 + )?
|C'§i"|z=ir'2‘=gz +f* —¢
Therefore, Figure 6.9
[PT[ =Gy +8)" + O+ 17 - (8" %40)
=x’+2g0 +g° +3 2y + 1 =g - fi+e
=x’+ 31 +2gx + 2§y, Fc
Hence, |PT| =\la:lz+y12+2;g::;1 +2fy +c.
6.2.8 Rule to Fimd the Length of the Tangent
(D) White the equation of the circle with coefficients of x* and y* as 1.
(ii) Make the-pight-hand side of the equation zero.
(iii) Substitutethe coordinates of the point into the left-hand side expression.

(iv) Take the square root of the result.
Example 15 Find the length of the tangent from point P(2,—5) to the circle

5x* +5y° +10x+14y-15=0,
Solution: Divide the equation by 5 to get the general form:

x’+y2+2x+%y—3=0

The length of the tangent is:
\/(2)2 +(-5) +2(2)+%(-5)-3 =4+25+4-14-3=4/16 =4
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Example 16 Length of a Cherd of a Circle

Find the length of intercept cut off from the line y = mx+c po e
by the circle x* +y* =a”. Pl 1)
Solatien: The circle is x*+y*=a* and the line is
y=mx+c.
Let the intersection points be P(x,, y,) and (Xx,, y,)
Substituting the line into the circle:
P mzxf+(m+c£=3: Olx, )
+ +2mex + * =
(1 + 2208 + 2mex + (2 —a?) = 0 ) penea
The roots x, and x, satisfy:
ry o2 S
e R T L
Since the peints P{x,, y;) and ((x,, y,) lie on the line;
»=mx +c and y,=mx, +¢, 80 y, — 3, Ty, —x,)
The length of the chord PQ is:
POl = /(x5 - %) + (01— 3" =5 -2 (5, 55
B e
7 Show that the formula for the
= V1+m? (g +x) -4z, length of the chord PQ can be
Substituting x +x, and¥Xx, reduced to the form 2va® —d?
) 3 where « is the radius of the circle
Y dm’d® D A(c* —a’) and d is the length of the
(L+m) 14w perpendicular from centre of the
e A+ X ) —— ‘
_ 4 - ¢ —
= yl+pf drnd)
me® —(c’ —a* +m’c® —m’a*)
=2+
1+nt’ J Aty
B M - + & —m’ +m’a
=21+ -

Henoe, the length of the chord is: |PQ| = le_zq./az(l )
+m

Challenge!
Find the length of the chord intercepted by the line 3x + 4y + 15 = 0 and the circle »? + y* = 25,
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¥ EXERCISE 6.2 _J
1. Find the equations of the tangent and normal to the circles
(8) x*+y*=8at (2, 2) andat (2v2Zcos8, 2y2sin8).
) P2+ —6x—2y-7=0at(4,5)
2. Show that the line 4x + 3y — 25 = 0 is tangent to the circle 22 + 3* = 25 and find
the point of contact.
3. Find the equations of tangents to the circle x* + 3* = 4:
(a) which are inclined at an angle of 45° to the axis of x.
(b) which are parallel to the line 3x+4y+1=0
{c) which are perpendicular to the line 6x — 8y +3 =0
4. Find the equations of the tangents to the circle x*> + 3? — 4x—' 2y — 4 = 0 which
are parallel to the line 3x -4y +2=0.
5. Find the equations of the tangents drawn from:
(a) the point (-3, 7) to the circle x> +)* = 8.
(b) the point (12, —4) 1o the circle x* + 2 — 4x\ 72y — 20=10.
Also find the points of contact.
6. A circle has the parametric equations: y= 3+ 5cos f. y=-1+5sin &
(a) Find the Cartesian equation of the circle.
(b) Find the centre and radius of the circle.
(¢} Find the parametric coordinates of the pgint P on the circle corresponding to
g
2
(d) Find the equation of the tangeut-to the circle at point P.
(¢) Find the equationtof thenorimial to the circle at point P.
(f) Find the equation of the tangent to the circle at the point where = x.
6.3 Parabola

A Parabola is the)locus of a point which moves in a plane such that its distance from
a fixed point, called the focus, is equal to its distance from a given fixed straight line,
called the directrix.

6.3.1 Standard Equation of the Parabola
Let F be the focus and CD the directrix of the parabola. M %)

Draw FZ perpendicular to the directrix CD from the
focus F. Let ¥ be the midpoint of FZ and let FZ = 24.

CA r¢

h

Take ¥ as the origin, the x-axis along the line ZF, and z F x
y-axis along the perpendicular to ¥F at ¥, as shown in

the figure.

Since ¥ is equidistant from the focus and the directrix, Dv

by definition, the point ¥ lies on the parabola. The point
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¥ is called the vertex of the parabola.
Thus, the focus of the parabola is F(a, 0) and the directrix is x=—a.
Let P(x, y) be any point on the parabola and draw PM perpendicular to CD.

Therefore, |PF|=y/(x—a)* +(y—0)* =¥ —2ax+d* +5*

+d|
Distance of P from the directrix x=—a is |PM]=7|I_=|x+a1
1 +0?

By the definition of a parabola, |PF| = |PM]|
Therefore, x* —2ar+a* +y* =[x+d|
Squaring both sides, we get
2 2am+a+y=(x+ap
£ —2ax +a +3? = 2% + 2ax + o this simplifiesto) y* = dax
This is the standard equation of the parabola.
6.3.2 Elements of the Parabola
1. Axis: The straight line through the foeus and perpendicular to the directrix is
called the axis of the parabola. In the fipure, theaxis is the x-axis.
2. Vertex: The point where the axig meets the parabola is called the vertex, In the
figure, ¥ is the vertex with cogrdinates (0,.0).
3. ChnrdandFucalChnrd:Aﬁnssegnmntjniningtwodisﬁnctpoinﬁonapmabola
ig called a chord. A chond passing through the focus is called a focal chord,
4. Focal Distance: Theiistance of a point on the parabola from the focus is called
its focal distance.In the figure, |FP| is the focal distance.

5. Latns Rectum: The focal chord perpendicular to the axis of the parabola is
called the latus rectum. Its equation is x = a.
It intersects the parabola 37 = 4ax at points
where, y* =44 that is, y =+24. Thus, the
endpoints L and L' of the latus rectum are
L(a, 2a) and L'(a, —24).

6. Parametric Equations: The equation
y* = 4ax can be expressed parametrically.

Substituting y = 2ar in the equation 3 = 4ax, we
getx=af’.
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Hence, the parametric equations of y' = 4ax are:
x=at’, y=2at

The point (ar*,2a¢) lies on the parabola for all real ¢ and is often referred to as
the r-point.
6.3.3 Other Standard Forms of the Parabola

By taking the directrix on the right side of the focus, below or above the focus, we
obtain three more standard forms.

The table below summarizes the key features of all four forms.

Parabola

OJ

in
standard
form

¥ =hax

v =—dax

PoAPS
x <

¥ =—4ay

Focus

(2,0)

(-2.9)

(0,2)

(0,—a)

Vertex

(0, 0)

(0, 0)

(0, 9)

(0, 0)

Equation of
directrix
Equation of
axis
Equation of

latus x=a
rectum
Length of
latus

rectum
Sketch of A 4 . N
parabola
in standard
form

x=—q y=a

Fa 0) x Fa x

¥=-4a x=a

(0, —a)
Example 17 Analyze the parabola x* — 4x — 4y — 2 = 0 and sketch its graph.
Solution: x* —4x—4y—2=0 (D)
Rewrite the equation as: x* —4x=4y+2
Adding 4 on both sides, we have
Z—dx+d4=4y+6

(x—2) =4[y+%] 2
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L D= y+%=1’. Then the equation (2) becomes X2=4Y ...(3)

which is a parabola whose focus lies on X = 0 and whose length of latus rectum is
equal to 4g = 4, thus coordinates of the focus of (3) are:

X=0.1’=1,ﬂ:mtis,x—2=ﬂandy+%=1 or x=2,y=—%

1
Thus, coordinates of the focus of the parabola (1) are (2, - EJ

Axisof (3)i18 X=0 = x—2=0— x=2is the

axig of (1) \
Vertex of (3) has coordinates

X=0Y=0 \“
. 3 "
that is, x—2=0,y+5=0 \

nrx=2,y=—%arecoordina‘tesofthevertexof <

(1).
Equaticn of the directrix of (3) is:

Y=—1 thatls, y+%=—1 o y=—§ ¥ aquation of the directrix of (1),

Length of the latus rectum of the pardbola is 4.
The graph of (1) can easily be sketched and is as shown in the Figure 6.13.
6.34  Tangents and Normals to a Parabola (Condition of
tangency to a Parabola)
To find an equation of the tangent to a parabola, we first determine the slope of the
tangent at the given point by calculating % from the equation of the parabola. Using

the point-slope form of a line, the equation of the tangent can then be written.
Since the normal to a curve at a point is perpendicular to the tangent at that point, its
equation can be cbtained readily from the equation of the tangent.

Let us consider the equation of a line

y=mx+tc ..(1)
and the parabola

¥ =dax l(2)
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To find their points of intersection, we solve equations (1) and (2) simultancously.
Substituting the vahie of y from (1) into (2), we obtain:
(mx + ¥ =4ax
w32+ 2mex + ¢ =4ax
m’x> + 2mex — dax + 2 =0
P+ 2(me —2ax + 2 =0 (3
Equation {3) is a quadratic in x, and therefore yields twe values of x. These are the
x-coordinates of the intersection points. Substituting these values back into (1) gives
the corresponding y-coordinates. Hence, the line (1) generally intersects the parabola
(2) at two points.
For the line (1) to be a tangent to the parabola (2), the two pointsof intersection must
coincide. That is, equation (3) must have real and equal roots. This condition is
equivalent to its discriminant being zero:
[2(mc - 28)]* — 4(m)(c*) = 0
Amc —2aY —Amc* =0
Dividing beth sides by 4, we get:
(mc —2aY —ni?c® =0
mc? —dame + A — =0

—dame+da? =0 = damc=4d" =) mé=a L =2, m=0
m
Thus, the required condition for the line y = mx + ¢ to be a tangent to the parabola
3 =dax is c=Z,
m

Consequently, for any hon-zero real number m, the line y=mx+% i a tangent to

the parabola y* =4wmx. Similarly, we can find the condition of tangency for other
parabolas.

Example 18.\Find the equations of the tangent and normal to the parabola y* = 4ax at
the point (31, y,)-

Solution: Differentiating y* = 4ax with respect to x, we obtain

dy dv 2a

2y—=4 ="

J"dx a = o
Thus, the slope of the tangent at {x,, »,) is {QJ il
& @n N

Using the point-slope form, the equation of the tangent at (x,, »,) is
Y=Y -E(x—xl)
1 B!
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Multiplying both sides by »,, we get

W~ W =2ax-2ax,
Rearranging terms,

g _2"“:3"12 —2ax
Since the point (x,, ¥} lies on the parabola, it satisfies ¥,” =4ax,. Substituting this
value, we have

v, — 2ax =4ax, — 2ax, = 3y, - 2ax =2ax,

which simplifies to yy, = 2a(x+x,)

This is the required equation of the tangent.
The slope of the normal is the negative reciprocal of the slope‘ofthe tangent. Hence,

= 2
Slope of the normal = P
Using the point-slope form, the equation of the ndrmal is ¥—, =—%(x—xl).
¥ EXERCISE 6324
1.  Find the focus, vertex and directrixofth¢ following parabolas.
@ V=1 (i) & =8(-1)
(i) > =—4(c—1) (v) 2 —6xr—12y+9=0

2. Write the equation of the parabola with' given elements.
(i) Focus (-3, 2); directrix x =5/ (ii) Focus (3, 5}, vertex (3, 2)
(iii} Directrix x =4, vertex (6,3) (iv) Axis y =0, through (2, 2) and (6, -3)

3. Find the equation of the parabola having its focus at the origin and directrix
parallel to:{f) x-axis (i) y-axis.

4.  Show that the equation of a parabola with focus at {a cos 4, g sin gy and directrix
x cos-@ + y sin @+ a =0 is (x sin # — y cos 6 = 4a(x cos # + y sin #).

5. Prove that in a parsbola, a circle described on the latus rectum as diameter
touches the directrix.

6. Prove that the chord of contact of the tangents drawn from any point on the
directrix of the parabola 3* =4ax always passes through the focus.

7. The parabola y = @’ + bx + ¢ has a vertex at (3, —2) and passes through the
point (1, &). Find the values of g, b, and c.

8. Find the equations of the tangent and normal to the parabola y? = dax at the
point {(ar?, 2af).
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9, Find the equations of the tangent and normal to the parabola
x*—6x—2y + 11 = 0 at the point (5, 3).

10. Find the equation of the tangent to the parabola y* =12x which is parallel to the

line 3x—y+4=10. Also find the point of tangency.
6.4 Ellipse
An ellipse is the set of all points in a plane for
which the sum of the distances from two fixed points,
called the foci (plural of focus), is constant (sec
Figure 6.14), Figuirep.14
Kepler’s first law states that the orbits of the planets in the solar-system are elliptical.

Derivation of the Standard Equation

To obtain the simplest equation for an ellipse, we
place the foci on the x-axis at the points F'(—c, 0)
and F{(c, 0), so that the origin is the midpoint of the

segment joining them (sec Figure 6.15). Let{the
constant sum of the distances from any point
P(x, y) on the ellipse to the foci be 2a, where-a > 0.

Thus, for any point P(x, ¥) on the ellipse, =
P F_1Y+li;1;| :(2‘!}') P Figure 6.15
Using the distance formula,
J(x+ e) + 3’ +J(x—c)‘ +30=2a
To simplify, isolate one radical and square both sides:
JEHKe +y* = 2a—\/(x - +)*
Squaring, (x+c)z+y" = 4d® —4a\f(x—c)f* + +(x—c)z+y"
Expanding the squares,
x*+2ex+c’ +y* =4d’ —Mm+x’ ~2cx+c* +y*
Cancelling the common terms x*, ¢?, and y* from both sides,
2ex=4a* —daJ(x—c) +y* - 2ex
Bring the terms involving cx together:

Acx=A4a* —AaJ(x—c) +

Divide by 4 and isolate the remaining radical: Do You Know?

af(x-cf +y* = -

Now we square both sides again;
a [(I—C)z +y":| =a'-2d’cx+c*%°
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Expanding the left side:
AP -2+ +y)=a* -2 ex+ PP
ax’ -2dcx+acd +a’y’ =a' -2a°x +c’x"
P2+ @F +dy =t + P
Rearranging, &’x” —¢’x” +a’y’ =a' —a’c’
(& - +ay* =d* (@’ — ")

From triengle PF'F in Figure 6.15, we note that |[PF|+|PF| > |F'F], that is, 2a > 2¢,

80 a > ¢ and thus & — ¢* > 0. For convenience, we define a new constant b such that

=

Substituting, the equation of the ellipse becomes

B + P =
Finally, dividing both sides by a’»* gives the standdrd form of the equation of an
ellipse:
x! y?.
- ok
JERE

Since # = o® — ¢ and a > ¢, it follows.that a > #:

6.4.1 Key Features of the Eilpse

e Focl: The foci are at (+c, 0); ‘where & =" —5".

e  Centre: The midpoint C of the-segment joining the foci is called the centre. For
the equation above, the centre is at the origin (0, 0).

o Vertices: Setting y=0 gives x =1a. The points 4'(—a, 0) and A(a, 0) are the
vertices. The line segment A'4 of length 24a is the major axis.

* Co-vertices: Setting x =0 gives y=1b. The points B(0, —b) and B(0, &) are
called the co-vertices. The line segment B'B of length 2b is the minor axis.
Since g > b, the major axis is longer than the minor axis.

e Symmetry: The equation is unchanged if y is replaced by —y or x by —x or both,
Hence the ellipse is symmetric about the x-axis, y-axis, and the origin.

o Eccentricity: The eccentricity e of an ellipse is defined as e=<.
a

Since a>c>0, wehave 0 <e<l.

s Directrices: For the ellipse §+f—2=1 with @ > b, there are two directrices
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given by the vertical lines x=+2.
e

o Latus Rectum: Fach of the focal chords perpendicular to the major axis is called
2

a latus rectum (plural: latera recta). The length of each latus rectum is i
a

+ Parametric Equations: For all real # with 0 < § < 2, the point (acos &, bsin 6)

lies on the ellipse §+§ =1,Thus, the parametric equations of the ellipse are:
x=acosf,y=bgind,
* Foci on the y-axis: If the foci are on the y-axis at (0,%c), the roles of 7 and b are

2

interchanged, and the standard equation becomes §+%=1, a>bh: with

vertices {0, +a), and covertices (+5, 0).

¢ Relation between a, b, ¢ and e:

Since ¥* =4* —¢® and c=ae = b Za*—a'e =d*(1-¢€°).

e Circle as a Limiting Case: If the foci becomés-closer, then ¢ >0 and a > b, 50 the
ellipse approaches to a circle with radiug»= a = b, and has equation: x* +y”* =a”,
Clearly for a circle ¢ 0.

o Second definition of ellipse:
The ellipse can also be defined asy if a point P moves L S P
such that the mtio efits distance from a fixed point F
(the focus) to its distance from a fixed straight line
{the directrix)«is equal to a constant e (less than 1),
the loctis-of P is an ellipse of eccentricity e.

|PF| Figure 6.16
That is, if m=e, where 0 < e< 1, the locus of P is an ellipse.
(2Z0)) The equation of the ellipse can also be derived using the above definition. |

6.4.2 Summary of Important Results

Ellipse in standard x y Py
form ?4—?_1’ a>h ?'l'?—l, g>h
Centre 0,0 (0, 0)
Equation of major axis y=0,—asx=<a x=0,—a<y<a
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Length of major axis 2a 2a
Equation of minor axis x=0,-b<y=<bh y=0,-bsx<h
Length of minor axis 2b 2b
Vertices (ia,{]) (G,ia)
Covertices (0,1b) (+b, 0)
Foci (=c, 0),c = ae {0, %c), ¢ = ae
{ 2 f 2 2
Eccentricity LA @b <1 LAY G\ —b <1
a a a a
Equations of directrices x=is y=i%
Equations of latera recta x=tae y=ztae
2 2
Length of latus rectum 2 =
a
‘E
a ¥4 o
e B e
Sketch of ellipse F )
in standard form C Al x c
kg /
4—iry=—g
Note: In both cases gf ellipses, the major axis is the longer line segment and foci lie on the
MmAjOT axis,

Theorem 1: (Tramslated forms of Horizontal Ellipses)

The equétion

G-h 0=k _

a b

with a> b describes a horizontal ellipse

with foci at F'(% — ¢, k) and

where c=+vJa® - b,

The centre of the ellipse is at the point
C(h,k) and the vertices are located at

(hta,k) on the major axis.

L

o4

r=h-2 B(h, k+ b) x=h+2
h € ¢
b
Fhte kb, || |tt-ak) l_a_A(Iw.k)
B'(h, k—b)
0 3
Flgure 6.17

The co-vertices are located at (h, k1 b).

15
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Theorem 2: (Translated forms of
Vertical Ellipses)

b 79

i
> y=xt+t=
:

F

2 2
The equation (";f') +U’;;") —1, with Ak +a)

a>b describes a vertical ellipse with FLEY o)
foci at F'(h, k — ¢) and F{h, k + ¢), where

—
c=+Ja® —b". The centre of the ellipse is B(h-1b,K) CUJK) B(ayb,K)
at the point C(k, k) and the vertices are Flh k&)
located at (h,kta) on the major axis.
The co-vertices are located at (A5, k). PR r_“) >y=k-2
Example 19 Find an equation of the
ellipse with foci (2, 1), (2, 7), major axis Figure 6.18
of length 10 and sketch its graph.
Solution: Given the foci: (2, 1) and (2, 7).
Both foci have the same x-coordinate
=> Major axis is vertical.
Major axis length = 10 = 2a = 10=> a ='5.
Centre is the midpoint of the foei:

Centre =[ﬁ,ﬂ]=(2,4).
202

2

Distance from centre to either focus:
c=d-1|=3

For an ellipse: = - B = 3 =5 P =

9=25_F = B=16 = b=4.

Thus, required equation of the cllipse with centre (k, k) = (2, 4), major axis vertical,

2 2 2 2
a=5, and b=4 is: ("‘:') +U"f) —1, thatis, =2, 04
b a 16 25
Example 20 Find an equation of the ellipse with centre (0, 0}, focus (5, 0) and vertex
(6, 0). Sketch its graph.
Solution: Given centre is at (0, 0).
Focus: (5, 0) = one focus is to the right; the other focus is (-5, 0) by symmetry.
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Vertex: (6, 0) = one vertex is to the 4
right; the other vertex is (-6, 0). B(0/11)
All points have same y-coordinate 0,

80 major axis is horizontal. A—6,0)/ F(-5,0)
From vertices: (£6, 0) = a =6, so &
=36

From foci: (£5,0) = ¢=35,62=25 B0, —/11)
To find b, using the ellipse relation:
F=a*-b= 25=36-b= b =11

Figure 620
= b=411
Required equation with horizontal major axis, centre at origif, @ =36 and * =111is
® 3 2 9t
—+==1, thatis, —+=—=1,
R e VAT

Example 21 Find the centre, foci, eccentricity; vertices and directrices of the ellipse
whose equation is 16x% + 957 — x+54y+1—0 Also sketch its graph,
Solution: 16x* +9)" —64x+ 54y #1 =
(16x% —64x) +(9y° +543)+1 =0
16(x* — 4x) +9(y*+6y) +1 =0 y*ﬁ@ .
16(x* —4x +4)— 4]+ 9 +654 9 —-9)+-1=0
16(x—2)? 4]+ 9(y/+3)2 20141 =0 '\,{3[_3 +ﬂ
16(x—2)* 64+ 9(y +37 281+1 =0 5 ('1"3’\::(2. (3, 9)
16@—2) +9(y +32 -144 =0 \-5?-/—3 V¥7)
16(x—2)* +9(y+3)* = 144 AQ.-T)
Divide boflrsides by 144 Figure 621
16(x—2 9(r+3° _,
144 144
x—2) +3)?
o L
b,_,h)z _l_(y;:r)’ =1, we obtain
h=2k=-3"=9 = b=3,4’=16 > a=4
Since @ > b and a” is under y-term, major axis is vertical.
Centre: C(2,-3). = ]

Comparing with (-
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Using the ellipse relation: ¢* =@ —b%; ¢*=16-9=7 = c=+/7

Eccentricity: e=£=£
a 4

Vertices: Vertices are a=4 units above and below centre along vertical axis:
First vertex: 4(2,—3+4)=4(2,1).

Second vertex: 4 (2,-3—4)= A'(2, 7).

Foci: Foci are ¢ =+/7 units above and below centre:

First focus: F(2,-3++/7), Second focus: F' (2,—3-7).

Directrices: For vertical major axis, directrices are horizontal lines: y=%& +2
e

a 4 16
y—k:l:e— SiﬁM - Siﬁ
Example 22 An ellipse has the following properties:
(i) Its major axis is vertical and has a length of 10 units.
(ii) The distance between its foci is’6 units.
(iii) The centre is at the point {3,/52).
Find the standard equation of'this ellipse.
Solution:
(i) The major axis has g Jength 10, 50: 2e=10 = a=5 = 4*=25
(i) The distance between the fociis 6, s0: 2c=6 = ¢=3 = ¢* =9
(iii) The centre is.at (h,k)=(3,—2)
For an ellipse, the relationship between g, b and ¢ is: ¢* =a” -5’
Substitute,a>’= 25 and ¢ =9
9=25-p* = p=25-9 = H=16
Since the major axis is vertical, the standard form of the ellipse equation is:

2 2
=B U= | qubstitte A=3, k=—2, a* = 25,and 5* =16:

b a
] 2
x-3 0+ |
16 25
6.4.3 Tangents and Normals to Ellipse
?+§=1 ..(1) andtheline: y=mx+c ...(2)
We want to find their point of contact and the condition for tangency.

159 )

We are given the ellipse:
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Substitute y=mx+¢ into the ellipse equation:
¥ (mx+c)
EARN
Multiplying through by a°b” to clear denominators:
bl + ad*(mx +c)* = a*h?
Expand:  Bx* +a* (nfx” + 2mex+*) = &b
Vit +amx® + 2a° mex + &'t —a’h* =0
& +@m* ) + 28’ mox+ a*(¢* - ) =0 ..(3)
The equation is quadratic in x and it gives the x-coordinates of thetwo points where
line and ellipze intersect. The corresponding values of y are obtained by setting the
vahues of x obtained from the last equation inte y= mx+ c. Thus the line and theellipse
intersect in two points.
Tangency Condition
Tangency occurs when the quadratic in x has equal roots.
This means the discriminant D = 0:
(2a*mc)? —A(B* + aPnf) -dP (2 —b*)=0
da*m’c® —4d* (B +a*m?)(* -4*) =0
Factor out 4a” :
4 dnic* - (B + d'm’ Y- B*) | =0
Since a=0:
an’c’ — (b +a'm Xcf —h")<£0
Expand the second termu
am’c® -l p —a*mic’ +a’m’b =0
am’h —b'c +b' =0
Divide through-by' 5% (b #0):
am —c+5 =0
So, the tangency conditicn is:
[ =dn+8| = c=xJom+5* ..(8)

Putting value of ¢ in y=mx+c, we obtain y =mx+va’m®+b two tangents to
ellipse for all values of m.

Points of Intersection

The line y = mx + ¢ intersects the ellipse in two distinet points given by solving:

(B +&m )i + 2a*me x +a*(c* —b*)=0 provided discriminant D > 0

e —2a'me +(2a*mey — (B’ + a'm?) -2 (e’ - )

20 + a*m?)
200 )

Do You Know?

If a glass of water is tilted,
the rim of the water surface
traces an ellipae.
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“2a’met Jda'm'e? —4a’ (B + i) —b?)
28 + a’m’)
_ —@'mctoJa'n’d —a (B2 + @Y —b)
¥ +atm
The y-coordinates follow from y=mx+c.

2

Example 23 Find the equation of the tangent and normal to the el]jpse£+y—=1at

a2 b
the Pﬂ'int (Ilr yl)'
Solution: Equation of the ellipse is: F+F =1

2
Differentiating implicitly with respect to x: %+i—f%= 0= %= —%ﬁ

2
Thus, the slope at (x, »,) is: [%) B bz_xl
) TR Challenge!

Equation of the tangent: y—}’1=‘a;_xl(1—11) \centre at (—2, 3), a vertical minor
24l axis of length &, and that touches the

2 2 i —
L Y.y b o line y = —x +7.
Multlpl}nngthroughb}rb—;. ?1—‘—;,—=—?+'f‘7

2 2
. ™% N
Fewttaging: JEIRSE NI

2 V2
Since (x;, 3,) lies on'€llipse: %+%=1

Hence, the equation of the tangent is s QP W |

a b

a A
bx,

The slope of the nermal at (x, y,}is

Thus, equation of the normal at (x;, 3,) i8: y— 3 =%(x—xl)
*

Multiplying through by 5%x1:  B'xy 6%y, =a’yx—a'xy,
Rearranging: @ ),x—bx,y =xy(a”* -b")
s iy . . a'x By )
Dividing both sides by x,, (assuming x, =0, 3, #0): ?—T=a’ P2,
1

201 )
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10.

11.

12.

¥ EXERCISE 64 _J
Find an equation of the ellipse with given data.
(i) Foci (0, +5) and minor axig of length 8.
(ii)  Vertices (-2, 5) and (-2, —3); foci (-2, 4) and (-2, -2).

(i) “Virtioen 26,1, eoventilsity = %

(iv)  Centre (-3, 1), major axis parallel to the x-axis and of length 10 units,
minor axis parallel to the y-axis and of length 6 units.

Find the centre, foci, eccentricity, vertices and directrices of the-ellipse whose

equation is given,

() 42+9%2=36 (i) 422+ 24x+97 —36p+36=0

Find the equation of the ellipse as the locus of points P(x; }?) such that the sum of

the distances from P to the points (-3, 0) and (3, 0) is-10.

Find the equation of an ellipse centered at (5, 3).that is tangent to both the

x-axis and y-axis.

What are the dimensions of the smallegt rectangle aligned to the axes that

yl

completely contains the ellipse ':2—6+?=1?

Find the dimensions of the rectangle with“greatest perimeter that can be
y2

inscribed in the ellipsc £+—=1.
16 9

Find the minimum distatiee of the ‘point P(3cosd,2sind) on the ellipse from
the centre of the ellipse:

Findﬂ:emi:ﬁnnnndistameﬂ'omtheel]ipse§+§=ltuﬂ1elinex+y=6.
Find the Value of k for which the line y=2x+% is tangent to the ellipse
§+yz=1.

Determine whether the line y =2x—3 is a tangent, secant, or ¢xternal to the

1

ellipse > +Z -

9 4
Find the equation of an ellipse with centre at (0, 0), a horizontal major axis of
length 8, and that touches the line y = x+5.

Show that the family of lines given by: xcos@+ ysinf=+a* cos® &+ b sin* &
2 2

where @ ig a parameter and a > b, are all tangent to the ellipse Jf?+%=1.

202 )
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13. If a tangent to the ellipse §+§=1 with centre C meets the major and minor

axes at P and { respectively. Prove that

6.5 Hyperbola

The definition of a hyperbola is similar to that of an ellipse.
For an ellipse, the sum of the distances between the foci and a
point on the ellipse is fixed, whereas for a hyperbola, the p F
absolute value of the difference between these distances is

fixed. One distinguishing feature of a hyperbola is that its

graph has two separate branches (see Figure 6.22). Flgure 6.22
Derivation of the Standard Equation of Hyperbola
A hyperbola is the set of all points (x, y) for
which the absolute value of the difference between
the distances from two distinct fixed points-called Pz, y)
foci is constant, The hyperbolas with the simplest

equations are those with foci on{one” of the e 0 ol o0 :
coordinate axes. To obtain the simplest equation
for &, hiypeibola, we pilnce Hhe foonon thetcedis at / \
the points F'(—c, 0) and F{¢,"0), so_that the origin Figure 6.23
is the midpoint of the segment joining them (see Figure 6.23).
Let the absolute valye’of the constant difference of the distances from any point
P(x, y) on the hyperbola to the foci be 24, where g >0, Thus,
||PF|-|PF||=2a o |PF|-|PF|=12a

Using the distance formula,

JE+eP+y —Jx-c)* +y? =H2a
To simplify, isolate one radical and square both sides:

JE+e +y =12a+.J(x—c)* +)*
Squaring, (x+c)’ +3” =4a” tdaJ(x—c) +y" +(x—c)’ + )’
Expanding the squares,

P+2ax+ct+y =dat + 4::1.({.»:—::)2 +3 + B -2ex+ct+
Cancelling the commen terms x*, ¢*,and y* from both sides,
2ex = 4a’ T4anf(x—c)* + ¥ —2ex

@ ¥ _
|cP[ | cgf

(203
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Bring the terms involving ex together: dax =4a” 1 dayj(x—c)* + y*
Divide by 4 and isolate the remaining radical:
Taf(x—cP+y =d —cx
Now we square both sides again:
Z[(x—c)* +y*]=a' —2d°cx + *x*
Expanding the left side: &°(x* —2x+c* +y*) =a* —2dcx + %42
axy -2d'ecx+d'c +a’y =a* -2a’ex+c’x"
Adding 2a%cx to both sides:
ax’ +ac+a’y* =a* +A5°
Rearranging: @ - +d*y =a* -d’cf
(& =) +dy? =Pt —¢F)
From triangle PF'F in Figure 6.23, we note that |PF|=~|PF| < |F"F|, that is, 2a < 2¢,50
a<c and thus @ —¢* < 0. For convenience, we define a new constant b such that
—b*=a' -
Substituting, the equation of the hyperbola becomes (~5*)a* + a*y* =a* (—b%)
Finally, dividing both sides by —a?5* ‘gives the standard form of the equation of a
hyperhola: g—:—: =1 where ¢* =a* + 5%
6.5.1 Key Features gi\the Hyperbola
e Vertices: Setting »=0'in the equation of the hyperbola, gives x =ta.
The points A'(~a;-0) and A{a, 0) are the vertices of the hyperbola.
o Transverse -Axis: The line segment A'A connecting the vertices is the
transverse axis (or focal axis) of the hyperbola. Length of the transverse axis is
2a

o Conjugate Axis: Setting x=0 in the equation of hyperbola gives y* =—§*,
which is impossible, so hyperbola does not meet y-axis in real points. If we take
two points B'(0, —b) and B(0, b) on the y-axis, then the line segment B'B is called
the conjugate axis of the hyperbola. Length of the conjugate axis is 25.

» Foci: The foci are at (xc, 0), and they always lie on the transverse axis. In case of
hyperbola ¢? = 2* + 5%, so that, unlike the ellipse, we may have a>b or a<b or
a=b.

o Centre: The midpoint C{0, 0) of the segment joining the foci is called the
centre of the hyperbola. Note that it is same as the midpoint of the transverse

' o )
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Symmetry: The equation is unchanged if x is replaced by —xand y by —y; hence
the hyperbola is symmetric with respect to both axes, and the origin.

Eccentricity: The eccentricity e of a hyperbola is defined as e= E.
a

Since ¢ > a, we have e¢>1.

2
Directrices: For the hyperbola ;—%=1, there are two directrices given by the

vertical lines x=+2.
4
Latus Rectum: Each of the focal chords perpendicular to the)line containing

trangverse axis ig called 2 latus rectum (plural; latera recta), The length of each

2
latusrectumis =& Zb
a

Parametric Equations: For all real # such that 9#(2n+1)% {where 7 is an

2

integer), the point (asecﬂ,btané) lies .en the hyperbola ;—;—2=1. Thus, the

parametric equations of the hyperbolz are: x =gséch, y =btand.
Focl on the y-axis: If the foci are on the y-a%igat (0,+c), the roles of x and y are

interchanged, and the standard equationi becom y_x_ =1, vertices (0,%a).

i b
Relation between a, ¥ and &:

Since & =c*Ld?, settingc =age = b’ =a’e’—a® = P =d(£-1).
2

2
Branches: To analyze the hyperbola further, we write %:H;—z 21, This shows

that x* > g%, 80/ |x| = a. Therefore, we have x > a or x < —a. This means that the
hyperbala eonsists of two parts, ca.]led itz branches. Note that no portion of the
curve lies between —a < x < 4, because in this interval y is imaginary.

Asymptotes: An important feature of
hyperbola that is not shared by ellipses is the
presence of asymptotes. An asymptote of a
curve y = f(x) isa line y= g(x) such that
lim, ., [f()-g(¥)]=0
x!

For the hyperbo ?—::— =1, we have
y v F o
=ri= 1 -:1~ry’-ar2.1|c2 B
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2 2

Thatw,asx—):l:no — —, 50 that = —):tba.udso,y :I:bxmthe(slant)
' & x a

asymptotes as shown in Figure 6.24. The asymptotes of a curve do not meet the curve
but the distance of any point on the curve from either of the two lines approaches
ZETO.
Note: The joint equation of the two asymptutes is

© £

b b .
(y—l_;x](y_;x]_ﬂ’ that 18, ¥ _? xz =0 cr F—F

This is obtained by replacing the constant term 1 with (. inthe standard equation.

2

Rectangular Hyperbola as a special case: Ifin %—i—zﬂ the lengths g and &

become equsl then the resulting hyperbola x>—'y* = a”is called a rectangular
hyperbola. In this case agymptotes are perpendicular to‘each other.

* Second definition of Hyperbola

The hyperbola can also be defined as, if a-point P moves so that the ratio of its
distance from a fixed point F (the focus) toats distance from a fixed straight line (the
directrix) is equal to a constant e (greater than 1), the locus of P is a hyperbola of
eccentricity e.

0.

PF
That ig, if ﬁm@ where e > 1, the locus of P is a hyperbola,
Note: The equation of the hyperbola can also be derived using the above definition.
6.52 Summary of Important Results

Hyperbela in standard i_y_z y_z__=1

form a v a p
Centre {0, 0) {G, 0)
Equation of transverse axis y=0,—a=x=<a x=0,—asy=<a
Length of transverse axis 2a 2a
Equation of conjugate axis x=0-b<y<bh y=0,—b<x<h
Length of conjugate axis 2b 2b

(200 )
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Vertices (i-a, 0) ({), ia]
Conjugste points (0, £5) (£, 0)
Foci (1e, 0),c=ae (0, £c),c=ae
" 2 2 ’ F
a a a a
Equations of directrices =22 V= +2
e [
Equations of latera recta x=xae ¥ =tae
2 2
Length of latus rectum & &
a a
Equations of asymptotes y=:|:£x y=:|:%x
[+
Sketch of hyperbola
in standard form

Theorem 1: Translated Forms of Horizontal Hyperbolas
The equation
(x=h)} _(_'y—!i:)’l 1 y4
a B
describes a hyperbola with foci at the points
F'(h—c, k) and F(h+c,k), where

c=Na+}H.
The centre of the hyperbola is at the point
C(h, k) and the vertices are located at

(hta, k).

emaympiciemrerns =0 fo-diek:
a

@7 )
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Theorem 2: Translated Forms of Vertical

Hyperbolas ye
The equation
() S S O
a B

describes a hyperbola with foci at the points
F'(h, k—c) and F(h, k+c), where
c=Aa* +b. & Ff(:__i_c
The centre of the hyperbola is at the point

{(h, ky and the wvertices are located at
(h, kta)

Figure 6.26
The asymptotes are y =:|:%(x—k)+k.

Example 24 A hyperbola has a horizontal transverse axis of length 12, centre at
(-2, 5), and eccentricity % Find the equation of the hyperbola.
Solution: Since the transverse axis is-hotizontal, the hyperbola opens left and right.

2 ey
The standard form is: (xa:l) _(ybf} =1, where (5, k) is the centre.
Given centre: (h, &) =(-2, 5).
Length of transverse axis =2g=12 = . a=6
Eccentricity: ¢=.=£=E = E .3 =>ec=10
a 3 6 3

Using the relationship ¢ =a* +5*: 100=36+5* = b* =64,
Substitute A =52,k = 3, a* = 36, 5* = 64 into the standard form:
(422 -5

36 64

Ji3

Example 25 A hyperbola has a horizontal transverse axis, eccentricity 3 and

latus rectum of length % The hyperbola passes through the points (B, 2) and

{2, 2). Find the equation of the hyperbola.
Solution: Since the transverse axis is horizontal, the standard form is;

@=h" (-8
a 3

=1 where (h,k) is the centre

(209 )
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Eccentricity: e=£=£ = c=J1_3a
I 3

2
Using the relationship ¢* =a* +5*: ["'1_3“) =@+ = %:f +8

3
9 9 9
2
I,engﬂlofﬂlelatusmcmm:&:%
a
44’
9| 24
Substituefe e A9 ) B 80" B .. .
¢ a 3 9 3
Thus:bz=£=@=4
9 9
Substituting 2* =9 and 4* = 4 into the standasd form
x—h)* —k)?
( 9) —(3’4) =1 kD

The hyperbola passes through (8, 2).and (2¢ 2).

For point (8, 2): & ;"')z . 2 ‘4")2 D7 .o
For point (2, 2): & '9"')1 _@ ‘4")2 -1 .0
Subtract equation (3) from equation (2): @ _;')2 M _gh)z =0

Multiply both sides by 9: (8— ) —(2—k)* =0 = (64 16+ #)— (4—4h+ ) =0
64—16k+h —4+4h—* =0 = 60-12h= 0 = 12h=60 = h=5

Substitute k=35 into equation (2): (3;5)2 —(2'4")2 =1= %—@ =1

LY _ 2
1—@=1=> —% —0 = 2K =0=2-k=0= k=2

Y Y _ 2
Substitute =5, k=2 in (1): & 95) —0’42) =1.

(209
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Example 26 Find an equation of the hyperbola with given data and sketch the graph.

(i) Foci: (=3, 5£5v2)
(ii) Length of transverse axis = 6.
Solution: Midpoint of foci
(=3,5+542), (-3,5—5+2) is the centre:
C(-3,5)
Transverse axis is vertical, so hyperbola has the
—ky  (-h)’ _1
a »
2a=6 = a=3
2¢ = distance between foci =10+/2

form:(y

c=5y2 = *=50 Figure 627
c=g+¥ = 50=9+F¥ = =41

_y? 2
Required equation: (ygS) _(I:13) =].
Example 27 Find an equation of the hyperbola with given data and sketch the graph.
(i) Foci (4, —3), (4, 7) and (ii) one vertex (4,/5).

Solution:
Centre (5, K) is the midpoint of foi (4, 3).and (4, 7)
h=ﬂ=4, k= Giluis! =i=2
2 2 2
So centre: (4, 2)
Both foci have samex-<coordinate, this implies Y4
trangverse axis is vertical.
¢ = Distance from-centre (4, 2) to a focus (4, 7)
=7-2=35
Given vertex: (4, 5).
a = Distance from centre (4, 2) to vertex (4, 5) .
=5-2=3
t=a+b
5% =32+ b?
b2=25_9 L J
_16 Figure 6.28

Required equation: =2 _ (-4 _,

9 16
&9 )
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Example 28 Find the centre, foci, eccentricity, vertices and equations of the
directrices of the hyperbola:

9x* —36x—4y* +8y—4=0. Also sketch the graph.
Soluton:
95 36x—4y* +8y—-4=0
0x? —36x—4y” +8y=4
9(* —4x)—4(* -2y)=4
9(x* —4x+4-4)-4(y* -2y +1-1)=4

9[(x-2)" -4]-4[(y-1)*-1]=
9(x-2)" -36-4(y-1)" +4=4
9(x-2) -4(y-1) =36
Divide by 36
Hx-2 Hy-1"_,

36 36
-2 -0,

Thi:isahoriz?ontalhypcrbola:

A -B Figure 6.29
a b

Here: h=2, k=1, a* =4= a=25b"=9 = b=3.

Using the relation: 2@ @ +5*: ¢*=4+9=13 = c=+/13

Centre: (A, k}=(2"1).

For horizontal hyperbola vertices are: (h+a,£)

That is veftices are A{2+2,1)=4(4,1}, A2-2,1)=4(0, 1)

Foci: (htce,k)

That is foci are F(2-++13,1), F'(2—+13,1)

e 3

Eccentricity e=—=
a 2

Directrices: For a horizontal hyperbola: x=h+2=
e
a_ L=i 4J_ . So directrices: x= 2+4'\h_3
e J13 JI3 13 13
2

a )

1
5{2% 1
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6.5.3 Tangents and Normals to Hyperbola
We are given the hyperbola: é—f—2=1 (1)
a
and the line: y=mx+c .(2)
We want to find their points of intersection and the condition for tangency.
Substitute y = mx + ¢ into the hyperbola equation:

€ _(mie) |
a by
Multiplying through by 4”b” to clear denominators: 5°x* —&* (mx+¢)* = 2°B*
Expand: Bx? — P (mx* + 2mex + ) = a'b
b'x* —a'm'x’ —2a’mex—a’c’ —a’h’ =0
(& —dm*)x* —2a*mex—a* (¢ +H) =0 ...(3)
The equation is quadratic in x and it gives the x-coordinates of the two points where
line and hyperbola intersect. The corresponding ‘values of y are obtained by sefting
the values of x obtained from last equationvinto ‘v = mx +¢. Thus line and hyperbola
intersect in two points.
Tangency Condition
Tangency occurs when the quadratic'in x has-equal roofs.
This means the discriminant D = 0:
(2 mc) - 4 ' m™)| —a* (S +57) | = 0
4t o + 4P (B —aPmP )t + By =0
Factorout 4¢°:  ~4a'[ &m’c* + (b —a'm X" +57) | =0

Since a #0: anic + (B —am* X +54) =0
Expand the second term:

am’c® +b°c +b* —-a'mPe’ —-a’'m*h* =0

—am’h + b+ b =0
Divide through # (b = 0):

dm+F+ P =0

So, the tangency condition is:

| =a®m® -1 | = c=tJdPm? —B* provided «’m” > b*

Putting value of cin y=mx+c, we obtain ¥y =mxt~/a’m*—b* two tangents to
hyperbola for all values of m.
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Points of Intersection
The line y=mx+c intersects the hyperbola in two distinct points given by solving:
(»* —a'm)x* —2a’mex—a*{(c¢* +4*) =0 provided discriminant D > 0
_ ~(2d*me) £ 2aPmef — 4 - amt)- (—aP (S +5)
2% ant)
_2a’metJ4a’m’e’ +4a (B - m’ X’ +57)
- 20— aim?) Find the points of intersection

betwaenﬁe]in\b.—y—4=0

_a'metJa*m ’2+a(b2 —a*m?)(c? +b?)
—am
They—mordinates follow from y=mx+c.

Example 29 Find equation of the tangent and normal to the hyperbola %—% =1 at
the point (%, ).

2

Solution: Equation of the hyperbols is: %-i’—z =1
Differentiating implicitly with réspect to x:
2 _2ydy_, b B

a b de Lay

. [(ay ¥x
Thus the slope at (x5 ) [—] =—
e slope at (x5 3) is 2 Ay

b!
gxl (I - xl)
b

Equation of the tangent: y— ¥, =
2 F

A h.Yh »nh Xy xn
Multiplying throughbyb—; b_zl_b_lz_?_F
1 2

Rearranging: —2—F=?—b—,

a
The slope of the normal is —bz—:l
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2

Thus, equation of normal at (x, »,) is: y—¥ =—:z': (x—x)

Multiplying through by 5%, : bny—b'5y, =—@*px+a’xny,
Reamanging: @’ yx+b5'xy =xy,(a” +5°)

2
Dividing both sides by %, 3, (assuming x, =0, y, #0): ?+b—y=a2+ B

M
Example 30 Find the equations of the tangents to the hyperbola 2x* — 3y* = 24 that

pass through the point (2, —4).
Solution: 2x* — 3)* =24

Divide through by 24: %—%:1. So a* =12, ¥ =8.

For §—§=1,tangentsﬁthslopemare: y=mx toja'm® — b

Substitute a* =12, b* =8: y =mx+/12m* -8

Substitute x =2, y = —4: —4=2m+ 120 ~82> 49— +J1207 —8
Square: 16 +16m +4nf = 12m* — 8 =S8m* - 16mi~24=0 = m*-2m—-3=0
=(m-3Ym+1)=0 = m=3 ornm=-1
Form=3:
y=3x1129)-8 =(P=3x+108-8 = y=3x+100 = y=3x110
Check which sign satisfies’the point(2, —4):
Check: y=3x+ 10:
Atx=2y=3(2)+10=16. So (2, —4) does not lieon y = 3x + 10
Check: y=3x~ 10:
Atx=2,7=3(2)— 10=-4. S0 (2,—4) liesony=3x— 10
So tangent is 3x—y-10=0.
Form=-1:

y=—x:|:,f12(1)—8 = y=—x:I:-J12—8 = y=—x:|:JZ = y=—xt2
Check which sign satisfies the point (2, —4):
Check: y=—x+2:

Atx=2,y=-2+2=0.5S0(2,—4)doesnotlieony=—x+2
Check: y=—=x-2:

Atx=2,y=-2-2=-4.80(2,-4) liessony=-x-2
So tangentis x+ y+2=0.

219 )
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10.

11.
12.

¥ EXERCISE 6.5 _J

Find an equation of the hyperbela with the given data.

(i) Centre (0, 0), Focus (0, 10), Vertex (0, 8)

(i) Foci (0, 18), Eccentricity =4 (iii) Foci (0, £10), Directrices y =15

Find the centre, foci, eccentricity, vertices and equations of dircctrices of each
of the following.

0 2L @ &X 0V, g Xer,

36 64 5 4 25 16
A hyperbola has its centre at the origin, transverse axig\6f length 14 along the
y-axis, and conjugate axis of length 10 along the x-axis! Find the equation of the
hyperbola.
A hyperbola has a horizontal transverse axis of length 8. One of its foci is at the

r

point {1 +2J§,3)andits eccentricity is T.S.Findtheequmionofthehyperbola.
A hyperbola has a vertical transverse axis of length 8, centre at (2, —1), and

/3
2
A hyperbola has its centre at-{—1, 4); 2 focus at (5, 4), and the corresponding

directrix given by the line x = -3 /Find the equation of the hyperbola.

V19

A hyperbola has_a vertical transverse axis, eccentricity R and latus rectum

eccentricity . Find the equation of the hyperbola.

of length % ~The hyperbola passes through the points (2, 8) and (2, 0). Find the

equation of the hyperbola,
Find the equation of the hyperbola in standard form (centred at the origin} that

passes through the points (/80 4) and (+/32, 2).

Find equations of the tangent and normal to the hyperbola %—%=1 at the

point {asec#,btan &).
Find the length of the latus rectum of the hyperbola 9x* —16y* =144,

Find the eccentricity of the hyperbola whose asymptotes are perpendicular.
If the transverse axis of a hyperbola is 8 and the latus rectum is 9, find its

eccentricity,
@y )
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13.

14.
15.

16.

17.

18.

19.

20.

The foci of a hyperbola coincide with the foci of the ellipse %+§=1. If the

eccentricity of the hyperbola is 2, find its equation.
Find the eccentricity of the hyperbola whose latus rectum is half its transverse axis.
12

Find the equations of the tangents to the hyperbola Z——2_ =1 which are

4 12
parallel to the line 2x —y = 5.
If the distance between the foci of a hyperbola is 16 and the distance between its
vertices is 12, find its eccentricity.
Find the equation of the hyperbola whose asymptotes arg.p.=+2x and which
passes through the point (3, 4).
A hyperbola for which 4 = b is called rectangular. Show that a hyperbola is
rectangular if and only if its asymptotes are perpendicular to one another.
Find the equations of the tangents to the hyperbola 7x* — 3y* = 105 that pass
through the point (3, 1).
Find the condition that the line Ix + my = 1 is a tangent to the hyperbola
P T

.

a b

6.6 Applying Concepts of Conies to Real Life World

Problems

Example 31 A comet has a-parabolie-orbit with the Earth at the focus. When the
comet is 2 km from the earth-the lin¢ joining the comet and the Earth makes an angle
of 30° with the axis of the parabola, How close will the comet come to theEarth?

Solution: Let equation’of the parabolic orbit be y* =4ax. Let the centre of Earth

E(a, 0) be the-focus. The point on a parabola that is closest to the focus is its vertex.

So, we need tofind |OE|=a

—_ % yoﬁ
From right AEQP, ms30°=xT" - %tha ol
=>I—d=%h=>x=a+%h < ¥y
4
0 . 0
also sin30°=2 = L=2 = ;-2 E@0 0
E 2 h 2
Since [a#ﬁh,ﬂ lies on the parabola y* =4ax, it must

Figure 6.30
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BY 3 B
(5] _44[“?.&} = 7'4“2 +243ah

2
4a2+2\f§ah—%=0

23 J(zﬁh)’ _44) (— g]

. _ 23121 + 4R
2(4) 8

_ 23ht 161 2[3ht 4k

8 8
2(—Bx2)n (—B2)h (—B3+2)h

_- - Siﬂc-e’ e e U SO, Ileglﬁct it-

8 4 4
(—J§+2)k
Since the minimum value of a is required, we have a=——km

4

‘Example 32 Elliptical Electron Orbit
In the Behr Sommerfeld model of jthe“atom, eléctrons move in elliptical orbits
around the nucleus, which is located at one fogus. ‘Consider an electron in an elliptical
orbit with a semi-major axis ¢ = 5.29"% 10-!"'m (the Bohr radius) and an eccentricity
e=10.20.

(a) Find the distance from the:nucleus to the cenire of the ellipse.

(b) Determine the-“minitum distance (periapsis) and maximum distance

(apoapsis), éf the electron from the nucleus.
Solution:(a) For an ellipse, the distance from the centre to each focus is c=age.
¢=(5.29 x 10"y x 0.20 =1.058 x 10 "'m

Thus, the.mucleus is 1.058 x 107! m from the centre of the ellipse.

(b) The minimum distance (periapsis) occurs when the electron is closest to

the nucleus at the focus:

r.=a(l-e)=(529% 10" x (1 - 0.20)=(5.29x 107") x 0.80=4.232 x 10" m
The maximum distance (apoapsis) occurs when the electron is farthest from the
nucleus:
T =a(l+e}=(529x10") x (1+ 020)=(5.29 x 10") x1.20 =6.348 x 10 "' m
‘Example 33 The cablc of a suspension bridge is parabolic. The roadway is 10 m,
below the lowest point of the cable. The span of the bridge is 200 m, and the tops of
the piers are 50 m above the roadway. Find the equation of the parabola. If the load is
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supported by vertical chains at intervals of 10 m,
find the length of the chain that is 20 m away
from either pier.
Solution: Let B4AC be the cable, A(O, 0) the
origin at the lowest point of the cable (vertex of
the parabola), and DE be the roadway.
Taking Ax as the x-axis, the parabola opens
upwards with vertex at (0, 0) and its equation is
of the form:

x* =4ay .1}
Since HB=100 m and AH =50-10=40m, the coordinatés of B are {100, 40)
which lie on (1).
Therefore, (100)* =4a(40) = 10000 =4a(40)
4a=220% _ 550,

40

Hence equation of the parabola is x* =250y 2 (2)
If PR be the chain at a distance 20 m from the pierBE, then

AQ=100-20=80m
Since P(80,P() lies on (2), (80)*=250-PQ" = 6400=250-PQ

6400
_ 6400 .56
= P2=7% =

Thus, the required length.of the chain (= PR) is the vertical distance from the cable
to the roadway:

Length = PR=PQ+0R=25.6+10=35.6m.
Example 34, The moon revolves around Earth in an
elliptical-arbit, with the centre of Earth located at one
focus, The major and minor axis of the crbit have
lengths of 768,800 km and 767,600 km, respectively.
Find the greatest and least distances (the apogee and
perigee) from Earth’s centre to the moon’s centre,
Solution: Begin by solving for 4 and b:

2a=768,800 = a=1384,400 and 2b="767,600

= b5=1383,800
c=+a® - =./(384400)" - (383800)’
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= /147763360000 —147302440000

= /460920000
=21469.047 = 21469km
The greatest distance between the centre of Earth and the centre of the moon is
a+c ~ 384,400+ 21,469= 405,869 km
and the least distance is
a—c = 384,400-21,469=2362,931km.
Example 35 Satellite Orbit
The apogee {the point in orbit farthest from Earth} and the perigee (the point in
orbit closest to Earth) of an elliptical orbit of an Earth satellite.are given by 4 and
P, respectively. Show that the eccentricity of the orbitis e= j:i
Solutions Consider an elliptical orbit with Earth at one-focus. Let:
a = semi-major axis of the ellipse, ¢ = distance from‘the centre to each focus,

e= E = eccentricity

The perigee P is the closest distance from the satgllite to Earth. Since Earth is at
one focus, this distance occurs when the satellite is at the vertex nearest that
focus: P=a—c¢

The apogee A is the farthest distance ‘from the satellite to Earth. This

occurs when the satellite is at\the opposite vertex: 4d=a+c¢

A=a¥c
We have the system: {
P=a-c
. A+P
Add the two equations: 4+ P={a+c)+(a—-c)=2a = a=
Subtract the\sécond equation from the frst:
A-P=(a+0)~(a-)=2e ==L
By definition, eccentricity is: fim s
a
A-P
Substitute th jons for cand a: g=—2——=4"%
ubs ¢ expressions for ¢ ae=—7pr— = P
2
Thus, the eccentricity e of the elliptical orbit is given by: e= j_i
+
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Remark
* This formula holds for any elliptical orbit where the central body is at one
focus
Example 36 A cross-section of a parabolic reflector is
shown in the figure. The bulb is located at the focus and
the opening at the focus is 20 cm.
(a)  Find an equation of the parabola.
(b)  Find the diameter of the opening |CD|, 20 cm
from the vertex.
Solution: From Figure description:
= Cross-section of a parabolic reflector is a parabola
+ The bulb is at the focus F
+ The opening at the focus is 20 cm Figure 6.33
This means the width perpendicular to the axis at the focus is 20 cm
* 10 ¢m appears on each side of the axis in the diagtam at the focus level
* Take vertex at the origin, axis horizontal (opening to the right)
Thus, the standard form is: y* = 4ar
where 4a=|A.B|= length of latus rectum = 20

Equation of patabola is y* = 20
20 cm from vertex means x= 20 (since vertex at origin, axis along x-axis)
From y* =20x: At x=20% y*=20x20=400 = y =120
Half-width =20 cm
Diameter |CD]=2(20} =40 cm.
Example 37 A parabolic flashlight reflector has the shape given by the equation:
x=%y"
where should the lightbulb be placed so that the reflected rays emerge parallel to the

axis?

Solution: The equation is given as: x =2—1{)y2 = y* =20x

This is a parabola that opens to the right with its vertex at the origin (0, 0).
The standard form of a parabola opening to the right is: ¥* = 4ax

where:

s g is the distance from the vertex to the focus

s The focus is at (a, 0)

s The directrix is the vertical line x=—«a
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Compare y* =20x with y* =4ax: 43=20 = g=5

For a parabola y* = 4ax, the focus is at (a, 0)

Substituting & = 5: Focus = (5, 0)

The lightbulb should be placed at the focus of the parabola. By the reflective
property of parabolas, any light ray emitted from the focus will reflect off
the parabolic surface and travel outward parallel to the axis (the x-axis).
Thus, the bulb should be located at: (5, 0).

Remark:
The reflective property ensures that light from the focus reflects parallel to the axis, a
principle used in flashlights, headlights, and satellite dishes.

¥ EXERCISE 6.6 _§

1. A comet has a parabolic orbit with the Sun at the focus. When the comet is 100
millien km from the Sun, the line joining the Sun.and the comet makes an angle
of 60° with the axis of the parabola. How close-will the comet get to the sun?

2. Find an equation of the parabola formed by the cables of a suspensicn bridge
whose span is (m and the vertical height'of the supporting towers is Am.

3. A parabolic arch has 120 m base and‘height 25 m. Find the height of the arch at a
point 42 m from the centre of the base.

4. An athletic field features an-clliptical-minning track. The track is 120 meters
long along its major axis and 80 meters wide along its minor axis.

(a) Find the distance from the centre to each focus of the ellipse.

(b} If two water fountains are-placed at the foci, how far apart are they?

5. A landscaper wants to create an elliptical flower bed with a major axis of 10
meters and a minor axis of 6 meters. Using the gardener's method, two stakes
arc placed at the foci, and a loop of string is stretched around them to trace the
ellipse:

(a) - How far apart ghould the two stakes be placed?

(b) What should be the total length of the string loop?

6. An architect designs a bridge with an elliptical arch. The arch has a span (width)
of 24 meters and a height of 8 meters. The ellipse is centred at the origin with
the major axis horizontal.

(a) Write the equation of the ellipse representing the arch.

(b) A boat needs to pass under the bridge. The boat is 6 meters wide. What is
the maximum height of the boat that can pass through the arch if it must
stay centred?

7. In the Bohr—Sommerfeld model, an clectron moves in an elliptical orbit around
a nucleus. For a hydrogen atom, the square of the orbital period T is proportional
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10.

11.

to the cube of the semi-major axis a.
Consider an electron I an elliptical orbit with & semi-major axis

a = 2.12 x 107" m and an eccentricity e= 0.30. The constant of proportionality

for hydrogen is & =2.96 x 10°s*/m’.

(a} Determine the distance between the nucleus (at one focus) and the centre
of the ellipse. (b) Calculate the orbital period T of the electron.

(¢) Find the maximum and minimum distances of the electron from the
nucleus during its orbit.

LORAN (long distance radic navigation) for aircraftand ships uses

synchronized pulses transmitted by widely separated transmitting stations.

These pulses travel at the speed of light (186,000-miles per second). The

difference in the times of arrival of these pulses atan aircraft or ship is constant

on a hyperbola having the transmitting stationstas.foci.

Assume that two stations, 500 miles apart,-are positioned on a rectangular

coordinate system at (—250, 0) and (250,.0) and that a ship is fraveling on a

path with coordinates (x,120) (a horizontal line 120 miles above the x-axis).

Find the x-coordinate of the position of the ship when the time difference

between the pulses from the tansmitting stations is 1200 microseconds

(0.0008 second).

A satellite orbits Earth.in an elliptical path. The apogee (farthest distance
from Earth) is A = 42000 ko, and the perigee (closest distance to EBarth) is
P=30000 km.

(a) Find the semi-major axis a of the orbit.

(b) Find the digtance from the centre to each focus c.

(¢) Calculate the eccentricity e of the orbit,

The-cnd towers of a suspension bridge are 100 meters high and 540 meters
apart. The suspension cable hangs from the top of the towers in the form of a
parabola and the lowest point of the cable is 25 meters above the horizontal
road. Find the length of the supporting vertical cable at a horizontal distance of
81 meters from the centre of the bridge.

An architectural arch ig built in the shape of the upper half of an ellipse with
semi-major axis 8 meters and semi-minor axis 5 meters. A horizontal beam is to
be placed across the arch at a height where the width of the arch ig exactly 10
meters. Calculate the exact height above ground level where this beam should
be installed.
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Kinematics w

INTRODUCTION

Kinematics is the branch of mechanics that describes the motion of objects without
considering the canses of motion. In this unit, we will explore how objects move along
8 straight line by studying key physical quantities such as displacemént,.velocity, and
acceleration, Through sketching and interpreting displacement—time and velocity—time
graphs, we will develop a visual understanding of motion. Thewimit also introduces the
use of rates of change to analyze how displacement, veloeity,"and acceleration vary
over time. Using differentiation and integration with respect to time, we will solve
simple problems related to motion. For situations involving constant acceleration, we
will apply appropriate kinematic formulae to determine unknown quantities. Finally,
the concepts lcamned will be applied to real-life sitnations, such as the motion of
vehicles, free fall, vertical projectile motion;’ relative_motion, and the creation of
realistic movement in animation.
7.1 Rectilinear Motion
The motion of a particle along a straight line is called rectilinear motion.
7.1.1  Scalars
Scalar quantitics are those-that are completely described by magnitude only (size or
numerical value). Scalars'do not have direction.
Examples:
e Distance: Total length of the path travelled, regardless of direction.
» Speed: Rate at which distance is covered per umit time, irrespective of directicn.
7.1.2 Vectors
Vector quantities arc described by both magnitude and direction.
Examples: « Displacement: Displacement is change in position of a particle
represented by a vector from initial to final position.
= Velocity: Rate of change of displacement with respect to time in a
specified direction (i.c., speed in a given direction). It is vector
quantity and its magnitude gives speed.
*  Acceleration: Rate of change of velocity with respect to time,
including direction.
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7.1.3 Displacement, Average Velocity and Acceleration
When a particle undergoes rectilinear motion, its displacement, velocity, and
acceleration can have only one of two possible directions, along the line of motion.
In such cases, we do not use arrows or other vector symbols to represent direction;
instead, we use positive and negative signs to indicate it:
. Ong direction along the line is taken as positive.
. The opposite direction is taken as negative.
This simplifies the representation of displacement, velocity, and acceleration in
rectilinear motion,
Average Velocity: The average velocity v of an object is defined as the total
displacement divided by the total time taken:
Total displacement
Total Time
Average Speed: The average speed of an object is § Recall!
defined as the total distance travelled divided by the ]fabodygomand back |
total time taken: to the starting position,
Total distance travelled :
A =
Ve Rpeed Total Timé |
Example 1 A man walks 100 meters@ast inn 2 mimutes,
then turns aroumd and walks 60 meters west in(l minute. Find his speed and velocity.
Solution: Total distance = 100 4+ 60 = 160 meters
Totdhtime =2 +'1 =3 minutes
Total distance travelled 160 :
A Speed = : = = 53.3 meters/
verRge Spe Total Time 3 i
Taking east as positive and west as negative:
Displacement eastward x, = 100 meters
Displacement westward x, =— 60 meters
Total displacement = x, + x, = 100 — 60 = 40 meters
_ ... _ Total displacement _ 40 g
Ve Average velocity = ol T —? =13.33 meters/min (castward)
Instantaneous Velocity: The instantaneous velocity is the rate of change of
displacement with respect to time at a given instant. If x{f) is the displacement of a
particle at any time ¢, then instantaneous velocity wf) at any time ¢ is given by:

Instantaneous Speed: Instantancous speed is the magnitude of instantaneous velocity:
Instantaneous speed = [w(r)|= |dx|

= Average velocity =

VWS
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Example 2 Let x{(f) = £ — 6° be the position of a particle moving along a straight line
at any time £, where x is in meters and ¢ is in seconds. Find the velocity and the speed
of the particle at any time £ and at # =1 second.
Solution: Given: x(f) = £ — 68
Differentiate with respect to #:
2 32— 12t
at
Therefore, the velocity at any time #is: | Speed at any time ¢ is:

Wi =312t ws#E) Speed = WA =37 - 128 ... (D)
Substitute £= 1 into equations (1) and (2):

(1) = 3 — 12 = -2 meter/second and Speed = |W1)|=|~9/ =9 m/s

Acceleration: Rate of change of velocity with respect to time is called acceleration. If
w{) is velocity of a particle at any time £, then its acceleration a(f) is given by:

a(?)= %

Sincev=%,theaboveexpressionmalmb¢wﬂuenas:

dv~d fdc (dx

0~ RGP

If velocity v of the particle is given as'a funchon of displacement x:
Using the Chain Rule:

d
(v()) dxdf

; dx
But =—, ;
gince v & we get

a=v—

dx
Units of Acceleration: If displacement is measured in meters and time is in secends,
then unit of acceleration is meters per second square i.e m/s.
7.14  Displacement-Time Graph
Displacement-time graphs are important tools in kinematics, because they provide
# visual representation of an object's motion. Here's why we discuss them:
. They give a clear picture of how an object’s position changes over time.
. They help us easily determine whether an object is moving, stationary or
accclerating.
In & displacement-time graph, the displacement x is plotted on the y-sxdis, and time £
is plotted on the x-axis,
) J
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Key Features of a Displacement-Time Graph
Slope of the graph = [%} , Tepresents velocity of the particle.

¢ [fvelocity is uniform i.e.,
y= % = Slope of the graph = constant,
the displacement-time graph is a straight line.

o va=% = 0, the particle is at rest and the

displacement-time graph is a horizontal line,
which reflects that displacement remains
constant with time. In Figure 7.1, the particle is
at rest from point B to point C.

moves forward, and the displaceméent- .
time graph is a rising straight line; that | ™
is, displacement increases.- h§ -time
increases. In Figure 7.1, the particle is moving with positive uniform velocity
from point 4 to point A,

o va=%—consmnt<0 the particle moves in the opposite direction, and the

displacement time. graph-is»a falling straight line; that is, displacement
decreases as titng increases. In Figure 7.1, the particle is moving with uniform
negative veloeity from point C to point D.

Example 3 A cyclist rides

in a straight line for 20 E? |

mimutes.~He then stops and | % 5 |

waits for 30 mimutes, after |24 4

which he returns in a straight gg \
line to the starting point in 10 1

minutes. Figure 7.2 shows 2' 0 1 2

the displacement-time graph l(millllhl)

for his journey. Figure 7.2

(a) Calculate the average velocity for each stage of the journey in km/h.
(b} Calculate the average velocity for the whole journey.
(¢) Find the average speed for the whole journey.
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Solution: (a) Journey from O to A:
Time = 20 mins, displacement = 4 km
4 1

Average velooity = D“?r"‘m"“‘m = 2= = ka/min =12 knvh

Joumey from A to B:
Time=30mins,displacement=0km
Displacment
Time 30
=0x60=0km/h = _object is stationary.

Average velocity = — ={ km/min

Journey from B to C:
Time = 10 mins, displacement =— 4 km
Displacment _ 4 _ 2 A\ 24 km/h
Time 10 5
(b) The displacement for the whole journe¥ is 0, so average velocity is also 0.
(¢} Totaltime=60mins=1h ; Totaldistance=4+4=8 kin
Total distance’, /8

Avemgespeed—m=—hnfh =8 km/h

Average velocity =

Example 4 Javed drives from-his home to i

Murree. He drives for 2 hours\at an avérage
velocity of 50 km/h, He then stopsifor-lunch
before continuing journey to Murree. Figure 7.3
shows a displacement-time graph for his
journey.,
(a) Work' out the displacement of
Murree from Javed’s home. : t
(b} Work out his average velocity for Time(hours)

b O B A O =D OB D,

o | Displacement (lom)

=
-
o
L% ]

his whole jommey. Figure 73

Solution: (a) Joumey from O to A:
Time = 2 h ; average velocity = 50 km/h
Displacement
Time

0= Displacement

2
Displacement = 50 x 2 =100 km

27 )
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Scale on vertical axis from graph:
6 units = 100 km
So, 1 yni =E=5—:km
Journey from B to C:
vertical rise = 2 umits
Displacement =2 x %:Ekm

3
Total displacement of Murree from Javed’s home = 1oo+%

% =133.3km
(b) Average velocity:
Time = 2 h (first drive) + 1 h{lunch stop) + 1 h{sécond drive)=4 h
Total displacement = 133.3 km
Average velocity = hade 3: o

= 33.33 km/h

7.1.5  Velocity-Time Graph
Velocity-time-graph helps us visually understand how the velocity of an object changes
with time. It is used to:

*  Analyze uniform of non=umiform motion

»  Determine aceeleration *  Calculate displacement

=  Study motion in different time intervals clearly and effectively
In a velocity-time graph, the velocity (v} is plotted on the y-axis, and time (7} is plotted
on the x-axis,
Key Features of Velocity-Time Graph

1. Slope of the graph % , Iepresents acceleration of the particle.

e If a particle is moving with constant acceleration, its velocity-time graph is a
straipht line.
o If a=%=ﬂ, the velocity-time graph is a

horizontal straight line. In Figure 7.4, the
particle is moving with uniform wvelocity
from point B to point C.
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0 I.fa=%= constant > 0,

the velocity of the particle

is increasing with increase

in time, and the velocity-

time graph is a rising straight line. In Figure 7.4, the particle is moving with
positive uniform acceleration from point A to point B,

o Ifa= %= constant < 0, the velocity of the particle decreases-with increase

in time, and the velocity-time graph is a falling (4%
straight line. In Figure 7.4, the particle is moving

with uniform negative acceleration (retardation)
from point C to point D.

e Ifa particle is moving with variable acceleration, then its

velocity-time graph is not a straight line..(See Figure 7.5) Figure 7.5

2. If A is the area under the velocity-time graph and‘above the time-axis from 7 =4
to ¢ = iz, then from integral calcylus:

t

t, e _
A= J'V(;)dg k Recall!
2 If v = f(x) = 0 for 2 = x = b, then the area under
the eurve y = f(x), sbove the x-axis, and between
b
Since v=%, ﬂleverﬁcallinnsx=a,x=bisequaltnjlydr.
we have:
b f
dx
4= =t = [ =x(t) - 1))
L} dt L
Thus, A = displacement of the particle during the time interval from #, to #,.

= 7 N

Ay

If velocity-time graph lies both above and

below the time axis, and A4, is area above time /m .
3

axig and graph, while A, is the area below time 4 /
axis and graph, then:(see figure 7.6)

Displacement = 4, -4, Figure 7.6

Distance =4,+4,

r

@ )




Unit-7 Kinematics Mathematics-12
Example 5 Figure 7.7 is the velocity-time graph | 4
for a cyclist traveling in a straight line. (The time |6 4
is in minutes and velocity is in meters per minute).

=

(8 Calculate the total displacement of the |*
cyclist from his starting position at the |2
end of the 12 minutes. 2]
(b) Determine the uniform deceleration |9 2
during the final 4 minutes of motion,

Solution: Let x be the total displacement.

The digplacement is equal to the area under the velocity—time graph, which is the area
of trapezium OABC:

x = Area of trapezium O4ABC = %(a+ b)h ...({1)

Where
a = length of lower side OC =12, A tapde;umlmfetmpemlfga:sha:
b= length of upper side 48 = 8, and s B At

h = 6 (vertical distance between OC afid 4B ) }ﬂdes.lfaanflbmthnlqngﬂm
Substitute the values of 4, b and / irfio equation (1); | oF parael sides and & 7 Cue
x=%(12+8)x6=60metcrs foer han fhe Bros s grren. -

Aich #%(a+b).x’ﬁ

{(b) Let a be the acceleration during-the final 4 | >
minutes of motion, then!
= 0-6
o f BC = ——
a = slope-o T
2B s
4 2

Example 6 Ali drives a car 400 km in a straight line. Figure 7.8
is a skefch of the velocity- titme graph representing his motion.
All starts with a velocity of u kin/h and accelerates to a velocity of
70 km/h in 3 hours. He then maintains his velocity for 3 hours,

after which he slows down uniformly to rest over the next %

hour. Find:

() The value of 4
(b) The acceleration of Ali during the first 3 hours of his drive.

=) )
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Solution: (a) Given that the total displacement is 400 km.
Since the displacement is the area under the velocity-time graph:
400 = arca of trapezium OABE + area of trapezium BCDE

400 = %o{ahﬁv}x;ﬁl+%(.'.:+.‘:1')>-:h1 vy
Where: a=|04|=u b=|BE|=70 h =|0E|=3
c=|BC|=6-3=3  d=|ED|=65-3=35 hy=b =70

Substitute these values into equation (1):
400 =%{u+70)x3+%(3 +3.5)%70

=%(3u+210+455)

1
=—(3u+ 66
> (3u-+665)

3u=135 = u=% =45km /h
(b) Let a be the acceleration during the(first 3 hours of his drive:
Lol
a=glope of AB=— ...(B
| 4F |
Where |BF| = |BE|- |EF|=T0—u, = |BF|=T70—-45=25, |AF|=|0E|=3
Substitute |BF| = 25 and | 4X| >3 into'equation (1):
o= % = 8.33 km/h?

7.1.6 Motion with Constant Acceleration
To study the motion of a particle moving with constant acceleration, we consider four
quantities:displacement, time, velocity, and acceleration. Usually, some of these
quantities are known and the remaining are to be determined. To relate these quantities,
we use the equations of motion. Suppose a particle moves along a straight line with
constant acceleration a. At time ¢ = {, the particle is at point O (i.e, x = 0) and has initial
velocity . Since acceleration is the instantaneous rate of change in velocity with
respect to time, we have:

dv

—=a = dv=adt

7 a
Integrating both sides:

fdv = jadt
v=at + ¢ (where c is the constant of integration) (1)

@y )
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Using the initial condition v = & at ¢ = 0, substitute into equation (1):
u=0+c = c=u
Substitute back into equation (1):
v=u-+at sl 2
Since velocity is the instantaneous rate of change of displacement with respect to time:

V= %:}%=u+a¢=>dx=(u+at)dt

Integrating both sides:
fabc = [(u + at)elt

Jc=t|tr+a§+¢:l ...(3)

Using the initial condition x = 0 at £ =9, substitute into equation (3):
0=0+0+¢ = ¢=90
Substitute back into equation (3):

Fu %axz (4

Now from equation (2):
I — u

a
Substitute this into equation (4).10 eliminate ¢:

[v—u] 1 [v—u]z
x=ul <P —ag| >—
Fri 2 a

Onsimplification, we get:
2ax=y — ..(5)
The three equations of motion for a particle moving with constant acceleration are:
e v=u+at . Jc=mf+%.'.1t2 ¢ 2ar=vV -4t

These equations are frequently used to describe and analyze the motion of a particle
under constant acceleration,
Example 7 A car starts from rest and accelerates uniformly at 3 m/s%. Find the velocity
of the car after 5 seconds.
Selution: Given that =0 (car stats from rest) a = 3m/s%, ¢t = 5.
Tofindv, weusev=u+af
By substituting the values of u, g and ¢, we get:
v=0+3x5=15m/s.

] )
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Example 8 A car accelerates from 10 m/s to 30 m/s in 4 seconds. Find the distance
covered during this time.,
Solution: Given that v=30mA,u=10ms, =43
First, we find its acceleration, using:
vy=u-+at
Substitute the known values: 30=10+ax4

=4a=20 = a=%=5m."s2

To find distance x, we use
2ax =V - .. (D
By substituting the values of &, g and v in (1), we get:

2x5x=30% —10° =800 = x=%=80m¢t¢rs

Example 9 Find the position and the velocity of a particle moving along a straight
line at any time 7 seconds, given that it starts from rest-at # =0 and is subject to an
acceleration a(t)=1*+cost,

Solution: Given: a(7)=¢" +cost

dv . -
E=rz+cost$ dv=(tz+cosr)dr=> Idv=j(fz+°°“)df -a{t)=

&8

v(t)=%t’ +Eins +¢

Using the initial condition v=0 at #<=0:
0=0+0+c = c=0

So, v(r)=%r3 +3in?

Also,% =%r" Ysing=> fa‘x=f(%t’ +sint)dt -y =%

x(r)=$!‘4 —cosi+¢

Assuming x=0 at =0

0=0-1+¢=>¢=1 So, x(r)=$r‘ —cost+1

Example 10 The acceleration (in m/s*) of a particle is given by a(f) = cos £ + sin ¢.

Given that the velocity is 2 m/s at £ =0, find the expression for velocity (7).
Solution: Given: a(f) =cos £+ gin ¢

) )
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%:mﬁsint:ﬁdvﬂ(msfﬂiﬂf)‘# va(f)=

B[ &

v(t)=sint—cost+c
Using initial condition v=2 at t=0: 2=0-1+c=> ¢=3
So, v(f)=sinf-cost+3
7.1.7 Motion of a Free Particle Moving Along a Vertical Line
When a particle moves under the influence of gravity alone and air resistance is
neglected, the motion is called free fall or free vertical motion. This motion takes place
along a vertical straipht line, either upward or downward. The acceleration due to
gravity is denoted by g and is approximately:

g#9.8 m/s?

If a particle is projected upward, its velocity decreases yniformly due to gravity and
becomes zero at the highest point. If the particle moves downward, it accclerates

toward the ground at the rate g. The equations of motion for constant acceleration can
also be used in vertical motion,

Example 11 (Free Fall from Rest) | Example 12 (Upward Throw)
A stone is dropped from the top of a{/A ball isthrown vertically upward with
tower 45 m high_ Find the time taken 16 as'pcedof‘ZOmfs.Find‘ the maximum
reach the groumd and the final velacity hmgmm?dthemmmhﬂm
gl RO ) Solution: Given: u=20 m/s, v=0m/s (at top),
Solution: Given: u=0,x=45'm, a=g=-9.8 m/s?
a=g=9.8 m/s® Use the equation of motion:
Use the equation of motion: v=u+at
By substituting the values of u, vand g,
x=ut+ %m" w}er get: g
] 0=20+(-9.8y
Substitute values: 45 =0+ = (9.8)2 e % ~7.04 g
Solve for £: To find maximum height, use the
i ’45x2 ~3.03 ¢ equation of motion: 1
9.8 x=ut+ = at
To find the final veloci i
ﬂlo -IE . APOSR)an IIpACSIe By substituting the values of i, f and g,
e equation:
we got:
v=u+gt 1
Substitute the known values: x=20x2.04 + 3 (-9.8)(2.047
v=0+98x303 ~29.7m/s ~20.4 m

=] )
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1. Kamran covers 100 km in the first 2 hours, stops for 1hour,
and then drives 60 km in the next 3 howrs. The
displacement-time graph is shown in Figure 7.9.

(a) What is Kamran’s average velocity?

Y

(b) What is his velocity during the last phase of the )
joumney? P orgu chotray |
2. The displacement-time graph of a moving car is shown in Figure 7.9

Fig. 7.10. The car changes its direction during the
journey, and its motion occurs in three distinct
phases.
(a) What is the car's velecity in each phase?
(b) When did the car pass its starting point
again? i

(c) What is the total distance travelled? | o} ]
(d) What is the average velocity? Figure 7.10

3. Figure 7.11 is the velocity-time graph-of Aslam’s motion as he runs along a
straight track.

For the first 5 seconds, he accélerdtes unifortaly from ‘i ‘?
rest to a velocity of 8 m/s! He then ‘maintains this : i
velocity for a further 8 seconds. Find: :
(a) The rate at which ‘Aslam decelerates. i ;
(b) The displacemént from\the starting point of 5 1'3‘:;;

Aslam aftet/13 seconds. Figure 7.11
4, A caris travelling along a straight road. At £ = 0 seconds, the car passes a point 4
with a velocity of 12 m/s, and this velocity is maintained up to £ = 35 seconds.
The driver then applies the brakes, and the car decelerates uniformly, coming to
rest at the point B at £ = 40 seconds.
(a) Sketch a velocity—{ime graph to illustrate the motion of the car.
(b) Find the displacement from A4 to B. v
5.  Figure 7.12 shows the velocity—time graph of | 4|
an object moving in a straight line over a
12-gecond time interval.
(a) At what time did the object change its | 0 b5 N [ A
direction of motion? 7 - T, S
(b) Calculate the total distance travelled and Figure 7.12
the displacement of the object during the 12 seconds.

@3 )
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6.

10.

11.

12,

13.

A vehicle moving with a speed of 36 km/h is stopped by applying brakes and

comes to rest in 10 seconds. Find the retardation and distance covered during this

time.

A train moving at 54 km/h is accelerated umiformty to 90 kim/h in 20 5. Find the

acceleration and the distance covered in this time.

A particle moving in a straight line starts from rest and is accelerated uniformly

to attain a velocity of 30 km/h in 5 seconds, Find the distance travelled by the

particle in the last three seconds.

A particle is projected vertically upwards with a velocity 100 m/s, and another is

let fall from a height of 200 m at the same time. Find the height of the point where

they meet each other.

A ball is thrown vertically upward with a velocity of 2(0m/s. Find, the maximum

height reached, and the time taken to return to the thrower’s hand.

A rock is dropped from a cliff, One second later; another rock is dropped from the

same height.

(a) What ig the distance between the/two rocks 2 seconds after the first rock is
dropped?

(b) At what time will the distanice between'them be 14.7 m?

The acceleration of a particledsya(#) =$ for ¢ = 0. If the velocity is 0 m/s when

=0, find the velocity atr= 5 seconds.
The motion of a robotic arm moving along a straight track is described by
the velocity fimction

W)=6+t— ¢
where wW(£) is in meters per second and ¢ is the time in seconds, valid for
0 < ¢t £ 5.Find the distance travelled by the arm,
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Numerical Solutions of
Nonlinear Equations

T

INTRODUCTION

Nonlinear equations, where variableg appear with powers exceeding one or within
trigonometric, exponential, or logarithmic functions, are ubiquitous in mathematics,
science, and engineering, Since most such equations resist exact algebraic solutions,
numerical techniques are essential for approximating their real ro6ts. The Graphical
Method offers a visual foundation by plotting functions .and_identifying x-axis
intersections. More sophisticated numerical methods—the Bisection Method, Regula-
Falsi Method, and Newton-Raphson Method—systematically refine approximations to
achieve desired accuracy through iterative procedures grounded in function continuity
and the intermediate value theorem, This unit ‘explores solution techmiques for
nonlinear equations and introduces the Trapezium Rule, a numerical integration
method for estimating definite integrals when analytical integration is impractical.
Beyond theoretical importance, these methods have substantial practical applications
in determining chemical equilibrium jconcentrations, regulating cardiac rhythms,
analyzing nonlincar electronic cifeuits with diodes and transistors, and solving
cryptographic problems.

8.1 Basic Principles ‘of Approximating Real Roots of

Nonlinear Equations [ 1 lyred=+—4
Before learning methods to find roots of AF
nonlinear equations, it is important fto 4

understand somg hasic definitions. A root (or
zero) of a furetion y = f(x) is a value of x for
which y-=10: In other words, a root is the
solution of the equation f(x) = 0. Since the
equation y = 0 represents the x-axis and a
root is a common solution of the equations y =
Jix) and y = 0, the geometric representation
of a root of the function y =f(x) is the point on
the Cartesian plane where the graph of the
function intersects the x-axis. For example,
if f)=2—4thenf(x)=0 = ¥*—-4=0

= x=2o0rx=-2. 50, 2 and -2 are roots of the Figure 8.1

function (see Figure 8.1). A nonlinear equation is an equation of the form, y=f{x) =0,

@7 )
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where f (x)is not a linear function in the variable x, that is, f(x) cannot be expressed in
the form ax + & for some real numbers @ and b with ¢+=0. In such equations, the
veariable may appear with powers greater than one or inside trigonometric, exponential,
logarithmic or other nonlinear functions. For example:

i £-1=0 (i P+2&+5=0 (iii) x —cosx=0
Note that x=1 is a root of the cubic fimction y =x° —1 which can easily be found
analytically. Consider another cubic function y=x’+2x+5. This equation has an

exact root given by
5 f’?ﬂ? 5 ’70’7
x=Y—=+ |—+I—=—-,—
2 V108 2 Y108

which can be obtained analytically using algebraic methods(but the expression is
complicated and difficult to handle in practice. On the other-hand, its approximate root
(correct to two decimal places) x =—1.33 can easily be (obtained using graphical or
numerical methods. In fact, formulas for solving quadratic, cubic, and quartic equations
do exist but no general algebraic formula is available for quintic or higher-degree
polynomials. Therefore, numerical methods ane‘essential for finding approximate roots
in such cases. Before exploring these methods, we need to introduce a basic result
known as the Location of Root Theoreni {LRT).

8.1.1 Location of Root Theoréin (LRT)
Theorem: Let f be a real-valued function
which is continuous on a closed interval [ & 5] If
f(a)f(b)(ﬁ then f has.atleast onereal root ¢
in the open interval (a,.5).

Geometric Idea

The geometric idea of the Location of Root

Theorem (LRT) ‘comes from the behavior of a
continucus graph. If a finction is continuous on an

interval [a,5], its graph can be drawn without
lifting the pencil from the paper. Since
f(a)f(b)<0, the values of f(a) and f(b}
have opposite signs. Without logs of generality,
essume that /{a)<0 and f(5)>0. In this case
the point (a , £(«)) lies belowthe x-axisandthe | ¥
point (b ,f(b)) lies above the x-axis as shown in

Figure 8.2. Since f is continuous on [a 5], the graph can be drawn continuously

@39 )
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from the point {a, f(a)) to the point (&, f ()} without any jump or break, in
particular, at x -axis.

As the graph moves from below the x - axis to above the x - axis, it must cross the x -
axis at some point ¢ in the interval (s, b). At this point, f(c}=0. This shows that
¢ is a real root in the interval [a, ]. Hence at least cne real root of f must exist. We
call the interval [2,5] an interval of sign change for the function f, because the
function changes sign from negative to positive or vice versa.

Example 1 Show that the function f(x)=x*—200x—50 has at least two real roots
by finding its intervals of sign change.

Solution: The given function is f(x) = x" —200x—50

Continuity:

Note that, lj_:‘lelf(x) = ,‘11'_1.:3(1:4 -200x—50)=f(c) Yeell.

= f is continucus at every real number:
Interval of sign change:

At x=-3, f(—3}=81+600—50=631>0

At x=-2, f(-2)=16+400-50=366>0
By performing similar calculations, prepafe the following table,

x 3| 2]-1 0 1 2 3 4 5 6
S{x) | 631 | 366 | 151 —50.{-249 | —434 | 569 | 594 | —425 | 46
Sign

of f{x)
Note that, f(=1}f{0}<0. It means that, [1,0] is an interval of sign change for f.
Similarly, £(5) 7 (6) <0. Thus, [5, 6] is another interval of sign change. We have
shown two intervals of sign change for /. Since f is continuous on these intervals, it
has at least one real root in each interval of sign change.
8.2 Graphical Method for Approximating Real Roots
After learning the Location of Root Theorem {LRT), we can use a graphical method to
approximate roots of nonlinear equations. This method provides a visual way to locate
where a function crosses the x-axis.
The graphical method is mainly suitable for obtaining the root correct up to one or two
decimal places and is used to provide an initial estimate for numerical methods such as
the Bisection Method, Regula-Falsi Method, and Newton—Raphson Method.

@9 )
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Steps of Graphical Method:
1. Identify the intervel of sign change where f(a)- £() <0, if not provide.
2. Draw the graph of y= f(x) on xy -plane within the interval of sign change only.
3. Observe where the graph crosses the x -axis. Read the x-intercept visually to 1-2
decimal places.
Example 2 Find a root of the equation x —cesx =0 graphically, approximate to two
decimal places.
Solution: Let y=f(x)=x—cosx
Continuity:
Note that, f(c)=xli_£le1(x—oosx) Yee ld
=» fis continuous at every real number.
Identify interval of sign change:
Note that f(O) =0—cos0=-1<0 and f(l) =1—oos(1)=0.46>0 . Thus, [0,1] is the
interval of sign change and hence by LRT; & root lies'within this interval.

Draw the graph: I
Calculate some functional values uﬂr—
on some points inside the inteéryal | (ol '
[0, 1] as given in the following §-> 44 :
table. I o ]
x f 0.1 E
0.1 —0.90 : 3
0.2 0,78 % oY
0.3 .66 _02
0.4 —0.52 i
0.5 —0.38 .
0.6 —0.23 i
o) [
0.9 0.28 i
Draw the graph of y=x-cosx o
on the interval [0, 1] as shown in a1
Figure 8.3. 3

Figure 3.3
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Read the root: [ Not ]
It is clear from the figure, that the curve is crossing twhﬂe petforming caleulations WithJ

the x-axis at x=0.74. Hence, the required root | trigonometric equations, always keep
approximate to two decimal places is your calculator in radian mode.

¥ EXERCISE 8.1 _J

1. Find the real roots of the following functions correct to two decimal places using
the graphical method, within the specified interval of sign change.
(i) fE)=3x+sin(x)-€[0,1] () FfO)=x-x—10[1)2]
2. Find the real roots of the following fimctions correct to two'decimal places using
the graphical method, by finding some interval of sighi change.
@) fE=x'-x-1 (@) fE)=x¢-2 () [fE)=khE)-2
8.3 Numerical Methods for Solving Nonlinear Equations
To find roots accurate to two or mere decimal places, we need systematic numerical
methods. These methods use the concept/of intervals where the function changes sign
to progressively narrow down the root. In this settion, we will study three important
numerical techniques—Bisection ‘Method, ‘Regula-Falsi Method, and Newton—
Raphson Methed.
8.3.1 General Rule of Aceuracy; Yolerance
Before applying any numérical methdd for solving nonlinear equations, it is important
to decide the desired docuracy of the root. This is done using a tolerance value, which
determines how close the approximate root should be to the actual root to achieve the
required numberof decimal places.
Decide tolerance based on desired decimal places:
There are several methods to check the accuracy of a reot in numerical methods, such
as reducing the interval length and checking the function valye, In this chapter, we will
follow the function value criterion and consider the root accurate when | F(x)| is
sufficiently close to zero.
To get the required root ¢ of a function y = f{x} accurate up to » decimal places, we
set | (c) <1
Examples: *  For 2 decimal places (n=2): | f(c)| < 0.005 = 0.01
*  For 3 decimal places (m = 3): | f(c)| < 0.0005 =~ 0.001
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Calculator Setup
¢ To obtain a root correct to 1 decimal places, fix the calculator to at least n + 1
decimal places through all the intermediate calculations and round the final
answer to the required accuracy.
111} Use radian mode if trigonometric functions are involved. |

8.3 2 Bisection Method

The Bisection Method is a simple and reliable
numerical technique to find roots of nonlinear
equations in one variable. Tt is based on the
Location of Root Theorem (LRT): if a continuous
function f(x) changes sign over an interval [a, 5|
,thatis, f(a)f(®)<0, then at least onc root exists

within that interval. The method systematically Figure 8.4
halves the interval to narrow down the location of the root until the desired accuracy is
reached.
Steps of Bisection Method:
1. Check that continuity of fon [a, &].and the condition f{a) f{(&) <0.

a+b

2. Compute the midpoint; ¢ = N\S

3. Check the function vahue f{c):
» If| f(c)| = 0, then ¢ isthe desired root.
¢ Otherwise, determine the subinterval containing the root:
o Ef{a)f(c) <0, the root lics in [q, c]. Set b=c.
o [ff(e)- f(b) <0, the root lies in [c, b]. Seta=rc.
4. Repeat Steps)2-3 until | f(c)| is near zero.
[Note:|The Bisection method guarantees that, after a finite number of steps, there must]
lexists ¢ € Ja, B[ such that | (c)| = 0 up to the desired accuracy.
Example 3 Use bisection method to find & root of £(x) =x* — 3x — 10 within the interval
[2, 3] accurate up to two decimal places.
Solntion: Check Initial Interval and Continuaity:
Note that, f(c) =rli_E|‘}(.1:3 —-3x-10) Vece[2,3].
=> fis continaous on [2, 3].
Interval of sign change:
f2)=22-3(2)-10=-8<0,/3)=3-33)-10=8>0

Sign change occurs: f(2) /(3) <0 = root exists in (2, 3).

2 )
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Apply Bisection Method: (Intermediate values rounded to 4 decimal places)
Iteration 1: a=2,56=3

e=222=25, £(25)=15625-75-10=—1875<0
Since f(2.5)<0 and f(3)=8>0, the root lies in (2.5, 3} thus, consider a=c.
Tteration2; a=235,56=3, & ™
i A A In the iteration fable, the signs
I (2.75) 20.7969-825-10=2.5469>0 written inside s brackets along
PR : - with the valoes of 4, b and ¢
Root lies in {2.5,2.75) and so, consider b=¢. RNt T b e

Iteration 3:

§ negative of pogitive accordingly. )

25+2.75
e=—"""

a=2.5,b=2.75, =2.625

j (2.625) =18.087-7.875-10=0212>0
Root lies in(2.5, 2.625) and so, set b=c.

Continuing the same process, similar calcylations are' performed for the next iterations.
The results are summarized in the following table.

Iteration a ,-\bo ‘ A{%@ f(e) | Newinterval
1 2(2) 3N 250() | -1.875 [2.5,3]
2 2.5 3 2758 2.547 [2.5,2.75]
3 35| 275()| 2625 0212 [2.5,2.625]
4 25()| 2625(+)| 2.5625()|-0.8611 | [2.5625,2.625]
5 [25625()| 2625(+)| 2.5938()|-0.3308 | [2.5938,2.625]
6 [25938()| 2.625(+)| 26094 ()| -0.0609 | [2.6094,2.625]
7 2609400 2625(+)| 26172(H)| 00755 | [2.6094,2.6172]
8 [26094(0)| 26172(0) | 2.6133(H | 0.0072 Stop

Approximate Root: | £(2.6133) = 0.0072 =~ 0.01

Final Root:

x = 2.61 (correct to 2 decimal places)

@3
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8.3.3 Regula-Falsi Method (False Position Method)

The Regula-Falsi Method (False Position) is a numerical method used to find a real
root of a nonlinear equation f{x) = 0. Like bisection method, this method also based
directly on the Location of Root Theorem (LRT). Suppose the function y = f(x) is
continuous on an imterval [a, b] A _ . 7
and f(a) f(5) < 0 , then there exists ol [/ SesantLine
at least one root in (a, &). Without
loss of generality, we assume that
f(a) < 0 and f(5) > 0. The idea of
Regula-Falsi is to approximate
the root by drawing a straight line
through the points (a, f(a)) and
(b, f(b)) (called secant line) and
finding where this line crosses the
x-axig. This intersection is used
often as a better approximation of
the root than the gimple midpoint

c=a—-|2-b used in the Bisection w

Figure 8.5

Method (see Figure 8.5).
Slope of the secant ling passing ‘trough the points (a,f(a)) and (5,£(b)) is

w Thus, th# équation of secant line is given by:

e fajd (b) f(ﬂ)(x <5)

For the X-intercepts of the secant line, we substitute y =0 and x=c in the above
equation to get:
f{a)(6-a)

f(b)-f(a)
On simplifying:
_d(5)-b(a)
f(2)-1{a)
Steps of the Regula-Falsi Method:
1. Check that continuity of fon [a, 5] and the condition f{(a) f(5) < 0.

24 )
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2. Compute the value of ¢ using the Regula-Falsi [ )
formula; The Regula-Falsi method
hY— guaraniees that, after a
G=M finite mumber of steps,
f(b)_f(“) there exists some ¢ € (@, )
3. Check the function value f{c): ?l:lemf (c} = 0 upto

- o : : € BCCUTACY,

If |f(c?| 0, thencu.; the desu'edmot: A

o Otherwise, determine the subinterval | han the bisection method.

containing the root:
c Iff{a)- f(c) <0, the root lies in (a, c). Set b =c.
o Ifflc)- f(b) <0, the root lies in (¢, b). Set a=¢.
4. Repeat Steps 2-3 until | f(c)| is less than the desired-tol¢rance.
Example 4 Use Regula-Falsi method to find a root of {{(x) = x° — 3x — 10 within the
interval [2, 3] accurate up to two decimal places.
Solution: We set a = 2, b =3 and apply the Regula-Falsi Formmula;
f(2)=—=8<0and f(3)=8>0 = fhasarootin(2,3)
Continuity: Note that, f({c)= }i_{:cl(x’ <3x=10) ¥c'e[2,3].

= fis continuous on [2, 3].
a (8- (a)
7(6)-f{a)
Iterations (Intermedigigd decinials)
Iteration 1: a=2,5=3
F@=fQ)=255(2)-10=-8<0
FB=fBr53-3(3)-10=8>0
LB -b@)_2X®-GNB _,
JB)—f(a) &8
FO=F2.5) = (250 — 32.5) — 10=—1.8750 < 0
Since £(2.5) f(3) <0, root lies in the interval (2.5, 3).
Iteration 2: Now, =235, 5=3
fl@)=f(2.5)=-18750<0, F(B)=f(3)=8>0
_af(B)—bf(a) _(2.5¥8)—(3)(-1.875) _
“rO-—r@  ®-Clsmy T
fle) = f(2.5948) = 0.3119 <0
Since £(2.5949) £(3) < 0, root lies in the interval (2.5949, 3).

] )

Regula-Falsi Formula: ¢ =
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Tteration 3: Now we take, ¢ =2.5949,5=3
fla)= £(2.5949)=-03119<0, f(B)= f(3)=8>0
_dO-b (@) _(2.5949)®) -G)(03119) _, .,
f&)—f(a) (8)-(-0.3115)
f£)= £(2.6101)=—0.0487 < 0
Since f(2.6101)£(3) <0, root lies in the interval (2.6101, 3).
Iteration 4: Take, a=2.6101, =3
fla)= f(2.6101) =—0.0487 <0, f(B)=f(3)=8>0
T O)-b (@) _ 2.610D(8)-(B)-0.048T) _, . .
f®&)-f@ (8)-(-0.0487)
Fle)= £(2.6125)=—0.0068 <0
Since | £(2.6125)| =|-0.0068| = 0.0068 = 0.01 =>2.6125is a root.

Final Root: |x = 2.61 (correct to 2 decimal places)|

8.3.4 Newton—Raphson Method

The Newton—Raphson Method is a numerical methodused to find an approximate real
root of a nonlinear equation f(x) = 0. This method works by drawing a tangent to the
curve y = f(x) at a point near the roet and using the point where this tangent crosses the
Xx-axis a8 a better approximation of the rogt” The initial guess chosen is based on a
sign-change interval.

Since this method requires thie funetion to
be differentiable (having’ a slope of
tangent), it usuallyCreaches a good
approximation faster than the Bisection or
Regula-Falsi methods. The derivative of f
should not.be-zero near the root. This
method does not rely directly on the
Location of Root Theorem (LRT).
Suppose x, is an initial guess for the root

of f(x)=0, where:
1.  fis differentiable near x,, and
2. f'(x)#0 nearx,.

The slope of the tangent line to the curve y = f(x) at the point (x,, £(x,)) is given
by f"(x,). Draw a tangent to the curve at this point (see Figure 8.6).
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The equation of the tangent line is:
y=f(%)=1(x%)x-x)
This tangent intersects the x-axis at x = x,. Substituting =0 and x=ux, gives:
0—F(%)=r"(%)x—x)
Solving for x, :
iCY)
TN )
Similarly, if we draw a tangent at x = x, , its x -intercept x, is:
S
AT ()
Repeating this process produces a sequence of x-intercepts:
=% —ﬂﬁl,n=0,l,2,..., Fix)=0

II'H- ] P
()
This is the Newton—Raphson formula, uséd to approximate the root of f(x)=0
iteratively.

From Figure 8.6, it is clear that cachnew approximation x_, is closer to the roet,
x = ¢, than the previous one x,. If there exists some non-negative integer m such that

Xm+1 — ¥m 18 close 10 zero, thendmwill becthe desired root, that is, | £ (x,)| = 0.
Steps of Newton-Raphson Method:

1. Prepare the équation: ‘Write the given equation in the form f(x)=0
Choose an ‘initial approximation x, from the interval where the fimction
changes sign and ensure that:

(i} f(x) is differentiable within this interval. (i) f’(x)# @ near x,.
Sx)
(=)

Use this to compute successive approximations.

3. Check for convergence: If | f{y_,)|=0, then stop.

4. Conclude the root: x =x_, is the root correct to the desired accuracy.
Example 5 Usc Newton-Raphson method to find & root of f(x)=x>+2x" +10x-20

correct to two decimal places.
Solution: Prepare the function, Given:

f(x)=2"+2x" +10x-20

@7 )

2. Setup the formula: x , =x, — n=0,12,...
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Choose inftial approximation:
Note that: £(1) =—7 < 0 and f(2) =16 > 0.
* Notethat, f(c)=lim(x’ +2x* +10x-20) Vee[1,2].

=> is continuous on the interval of sign change [1, 2].
= Root lies in the interval (1, 2).
= Take initial guess: x;, = 1.500.
¢ Cadlculater fixed to 3 decimal places (for accuracy).
Derivative: f' =3x% + dx + 10
s Note that, /' exists and f'(x) # 0 around x; = L.5.
s = Newton—Raphson method can be applied.

Newton—Raphson formula: |x nN=0.12....

—_ X
wl = %y _fr(xn)._i
Perform iterations: We have, x, =1.5.

F(x,) = £(1.5) =(1.500)° +2(1.500)° +10¢1:500) —2023.375+4.500+15-20 = 2.875
Iteration 1: £'(1.5) =3(1.500)* +4(1.500)+10= 6.750+ 6+ 10 =22.750

L) ) 5002875 _ 1 374
SI%) 22.750
F(x) = f(1'374) = (1374)’ +2(1.374)" +10(1.374) - 20 = 0.110

Tteration 2: £'(1.374) = 3(L.374)° +4(1.374) +10 = 21.160

pity) 0.110
) =1.374— T 160—1.369

S(x)=£(1.369) = 1.369° + 2(1.369) + 10(1.369) — 20 = 0.002
Stop iterations: | f{1.369)| = 0.002 <0.01
Conclude the root: x = 1.37 (accurate to two decimal places)
¥ EXERCISES2 _J

1. Find the real roots of the following functions correct to 3 decimal places using the

bisection method, within the specified interval of sign change.

0 fE=x*sin(x)-1:[1,2] {ii) f(x)=3x—cosx-1:[0,1]

(i) fx)=»*-2x-10 :[1,2] (iv) f&)=»-3x-10 : [2,3]

] )

X =X

L=ExRT
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2. Find the real roots of nonlinear equations correct to 2 decimal places using the

Regula -Falsi method, by finding some interval of sign change if not specified.

) 3F-92+8=0;[23] (ii) x’+4sinx=0;[—2.2,—l]

(iii) xe*r=2 (iv) 3x+sinx=¢"
3. Find the real roots of nonlinear equations using the Newton-Raphson method.

(i) x¥+x*=3 (x+ 1) near x=1 accurate to 2 decimal places.

(iiy ¢ =4x near x =2 accurate to 3 decimal places.

(iii) x*+2x—5 =0 accurate to 4 decimal places.

(iv) 3x -+ sin x = £* accurate to 3 decimal places.

(v) tan(x)=xaround x, =4.3 accurate to 4 decimal places,
8.4 Estimating the Value of a Definite Integral
In many practical problems, however, the objective ig to evaluate a definite integral of
a function over a given interval. Similar to nonlinear’equations, definite integrals are
not always casy to cvaluatc analytically, and 10 some cases exact solutions are
impossible to obtain using standard integration technigues.
For example, the integrals

® [efax @) [ 'sin()d
cannot be evaluated easily by elementary \methods. In such situations, numerical
methods are used to estimate the value of definite integrals with reasonable accuracy.
One of the important numerical methods used for this purpose is the Trapezium Rule,
which will be developed.and applied in this section.
8.4.1 Trapeziurn(Trapezoidal) Rule
Consider a contitiuous function f(x}>0 on [a,5].

b=a

Let h=—— for some positive integer n. Divide the interval [4,b] into n
n

subintervals of equal length # as follows:
[a,a+k).[a+ha+2k],[a+2ha+3h],... ,[a+(n—1)h,a +nh =b:|
Let x, =a+ih;i=0,1,2,... ,n. In this way the above subintervals can be written as
follows:
[2=x, 5 ][%.%5][5.%] - 507 = 8]
The function values f(x),f (%) /{x),.... (x,) at the end points of each
subinterval represent the lengths of parallel sides of » trapeziums as shown in the

@9 )
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1Y y=fx) T D)
e
flx) fix)
f@g}@f ﬁs)fd'}/
{3~
L~
/ R
a=4 X n x4 oy X, X A X ) X X,=b

Figure 8.7
Figure 8.7. Length of the base of each trapezium is &, thatis, the distance between the

parallel sides of these trapeziums. Thus, the areas of thesetrapeziums are given by:
h
A =E[f(xj-1)+f(xr)] s =L2,....,m
Since the value of the definite integral j:f(x)dxis approximately equals to sum of
arcas of the trapeziums, we have:

ﬁﬁﬂmw§4=4+4+4+m+4
2176+ ) [ 2L S AL ) £ (5) oot 2L £ ()]
=2+ 21 ()42 () -+ 27 (50)+ £ (5,)]

Hence,

[ e BT £ (ro) 25 (5427 () +oo+2f (5 £ ()]

1. From Figure 8.7, it is clear that the accuracy of the approximation improves as
n is taken sufficiently large, becanse increasing the number of trapeziums
reduces the gap between the exact area and the approximated area.

2. While applying the Trapezium Rule, the values obtained from the calculater
should be rounded to at least four decimal places to maintain accuracy in the
final result.

3. Although the rule is motivated using a positive function only to represent area,
it is generally true for any continuous function on [a, &] including those that |
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take negative values. In such cases, each trapezium approximates the signed
area, and the sum provides a reliable estimate of the integral, The proof of this
generalization is beyond the scope of the book.

Example 6 Use trapezium rule to approximate the definite integral ﬁe“!dr
by dividing the closed interval [[},1] into 7 subintervals of equal length.

Solution: Here, f(x)= er " No \
Given: a=0,b=1, n=7

. X, = Xpy Fh
Continuity:

Note that, f (¢) = lim (¢™) Vee[0,1]. Lli=1.23...n.

= f(:c)|=ﬁ.-'“=I is continuous on [0,1].
b—a 1-0

Stepaize: h=2"2-1"0_1.0143
n 7 7

Trapezium Rule: I:f(x)d: wg[f(xo)+2(f(x,)+f(xz)+---+f(x6))+f(x.,)].

We have, f(x)=¢".
Compute function values (round £d.4 decinial places):

N4 e

x x| N -8 x x x x
. 0 1 %6 \ @) . 5 5 7
0 1 92 N3 4
A@ 7 7 7
F | 1 ND9798 | 0.9216 | 0.8322 | 0.7214 | 0.6004 | 0.4797 | 0.3679

=3 | Ln
w1 |

Apply Trapezium Rule:

1
Je7 7 [1+2(0.9798+0.9216+0.8322+0.7214+ 0.6004 +0.4 0.3679]
€ ===2+(.? +0. +0. +0.7214 + 0. +0.4797)+0.367

=ﬁ[1+z(4.5351)+ 0.3679] =0.7456

Hence,

_[; e de % 0.7456

sy )
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Example 7 Use Trapezium Rule to approximate the definite integral
fia
0l+x
by subdividing the closed interval [0,6] each of length 1.

Also compare the answer by solving the integral using the Fundamental Theorem of
Calculus.

Solutlon: Given: 4=0,5=6, k=1
Number of subintervals:
_b—a_ 6-0
T r 1
Points: x,=0.x=lLx=2,x,=3,x,=4,x,=5,x,=6
Function: f(x)=

=6

X
1+ x?

Continuity: Note that, {c)= llm(1+ x,] v.oe[06].

:»f(x)=ﬁ is continuous on [0,6].
Trapezium Rule Formula:

Jor ()t w211 () + 2 AR L (5] + £ () + £ (1) + £ () + £ )]
Compute function valies (4 decimal places):

i J

§ = X, X, Xy x5 *g
0

| 2 3 4 5 6

f (x)| 0 0.5 0.4 0.3 0.2353 | 0.1923 | 0.1622

Apply Trapezium Rule:

_I01+x2 d —[0+2(0 5+0.4+0.3+0.2353+0.1923)+0.1622

=0.5[ 2{1.6276)+0.1622 |
=0.5(3.4174) =1.708 7

sz
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Answer: _[“ X 17087

0]+ x?
Exact Value using Fundamental Theorem of Caleulus:
We have:
du
§ X 16 2x 1 J &
—_— = — —ﬁ:— 1n1+x2:| % —dx:ln +
Lzl 2[ | |., e o+

%m(1+36)-%1n(1+0)

= l1121(3'3") ={.5x3.6109 = 1.8055

2
Comparison:

¥ X . 6 x

J'ﬂl+xzdxm1.'?08'? (By Trapezium Rule) j°1+f¢m1.soss (Exact Value)

Note:| The difference between the approximate vatugand the exact value of the definite
integral is |1.709— 1.806|=0.097 which can bé decreased by increasing the mumiber of
| subintervals.

POEXERCISE 8.3 _J
Use Trapezoidal Rule t0-approximate the value of the following definite integrals.

L |, cosxyd taking n=4 2. [ de taking n=7

3. [ mg taking n=6 4. | d taking 5 =8
5. [ taking =4 6. [ edv  taking h=04
7. [ (f-x+l)dr wkingh=02 8 [$mG kg h=Z

9. Show by the trapezium rule that the approximate area bounded by the curve
y=\!'8—2x—xz and the x— axis using »=81is 13.5 square units. Calculate the
exact area by using the formula for finding the area of semi-circle.

10. Setting /= 0.5, use the trapezium rule to find the approximate arca bounded by

the curve y=e‘a from the line x = 0to the line x =4.
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8.5 Real-Life Applications of Nonlinear Equations
In real life, many physical, biological, chemical, and technological problems lead to
approximate real solutions to nonlinear equations. In such situations, solving equations
by algebraic methods becomes complicated, and sometimes no exact formula exists.
Therefore, numerical metheds provide a practical and systematic way to obtain
approximate solutions with desired accuracy.
For example, in chemical reactions, scientists need to determine equilibrium
concentrations of substances, which often leads to nonlinear equations; In biology and
medicine, the regulation of hcart beats and nerve signals ifvelves nonlinear
mathematical models. Similarly, in electronic circuits, components.such as diodes and
transistors follow exponential laws, producing nonlinear equations that must be solved
numerically. In cryptography, nonlinear equations play animportant role in designing
secure communication systems and encryption algorithms:
8.5.1 Chemical Reactions
In many chemical reactions, equilibrium concentration or reaction rate leads to
nonlinear equations. These equations are often diffieult to solve amalytically, so
numerical methods are used to find approximate yalues.
Example 8 In a chemical reaction, the concentration x (in moles per liter) of a
product at equilibrium satisfies the'relation\ " xe™ =1.
Find the equilibrium concentration comect to two decimal places using Newton-
Raphson Method.
Solution: Define the function: F(x)=xe"-1
Derivative:  f"(x)=€" + xe" exists at every real number x.
f{x)
r'(x)
P xe* -1

atl L 25 4 x, e

f©)=-1
f()=Le' —1=1.718

Newton-Raphson formula: x,,=x —

So, root lies between 0 and 1

Initial guess:

Note that £(0.5)=0.5¢* —1=-0.1756, which is close to zero.

Also f is differentiable near x, =0.5 and hence continuous as well. Thus, we take
X, =0.5 as the initial guess and Newton-Raphson Formula is applicable.

254 )
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First iteration:

F(0.5)=05-6" —1=-0.1757, £(0.5)=€" +0.5.>° =2.4730
—0.1757
24730
Second iteration:
f(x)=f'(05711) =" +0.5711-€*™ ~2.7813

s, sl § e OO
27813

x,=0.5-

=0.5711, f(x) = £(0.5711) = 0.5711- ™ —120.0107

= (0.5673

£x,) = £{0.5673)=0.5673-€"*" —1 1.0004 —1 0.0004 =20
That is,| £{0.5673)| = 0

x = 0.57 moles perliter

8.5.2 Regulation of Heartbeats

The human heartbeat is regulated by elecirical signals-that control the contraction and
relaxation of the heart mmscles, The variation of'these signals over time can often be
modeled by nonlinear equations.

Example 9 The clectrical activity of the heart is represented by a variable x, which
measures the signal strength of the heartheat. At steady-state, the signal satisfies the
nonlinear equation:

—-x-1=0
Find the real steady-state value of the heartbeat signal near x =1 using the Bisection
Method, correct to two decimal places.

Solution* Identify the function: f(x)=x3‘—x—1
Continuity: Note that, f(c)=]ix_1£(x’—x—1), VeeR
= f is continuous at every real number.

Interval of sign change:

S()=r-1-1=-1<0, f(2)=8-2-1=5>0
=>[1,2] is an interval of sign change

= f hasarootin(l, 2).
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Tterations Table; (Intermediate 4 decimal places)

Iteration @ 3 _a+b f{c) New Interval
2

1 1) 2 () 15 0.875 [1,1.5]
2 1{) L5(#H) 1.25() | —0.2969 [1.25,1.5]
3 1.25(-) 1.5 [ 1375 (H 0.2246 [1.25,1.375]
4 125 | 1.375(H | 1.3125 () | -0.0515 [1.3125,1.375]
5 13125 () | 1.375(+) | 1.3438(+) | 0.0828 (J1.3125, 1.3438]
6 1.3125(-) | 1.3438(+) | 1.3282(H) | 0.0149 )| [1.3125, 1.3282]
7 1.3125 (=) | 1.3282 (+) | 1.3204 () | —0.0183 | [1.3204, 1.3282]
8 1.3204 (-) | 1.3282(+) | 1.3243(-) | -=0.0018 Stop

Note that, |£(1.3243)=|-0.0018 < 0.01

Final Answer: (correct to two decimal places)

Thus, the steady-state value of the heartbeat signal is approximately 1.32 units,

8.53 Electronic Circuits

Electronic components such as diodes and transistors often produce nonlinear voltage-
current relationships. In circuits, the voltage-or current at certain points may satisfy
nonlinear equations.

Example 10 Diode/AC Cirenit

In a circuit, the voltage ¥ across a component satigfies the equation;

sinV —0.5V =0

Find a non-zero'real value of ¥ correct to two decimal places using Regula-Falsi
method.

Solution: Define Function: f(¥)=siny 0.5V [ ]
Select Interval: f(1)=ginl—0.5=0.3415>0 lV represents the voltage in valtSJ
f(@)=sin2-1=-0.0907 <0

=[1, 2] ig an interval of gign change.
Continuity: Note that, f{c)= Jim (sinV —0.57) Yce[l,2].
= fis continuous on the interval of sign change [1, 2].

=> Regula-Falsi Method is applicable with the interval [1, 2].

.y =87 (b))
Regula-Falsi Iterations: V, = 751 (a)

(250 )
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Iterations Table: (4 decimal places)

af(b)-bf (a) New
V= V
Iteration a B SThE T f(7) A
1 1) 200 17901 (5 0.0810 | [1.7901,2]
2 1.7901 () 200 1.8891 () 0.0052 | [1.8891,2]
3 1.8891 () 2() 1.8951 () 0.0003 Stop

Checking: | /(1.8951)] = 0.0003 < 0.01

Final Answer: (two decimal places)
854 Cryptography
Cryptographic algorithms sometimes involve high-degree nonlinear equations to
generate secure keys or pseudo-random numbers.
Example 11 Key Parameter
In a cryptosystem, a key parameter x satisfies the equation:
X -10x+5=0
Find a real value of x correct to two decimal places using the Regula-Falsi method.
Note: x represents a component of the encryption key; its approximate value is crucial
for secure key generation.
Solution: Define Function: f(x)=x"+10x+5
Select Interval: f{1)=1-10+5=24<0, f(2)=32-20+5=17>0
Continuity: Note that, f{c) = lim (x’ —10x+5) veell,2].

Jfis contimuous on the interval of signichange [1, 2].
Regula-Falsi Iteration Mable: (4 decimal places)
N

af(b)-bf|a
Mevation | & ~f & X, = f(8)-Y (a) f(x,) | Newnterval
0 7(b)-f{(a)
1 00 | 200 1.1905 (=) —4.5136 | [1.1905,2]
2 L1905 () | 20() 1.3603 () -3.9453 | [1.3603,2]
3 13603 () [ 20() 1.4808 () —2.6880 | [1.4808,2]
4 14808(-) [ 20() 1.5523 () -1.5098 | [1.5523,2]
5 15523(-) | 20() 1.5888 () —0.7641 | [1.5888,2]
§ 15888(-) | 20() 1.6065 () —0.3645 | [1.6065,2]
7 1.6065(-) [ 20() 1.6148 () —0.1682 | [1.6148,2]
B 16148(-) | 20() 1.6186 () 00764 | [1.6186,2]
9 16186 () [ 20(+) 1.6203 () —0.0350 | [1.6203, 2]
10 [1.6203¢) [ 20() 1.6211 (+) —0.0154 | [1.6203, 1.6581]
11 |1euE] 24H 1.6216 () —0.0031 Stop
Checking: | /(1.6216)| =0.0031<0.01
Final Answer:
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¥ EXERCISE 84 _J

1. In a certain chemical reaction, the concentration of a substance at equilibrium is
governed by the relation x*+0.2x—0.04=0, where x is the equilibrium
concentration {in moles per liter). Use bisection method to find the positive
equilibrium concentration of the substance accurate to two decimal places.

2. The flow rate of blood in an artery is modeled by the ponlinear equation

Q=k{ —%],whﬁre ¢ is the flow rate (mL/s), P = 1{0{) mmHg is the blood

pressure, k = .05, and R = 10. Determine the possible real values of the flow rate
{ accurate to two decimal places.

3. Inanonlinear LC circuit, the equilibrium charge g onthe capacitor satisfies
g —4q+2=0. Find the equilibrium values of charge stored on the capacitor
lying in the interval [0, 1] using Regula-Falsi method accurate to three decimal

laces.

4, l...In a certain cryptographic system, the decoding speed v (in units per second) is
related to the security delay funetich d{v)=%,wherc d(v) represents the
decoding delay in milliseconds. For seclre transmission, the system requires a
decoding delay of 50 milliseeonds. Use Newton—Raphson Method with initial
guess v, =35 to determine the decoding speed v that satisfies d(v)=50,
correct to three decimal places.

5. In a secure commmnication system, the phase shift # (in radians) of an encrypted
sipgnal is modeled by the nonlinear function

Vi (9) =ginéd—0.5.
For_praper synchronization of the encrypted signal, the phase shift must satisfy
F(6)=0.Use the Newton—Raphson Method with initial guess £, = 0.5 to determine
the required phase shift &, correct to three decimal places.

6. In anonlinear clectric circuit, the voltage x (in volts) across a component is
modeled by

F(x)=-0.1x" +2x+1.
Use the Newton—Raphson Method with initial puess x, =15 to estimate the

operating voltage at which the circuit reaches equilibrium. The equilibrium
voltage is the voltage at which the net change in the circuit becomes zero, i.e., the
circuit reaches a stable operating point.
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Inverse Trigonometric 1
Functions and Their Graphs

INTRODUCTION

In earlier classes, we studied trigonometric fimctions and their real-life applications.
Now, we extend that knowledge by exploring inverse trigonometric functions which
help us to find angles when fimction values are known. This is essential in solving
equations and modeling periodic behavior in calculus of inverse. trigonometric
functions. In this unit, we will define inverse trigonometric functions, their domains
and ranges, examine their graphs within the given interval and understand their key
properties and uses.

9.1 Inverse Trigonometric Functionsand their Graph

We have studied about inverse of a function, We learned that only a one-to-one and

onto function will have an inverse. If a functiofi i8'not cne-to-one, it may be possible
to restrict its domain to make it one-to-one go that its inverse can be found.

Y. f_,lsa
I"— yEY
> y=f{x)

= domain of £ This mean that f reverses the

Here domain of f~ = range of ‘
correspondence of f and i

(f'l@'i(th‘(f(x))=f“(y)=x, vxeX

| wd (Yo )0)=F{10)=f®)= VyeY )
The equatien\sin 90° = 1 clearly shows that 90° is the angle whose sine is 1. Sometimes,
we know the value of sine, cosine or tangent, but not the angle itself. In such cases, we use
the inverse trigonomedtric functions to find the angle. For example, the inverse of sin 90° =
1 can be written as 90° = sin"!(1) or 90° = arcsin 1, and read it as 90° is equal to sine
inverse of 1 or arcsin of 1. Generally, the equation x = sin y gives value of x for a given
mgleofy.Toﬁndﬂmmgleywhxisl:uow?,weusetheinvmeﬁmcﬁon,ﬂmtis,
y=sin x

This means y is an angle whose sine is x and the symbol sin™ x is read as sine inverse
of x or arcsine of x. In other words, y = sin 'x iff x = sin y. Similarly, we can write the
other equations as y = cos 'x iff x = cos y and y = tan"'x iff x = tan y, etc

We know that trigonometric functions sine, cosine and tangent are periodic, meaning
they repeat their values at regular intervals. Due to this periodicity, trigonometric

9 )
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functions are generally not bijective (they are not both one-to-one within their entire
domain). As a result, their inverses do not naturally exist with out resirictions. However,
by carefully restricting their domains and codomains, we can make these functions
bijective that allows us to define their inverses, known as inverse trigonometric
functions. Next, we discuss these functions one by one in details.

9.1.1 Inverse of Sine Function

Consider the function f: R — [-1, 1] define by f(x) = sin x. The graph of the function
is shown in Figure 9.1.

(----

Graph of f(x) =sin x

Figure 9.1
Clearly the graph of sine function is not one-to-one because it touches the line y=1and

v =—1 at many poinis due to the domain of sin¢ function which is the set of all real
numbers. However, if we restrict the dommin' of f(x)~ sin x to the clesed interval
[—%, %] , then the function with<festricted domain ie., f:[—%, %] —[-1,1]
becomes one-one and onto (bijective) that Gs)ihvertible and is called principal sine
function. Then the inverse singfunctionis defined by

'y =sinl_x iff x = sin y

where the domain of sitt Iris [-1, 1] and range of sin™lx is [-%%] :

The graph of thefanction sin : I:—%, %] —»[-1, 1] is shown in Figure 9.2(a). and graph

of sin™:[=, 1] —>|:—%, %] is shown in Figure 9.2(b).

=9
(=1

Graph of y=uln x from -3 103 Graph of y =sin™ x from -1 to 1
Figure 9.2(s) Figure 9.2(h)

(269 )




Unit-9 Inverse Trigonometric Functions and Their Graphs Mathematics-12

The graph of sin~'x is also obtain by reflecting the graph of principal sine function
vy = sin x along the line y = x as a mirror image shown in Figure 9.3. Observe that the
graph of y=sin x is symmetric about the line y ==,

¥

L L

The sine function can be restricted to any ene of the infinitely many intervals
Iz =« Z x| |=x 3= | |32/ 5% , i1 i3

I:—?, _E]’I:_E’ E] > I:E. ?il, I:?’ T] or genierally I:PW—E. W+E]s nel

with range [—1, 1], The length of each interval is 7 and the sign function is one-to-one

in each interval. However, unless ctherwise stated, y=sin !

is always congidered to be a functionwith domain [-1, 1]

and principal range I:—%, %il ,

9.1.2 Invetse of Cosine Function

Consider the\fimetion 'z R — [-1, 1] define by f(x) = cos x. The graph of the function

is shown in'Figure 9.4.

Graph of f{x)=cosx
Figure 9.4
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Like the graph of sine function, the graph of cosine function is not bijective because
again it fails the horizontal line test. It touches the line y = 1 and y = —1 at multiple
points. However, if we carefully restrict the domain of /{x) = ces x to the closed interval

[0, ], then the function with restricted domain ie., f:[0, #]—[-1 1] becomes

one-one and onto that is invertible and is called principal cosine functon, The inverse
cosine function is defined by

y=cos xiffx=cos y
The domain of cos 'x is [-1, 1] and range of cos~' x is [0, x].
The graph of the function cos:[0, #] —»[-L, 1] is shown in Figure-9.5(a) and graph of
cos™ :[-1, 1] [0, #] is shown in Figure 9.5(b).

Ay
e
o L {
-~ é -
F)
A+ X
om0 * ¥
v
Graph of y = coa x from 0,to = Graph of y = cos™ x from -1 to 1
Figure 9.5(0) Figure 3.5(b)

The graph of cos™'x is also obtain by reflecting the graph of principal cosine function
¥ = cos x along theline y = x a8 a mirror image shown in Figure 9.6. Observe that the
graph of y = cosx is symmetric about the line y = x.

i
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Like, sine function, the cosine function with range [—1, 1] can be restricted to any one
of the infinitely many intervals [-2x, —%].[-#, 0], [0, #]. [#, 27] or generally
[a7, nz+x], ne Z to make the cosine function one-to-
one. If no interval is specified, then cos™ x is consider to be
a function with domain [-1, 1] and principal renge [0, z].
9.1.3 Inverse of Tangent Function

Consider the function defined by f(x) = tanx with the .domain as

{x|xemnx¢(2::+1)%,nez} and range as the set of all real pumbers. The graph

of the tangent function is shown in Figure 9.7.

e LT o T

7 N

" e i e e ......u-.}‘..."- e

Grdphoff(x) -tanx

Figure 9.7
Clearly the graph of tangent function is not bijective because the line y =2 intersects the
graph at multiple points. However, if we restrict the domain of f{x) = tan x to the open

interval [_E 5) then the function with restricted domain ie. f: (—5 %]—)lll
becomes one-one and onto that is invertible. This function with domain [—% %J and

range (oo, w)is called principal tangent fanction. The inverse tangent function is
defined by y=tan"'x iff x =tan y,

The domain of tan 'x is {—o0, o) and range of tan ' is (—%, %J :

The graph of the function tan: (_E E)_HR is shown in Figure 9.8(a) and graph of
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tan™" : (0, e0) _>(—§, %) is shown in Figure 9.3(b).

I ?r |
< - - >
5 O § F
1 ¥ 1 . '
Graph of y = tan x from —% to% Graph'ofy = tan™ x
Figure 9.8(s) Figure 9.8(h)

The graph of tan'x is also obtain by reflecting the graph 6f principal tangent function
¥ = tan x along the line y = x as a mirror image shown in Figure 9.9. Observe that the
graph of y =tan x is symmetric about the ling y=x.

------------------------

-—--.l-'-'--a-

-

o8
-

L)
L
]
1
| ]
]
1
L)
]
1
[ ]
1
1
1
]
]
[}
L]
fo o g

Figure 9.9
Like sine and cosine functions, the domain of tangent function can be restricted to any
3 = T T T 3z 3 Sx
f the infinitely many intervals | -—, -= |, -—=, = |, [ =, = |, [ =, =
eI 3[2’2M22](2 2)(2 2}“
5

generally (m—%, m‘+% , e Z with range R to make the tangent function one-to-
/

one. If no interval is specified then tan! x is a function with Remember!
/
. T x
domain (—uo, uo)andrange } tan! x # (tan x) %, or 1

722
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Example 1 Find the principal value of

o) owfd) ww(y)

Solution:

a1
() Let sml[EJav D Let m“(—§]=y
We want to find the angle y, whose sine | w. wort 0 find the angle y, whose
. i
EE cosineis—%
1
= sin y = —, where the principal
¥=2 = msy=—§,where the principal
value of sin”Ix lies in I:—%, %] value of s 'x lies in [0, Jr]
3 5x
As siny=—=gin— As my:‘%=°°“?
w0 =Y 3
= o— = S
= Y= Y=%
e, sa*(1)-2 s, (-5 3¢

o

Then, tany=—L,wheretheprincipalvnlueofinn_lx]iin (—%, %)

V3
1 T
s )
= y=—£
6
Hence tan‘l(—LJ=_£
’ B) 6

9.1.4 Inverse of Cosecant Function
The graph of the fanction f(x} = csc x with domain {x|xeRAx#nx, neZ}and
range is the set R — (-1, 1) is shown in Figure 9.10.

Z] )
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&

e e e e

S s
] L}
: :
] 7 L]
i 5 N = 7
2

e e (e

Graph of y=€exXom NG 2n
Yieure 9.10
Clearly from the graph it follows that cosecant function is not bijective because the line

¥=1 and y =— 1 touches the graph-at many peints. However, if we restrict the domain

of f(x) = csc x to the interval [—% %]—{o}, then the function with restricted domain

ie. f:[—%,o) u[t}, %]—)(—ao, l]u[l, ) becomes onc-one and onto that is

invertible and is,called principal cosecant function. The inverse cosecant function is
defined by
y=cscx iff x=cscy

The domain of csc ~1x = IR—(—L 1] and range ofcsc'lx=[—%,0] u[ﬂ, %]
The graph of the fimction cse :[—%,0] u({), %]—)(—m, —l]u[l, ) is shown in

Figure 9.11(a) and graph of csc ! :(—w, —l]u[l, %) [—%,0) u((}, E] is shown

2
in Figure 9.11(b).
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F

Graph of y = cae x from —2x to2n

Lol
=
L

iy

Fipgure 9.11(a)

9.1.5 Inverse of Secant Function
The graph of the function f{x) = sec x with domain {x| xe Rnx¢(2n+l)%, nez}

and range R —(—1, 1) is shown in Figure 9.12¢

(_1,-3] =

v

Graph of ¥ =jcsc™ x

Figare 9.11{b)

AE

O
Ay
iy L T
A

1 1
1 1
1 1
' [
1 1
1 1
1] | ]
v v
1 1 =]
1 1 [
X

b4

Grnphnfy=mxm—%'hi'

e /1 N GO K AN .
i
U .J: 1 A e~

F : 3
kj
|

F

Figure 9.12
Clearly from the graph it follows that secant function is not bijective because the line

y=1and y=-1 touches the graph at many points. However, if we restrict the domain

of f(x) = sec x to the interval [0, x]—{%}, then the function with restricted domain

ie. f :[0, %Ju[g, rr] —)(—oo, —l]u[l, oo) becomes onc-one and onto (bijective)

that is invertible and is called principal secant function. The inverse secant function

is defined by

y=sec xifx=secy
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The domain of se¢”'x is R—(—1, 1) and range of sec 'x is [U, %)u(%, fr].

The graph of the function sec:[o, %)u(%, n]—»(—m, —1]u[1, =) is shown in
Figure 9.13(a) and graph of sec™ :(—an, —l]u[l, m)—)[ﬂ, %)u(%, :r] is shown in

Figure 9.13(b).

“‘Y E J\?
1%
{ E 2l i Ry, 3 e e
@D :
: E L ’ (LI EET Rl TR R R R R R R R R R R P LR
3 + < -
At 1) % : (1,0 "
(. 4 e 1 x
2 : ¥
Graph of y =sec x from 0 ton Graph of y=sec’ x
Figure 9.13(s) Figure 5.13(b)

9.1.6 Inverse of Cotailgént Function
The graph of the functionf{(¥) = cotx with domain {x|x eR Ax #ax, nZ}and range
(o0, ) is shown in Figure 9.14.

Ay

A0 |
i i
“
I
[~

TR TR R R T TP R P LY O TP T R L e TR TR TR R

aa L CET LT

4
R

S

|0
|

R ]

A

SR
LR

4

Graph of p=cot x from —2x to2x

Figure 9.14
Clearly from the graph it follows that cotangent function is not bijective because the line

y=2 intersects the graph at many points, So, we restrict the domain of f{x) = cot x to the

(268 )
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interval (0, ), then the finction with restricted domain ie., f:(0, #)— (—o, ©)
becomes one-one and onto that is invertible and is called principal cotangent
funection. The inverse cot x function is defined by

y=rcot xiffx =coty
The domain of cot 'x is (0, ) and range of cot 'x is(0, 7).
The graph of the function cot :(0, #)— (—oo, ) is shown in Figure 9.15(s) and graph
of cot™ :{—n, ©) {0, #) is shown in Figure 9.15(b).

4 v : 1r

»

My
L

=
o, ¢

Grapllofyv-mt.tﬁmlnllmz Graph of y = cot™ x
Fignre 9.15(a) Figure 9.15(b)
Example 2 Find value of:

@ sec[tan-‘ (—Ji)] (i) mt[cos'l(—%)] (ii) cm[sh“[%}]
Solution: (i) sec[tan“(—\f?:)]

Let tan~'(—/3)=y
First, we find {He angle y, whose tangent is —/3

tany=—J§,where ye[—%,%)

-
So, ten’ [—Ji):-%
o, (] ()

Therefore sec[tan" (—\5)] =2

Il
b3
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o wfor ()
()

Filist, we find the angle ¥, whose cosine is

2
cosy=—%,where ye[l], :r]

o el

Lﬁt Siﬂ_l[é]=y
2
X R
= siny =— , where ye|——, —
[ 2 2]

Now, smy=%=sm(%) = y=%

So, sin? (EJ =Z

p 3

(S5

e (2]

The table below summarizes the'domaing and ranges of the principal trigonometric and

inverse trigonometric functions.
Functian Domasin_ (T’ Range  [[ Function Domain Range
TS| pa e | B | 54
cos x [0, x] [-1,1] - [-1,1] [0, 7]
T | e m | e | (53)
= [—%, Oju 0, %:I (o, 1]l o) | ese'x  [{—o0, —1]U[1, ) [—%, O]U 0, %:I
B[R4V (S B [ P P ) (LR P
cotx {0, =) (0, o) - (o0, ) {0, =)

) )
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Example 3 Find the domain of the following functions
© fO)=cos™Gx-1) G) g(r)=sin’ (#J (iii) A(x)=sec (Inx)

Solution: (i) The inverse cogine function, {x) = cos™lx is defined for all x such that
-1=x<1.
Thus, the domain of F{x) = cos™(3x —1) is defined for all x that satisfy

—1<3x-1=<1 = 0<3x<2 =2 USxS% = xE[D,%ﬁI

Hence, the domain of /{(x) = cos '(3x —1) is [0, %] such that—1 <x<1.
(li) The inverse sine function, /{x) = sin"lx is defined for all'x in'the interval [-1, 1].
Thus, the domain of g(x) =sin™ [?J is defined forafl’s that satisfy

x*-5

—15751 = —d<@Z-5<4\/= 15x£<9
= =1 and , &*<9
= x>lorx<-1 and’ / (x-3%x+3) <0

=  xe(-o-1|U[Lx) dad " xe[33]
The intersection of two resuligives [-3,-1][1, 3] = xe[-3,-1]u[L 3]
Thus, the domain of f(x)=sin'l(x24_sJis [-3, —1]V[1, 3]

(iii) The inverse zecant function f(x) = sec !x is defined for all x in the interval
(=, —l]u[l, oo
Thus, the domain of A(x)=sec™ (Inx)is defined for all x that satisfy

= Inxrlornx<-1 = x2e or x<e? = x2e or xsl
[

= xe(ﬂ, ﬂu[e, ®) “ Inxis defined for x € (0, )
Hence, the domain of A(x) =sec™ {Inx)is (0 . éil e, »).
Example 4 Prove that:
() csc'x=gin™ %, x (-0, —1][1, )

(i) sec™x =ms"i, xe(—mo, —-1]u[l, «) (i) cot™x =tan"i, x (0, )

e )
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Selution:

Proof: (i) Letcsc 'x=y thenx—cscy Proof: (if) Letsec 'x=ythenx=secy

= siny=l = c:nusy=l
x x

(%) ;)

= y=8m |— = y=co8 | —

x x

1 = =] 1 =1 =1 1

Hence, csc x=s8in | — Hence, gec” x=cos | —

x x

Proof: (Iil) Letcot™ x=ythenx=coty ortany=l.SincexE(0, ac),wehave
x
F 2
ye E’i, 5]. It follows that L (0, o}and y e [_%%)
Hence, y = tan™ [1) or cot” x = tan™ (l}

X x
Example § Prove that

6] sin"x+cos"x=%,xe[—1, 1] (i) csc"x+sec'1x=%,xe(—uo, —1]U1, )
(iii) tan‘lx+cut_1x=%,xe(—cn, <o)

Solutlon: (I) Letsin'x=y where'xc[-1 1] and ye I:—%,% ;

s ofE5) o) - s

Since y € I:—E % 2 wehave%—ye[ﬂ,f]. Thus, we can write:

2!

_ 7 ~ x _ .
coslx=(5—y] = ooslx+y=E = cos lx+sin k=

IR

- I -
Hence, sin 'x+cos 'x==
2

Similarly, we can prove (ii) and (iii).

Example 6 Show that cos™ 7 csc! =
25 24

Solution: Let cos™ l=|r}: = cos ¥ =l , XE [0, %] and

25 25
s;i::nrz:=:|:Jl—[%]2 =:I:1‘62:2_549 ( sina:M)
]
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_L[FE 2
625 25
z
=% sihag=— v ae|l,—
- [+ «<05]
25 25
= B =— = o= cscl—
24 24
Thus, m:ns‘ll:c::sc_lE
25 24

Example 7 Without using calculator find the value of sm[% tan~’ %] :

Solutlon:Lettsn“§=a = tana=g>0where ae[ﬂ, %]

Here,x=3,y=4
= r=\/:|:2+y2 = J3 418 = J25=5
So, cosa=> and sma=2 okl
3 5 2
Using half angle identity

s - oD~ 203

1, \G4
Thus, sm[ztan 3) _JE
¥ EXERCISE 91 _J

1. Find the principal value of the following:

@ sin? :g} @) cos™ (-%} (i) tan{—3)
o=fl) o=t woele]
(vil) tan” :mt[%]] G o [2%3(3:]] () cac! [Ji cos%]

) )
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1

o = (2]

Find the domain of the following:
@ fGy=sin"(5x-3)

(xi) eosc! [g cos {tan'l[

(i) gx)=cosx-3

2

(i) A(x)= cscl(2 -3) (iv) k(x)=sin(lnx)
() plx)=tan” J4-x" (v q(x)=sec7 (x+2)

(vi)) u(x)=sec [3"2'1J (viii) W(x) =sin™ (In.x) + cscL(e*)
3. Show that:

@ cos? li’ sin™ g (ii) cse™ %—005_1 g

(i) 2tan” % = tan™! % (iv) 2sin: % ~ gin-! %
4. Without using calculator find the value of the following:

§Y] oos(lcot" %) (ii) sec[%sin‘l %) (iii) tan(%

(iv) l:an[%sin"%J ) Got[isec" EJ_J

2 7

2 3

5

cot™ 22

(v) csc [loot“ i)

J

9.2 Sum and Difference Formulas for Inverse Trigonometric

Functions

In this section, we will(derive the¢ addition and subfraction formulas for inverse
trigonometric functions. These formulas can be derived by applying the findamental

theorem of trigonometry along with algebraic manipulation,

) sin"x+sin"y=sin"(x\/1—yz +1- ) provided sin™ x +sin”' y €

(@) sin”x—sin y=gin” (wfl-y* - -2 ) provided sin™ x—sin™' y &

zx
ExD

[ x n‘}
.08
722

(iii) ms‘lx+cos_ly=cos‘1(xy—\{(1—x2)(1—yz)) provided cos ' x+cos? y €[ 7]

(iv) cos™ x—cos y=cos™ (.xy+\/(1—x’)(1—y2)) provided cos ' x—cos” y €[0: 7|

’_Ef}
52

’_Ef]
(272

I+_}’
1-xy

=¥y
1+xy

) tan“x+tan“y=tan“( } provided tan” x+tan' y €

(vi) tan'x—tan'y= tan‘l[ ]prowdadtan x—tan'y€

@14
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To prove (i), we proceed as follow:
Let sin"x=¢ = ging=xadsin™y=F = sginf=y

Now cosa =1 —sin? g = +y1—x*

Remember!

Since @, f € I:—%, %], 80 cosa,cos f 2 0 g&ii%i ;ﬁ“aﬁﬁ}g%x:ﬂlg
tan ¢ £ tan A
G el
cosz =v1-x* lhni e+ ) 1Ften e tan 8

Similarly, cosﬂ=1fi—y’
Now sin(+ f) =sinarcos f+cosasinf = xyl—p* +y3/1-x2

= a+f=sin’ (x\ll—y" + -2
Thus, sin~ x+sin™ y =sin™ (x\fl—_y" +y1-2 )

Similarly, we can prove (ii), (iii) and (iv).
Next, we proceed to prove formula (v) as follows: E ’VJ

Lettan'x=@ = tana=x and tan*p=F = 'tan S =y where a.f¢
tanx+tanf &3y

x
2 2

Now ax+ )= =
ool l-tanetan 8 % 1—xy
> g+f=tan? 2L S T |
1-xy 2 2
Thus, tan~ x+ tan~ y =tan' 212
1—xy
Further by putting y= x in (v), we get
T R R R O e
1-xx 1-x*

Similarly, We can prove (vi).
In a similar way, the following results can be derived from (i) and (ii}

2gin ! x=sin" (21\0{1—_.1'2) and 2cosx =c:=|:m‘l(2.x2 —1)

Example 8 Prove that cos™ x=sin™ V1-x*, =xe[0,1].
Solution: Let o =cos ' x, then cosa=x
Now sina =1—cos® & = 1—x°

= a=sin" (m ( cos x=sin (Jl__xz ))
@7y )
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' - . 412
Example 9 Prove that sin 1(%]+sm I(EJ=%'

Solition Lot x=— and y=1=
13 13

Using the identitysin™ x+sin™ y =sin™ (.7:;-J1—yz + -2 ) , we have
sin 3 sin 12 —gint| 3 1-(2}22 1_[3)‘
13 13 13 13) 13 13
i35 ’ 144 12{ 25
=gin?!| = J1-—+—= J1-—
13Y 169 13Y 169
.4l 5 25 12 144 ._l(s 5 1212}
=8~ | — f—— +—, | —|=si" | — —+——
13¥169 13 Y169 13 13 13 13

=sin~ [E+ EJ = gin*! [@) =sin"' (1) = %
169 169 169 >

Therefore, sin™ (i] LR (E] _z
13 13) %2

Example 10 Prove that tan™ [EJ_W-l[x—yJ =%.

¥y x+y
Solution: L.H.S = tan”" (ﬁ)_ i (x — y)
Y x+y
xr_x-y 12+@—yx+yz
= tan ™! ¥y xty . y(:r+y)
jp 5 EY yx+ v +x —xp
ok Sl y(x+y)
= tan™ -ty [ +y
p+y 5 —xy 243
=tan” ()= 7 =RHS
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Example 11 Solve the equation ta::l'l(x—_l)+tan'1 [£)=£.
x+1 x+1 4
Solution: Given that tan™ (x_—1]+m_1 (£J=£
x+1 x+1) 4
(31, 2% 31
af _x+1 x+1 |_F 1 x+1 |_E%
DA P U 2 i S O e i 1
. x+1 x+1 (x+D)?
[ 3e-1
— x+1 B G- -G+ \_ 7
—x*+4x+1| 4 (x+FD) A2 +4x+1) 4
L (1)

Gx-1)  (x+1
(x+1) (—x*+4x+1)

= 37 +2x-1=<2+dx+1c'> 22 —x—-1=0
= (x-12x+1}=0 =-\x-1=0 or 2x+1=0
1
= x=l0or x=-—
2

Here, x=—% does not satizfy the equation.
Thus, x ="1(is the only solution.
¥ EXERCISEY.2 _J

Prove the following:
1. sin® i +sin”! B cos ™ 51 2. cos! l—t:os" 2 cos™! L
25 17 425 25 13 325
3.t S4tanS—tan? =2 sin 12 _gin1 3 gnt 33
4 5 19 4 13 5 65
12 63 3 1 36
5. sin” —+co8” —=gin" — 6. sin'=4+2tan” —=cos" —
5 13 65 5 4 85
. 1 T 1 1 =~
7. gin'—4gin—+4sin'—==8, tan'—42tan'-==
2 V5 10 2 7 3 4




Unit-9 Inverse Trigonometric Functions and Their Graphs Mathematics-12

9.

10.

12

14,

16.

1%

15,
20.

215

T R T BT
3 13 3 7 2
secz[tan'll]+mcz(cot'l 3J=@ 11, tan? (sec™3)+cot* (csc™ 4) =23
4 5] 400
2tan"x=sin"[ 2"] gl i b=t V<l
1+ ) 77 ) -2
2tan"x=ms"[%] 15. cos(in'x) =1

tan™ x+cot™ (x+1)=tan” (x* +x+1)

2m-1(m£mﬁ)=ms-l 0s+o0sg ) 0 wt.l[ ms:x]i_;
2 2 1+cosfcosg l-sinx) 4 2

If tan' x+tan' y+tan~' z =, then show that x + y+z=xyz

Find the value of x if, m-l[zx'ljmn-l[z”l]:E
3x-1 3x+1) 4

If sm'lz_p+cos_lli=tm_lz_y showr that y:p_w

1+ p* 1+4° My’ 1- pg

]




Solution of Trigonometric |
Equations

INTRODUCTION

Trigonometric equations involve functions like sin &, cos & and tan &, and are solved to
find the angle(s) that satisfy a given condition. In this unit, we solve such equations
using the periodic, even/odd, and translation preperties of trigonometric functions. For
instance, equations such as sin 8=k, cos =k or tan # =k are solved by congidering the
periodic nature of these functions. Next, we also explore graphical methods to solve

equations like sin6’=§, cos =8 or tan & =28 within specificintervals. The general

solution of these equations incorporates the periodicbehavior of trigonometric
functions to identify all possible values of 9. Finally, we apply the concepts of inverse
trigonometric functions to real-life problems i’ engineering and architecture, such as
determining heights, calculating angles of €levation and depression, and designing
accurate scale models.

10.1 Trigonometric Equation
A trigonometric equation is an equation that-involves one or more trigonometric
functions such as gine, cosine, tangént etc, and their inverses. For example,
sinx=% , 2c0s” 8 23c0sd+1 ={l,2tan"x=%and JBeotx csex—1=0
are trigonometric equations. An unkmown value of the angle that satisfy the given
frigonometric equation is called a solution of the equation. The solutions that lie within
the interval [0, 2z} arc called the principal selutions. Due to the periodic nature of
trigonometric functions, these equations have infinitely many sclutions. Once a
solution i8-found within one period, adding or subtracting multiples of the period
generates all possible solutions called the general solution, For example, Consider the
equation;
1
cosx =—
¥

Since cosine is positive, so x lies in the I and I'V quadrant.
x=§andx=2:r—%=%r where x [0, 2]

So, % and STE are the selution of the equation cosx =% and are called the principal

@) )
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Solutions. Since 2x is the period of cos x.

So, all possible solutions of cosx=% are %+2mr a.nd%r+2mr, neZ . Hence,
I i Sm
general Solution is given by x={§+2n;r}u{?+2m}.

N

Example 1 Solve sinx=—?

Solution: Since sine is negative. So x lies in III and IV guadrants, with reference
T

angle 3

Hence, x=:r+%=4?xandx=2x—%=s?x whkre' x [0, 27|
as 2x is the period of sin x.

. . . B 4 nt /s
So, all possible sohutions of smx:—? are T+2mr and ?+ 2nr, nek
General solution ={4i+2m}u{5£+2m}, neZ

3 g 3 Reference Angle
B B Let & be a non-quadrantal amgle in

Example 2 Solve 2sec” x 3 Q. position. The augle for

8 f is the acute angle & that the terminal
Solution: 2seczx—§={) side of # makes with the x-axis. The
absolute wvelues of the comesponding

- ZSeczx=§ % mx:ii trigonometric ratios of @ and & arc same.

3 \5 For example, for & =120°, we have @ =

~ 2 2 60° and for &= -30°, we have @@ = 30°.
= m"‘ﬁ ar “"“‘ﬁ Reference angle is used to find the principal
J§ 3 solutions of irigonometric equations.
= CosxX=— ©Or Cosx=——— o1 Q-
2 2
When msx:%
a=8 a=x—0 g=f-x | z=2x-0

Since cosine is positive, 50 x lies in I and IV quadrants with reference angle %

Hence, x=%and x=2ﬂ'—%=% where x €[, 27]. Period of cos x is 2.

B 117

S0, all possible sohutions of ousx=? are %+2mr andT+2rm-,neZ.

) )
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J3

When cosx =——

Since cosing is negative, so x lies in II and III quadrants with reference angle %.

Hence, x=x—£=s—xand x=:r+£=?i.Peliodofmsxis 2z.
6 6 6 6
So, all possible sclutions of msx=—§ are 5%+2m' and %+2mr, neZ

General solution ={%+2mr}u{%+2m}u{%+2mr}u{n?ﬂ+ Zmr}, neZ

Example 3 SolveJ‘.’:cutx—cscx—l =0,

Solution: +3cotx—cscx—1=0 (1)
= Ji“f’”-#q:n
sinx sinx
= VBoosx-1-sinx=0 jxsun
. imes it is necessary to square both
= -Jicosx—1=smx o of a trigonometric equation 1o
Taking square on both sides "'?nlve it. However, this operation can
x introduce exiraneous roots i.e., zolutions
(Jimu_l] —gin® x that appear valid but don't actually
satisfy the original equation. Therefore,
2 : N2 it is essential to verify every potential
= 3cos x+1 Zﬁmsx sin-% Hitlos by mibstivating 1t back it ke
= 3cos® x+1—23e0s x =1—cos? x original equation before accepting it as
2 valid, v,
= 4cos x—2J§cos:|:=0 -
= 2msx(2msx—\f§)=0
= 2co8x=0 or 2msx—\f'§=0
= cosx=40 or cnsx=£

2
When cosx =10

= x=%andx=3?x where x &[0, 2z]

To check extraneous roots, put x=% in equation (1)

J’.’_motx—cscx—l =0

81 )
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LHS=3 cot%—csc%—l=J§(D)—1—1=—2¢0=RH.S
= X= % does not satisfy the equation, so % is extraneous root,

Now put x =37”inequation (1)

LHS—J_cot?— sc%r—l BO)—(1)-1=—1+1=0=RHS

= :c=37:r is the sclution of the equation. Period of cos x is 2.

So, general values of x are 3?”+2m, nef.

3

‘When GOSI=T

=> Since cosine is positive, so x lies in I and I'V\guadrants with reference angle %.

So, x=2 and x=2r- 2= "2 where w0, 2]

6

again, to check extraneous roots, put x=E in equation ...(1}
Jicotx—cscx—l=0

L.H.S=J§cot%-csc%-1=J§-ﬁ-2-1=3—3=o=1LH.s

= 3= % is solution of equation (1).

Now put_% =11Txin equation (1)

1z

LHS—J_GQtI? ~1=3(—3)-(-2)-1=-3+2-1=-220=RHS

= x—llTx does not satisfy the equation (1), m%manextmneousroot.Penod

ofcosxis 2x.

So, general values of x are %+2mr TMNEL.
: 3x x
Hence, general solution ={?+2mr}u{ E+2M}’ nei

) )
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P EXERCISE 10.1 _J
Solve the following trigonometric equations:
; 1
1. sinx=— 2. 2cosx=-1
2
3. 3tan’x=1 4, 9-3csc’x=5
5. 2cos’x—3cosx+1=0 6. sin’x-3cos’x=0
7. J2cosxsinx—sinx=0 8. 3cot?x+3cscix=5
9. sin2x—3cosx=0 10. cos2x=cosx
1. Ixnzx—(ﬁ+l)tanx=—\o‘§ 12. tanx=sin2x
13. sin3x=cos2x 14. «2sin® x+1-L8inx+cosx
15. sin"‘xoosx+oosaxsinx=% 16. sin32x0052x—00532xsin2x=£
17. sin334:::cas;v::+t:05.3:|:si1'134:=i 18, A2 +1+'cosx=4
2 I+cosx, sinx
tan 7x+£ +tan 3x cot Zx+£ —cot 5x+£
6 12 12 1
19. =1 20. =T
1—tan['?x+£)tan3x 1+cot(2x+£]cot[5x+£) 3
[+ 12 12
. 3 3 -
gy, Wwx+oosr eQE) Ao sindx—sinSx+sinTx=0
sinx+co8x I ftan’x 2
23. cos2x—codbx=8indx 24, sinx+sin3x+sinSx+sin7x=0

10.2 Graphical Solution of Trigonometric Equation
The graphical solution of trigonometric equations involves plotting the graphs of both
sides of the equation and identifying their points of intersection. Each point where the
curves intersect represents a solution to the equation.
When dealing with trigonometric equations of the form f(x) = g(x), it can be
challenging to find exact solutions. While some equations can be solved algebraically
using trigonemetric identities and properties, many are too complex for such methods.
In these cases, graphical methods serve as a valuable alternative. By plotting both
functions y = f(x) and y = g(x) on the coordinate plane, we can visually observe their
points of intersection. The x-coordinates of these intersection points are the solutions
that satisfy f(x} = g(x). This graphical approach not only helps in determining the
number of solutions but also provides deeper insight into the behavior of the functions
and the nature of their interactions.

) J




Unit=10 Solution of TrigonometricEquations Mathematics-12

Example 4 Solve the equation sinx =% graphically over the interval [z, 7]
Solution: To find the values of x that salisfysinx=§ ., we identify the points where
the graphs of y = sin x and y=§ intersect.

Now, graph of both the functions in the interval [, ] represented as follows:

EE

v

Figure 101
From the graph (see Figure 10.1), we observe that the curves intersect at three points

within the interval [, #]. Thus, the §olutions to sinx=§ in [-#, x] are:
x=-1.89, 0 or 1.89tadians
[ \< 3

a clear visual approximation

Example 'S Solve the equation msx=% graphically.
Solution; To find the vahues of x that satisfyoosx=%, we identify the points where
the graphs of y = cos x and y=§ intersect.

First, note that the range of cos x:
-1<cosx <1l = —15%51: -8<x<8

Next, we plot both functions over the interval [8, 8]

] )
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Figure 10,2
From the graph (sec Figure 10.2), we observe that the curves intersect at five points

within the interval [—8, 8] @
Thus, the solutions to cosx=§ in [—8, 8] are approximately:
x=-416, —1.8, 1.39, 5.46 and 6.82 radians

Example 6 Solve the equation tanx=§ graphically in [—37”, 37”]

Solution: To find the values of x that satisfy tanx=§,weidml:iﬁ'the points where

the graphs of y = tan x and y=§ intersect.

Now, we plot both functions over the interval [—3?”, 3?”)

Figure 10.3
From the graph (see figure10.3), we observe that the curves intersect at three points
within the interval -3?”, 3?” :
Thus, the sohations to tanx=% in [——, —J arc approximately:

x=—4.27,0 and 4.27 radians
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10.3 Real Life Problems

Example 7 A lighthouse with a 15 meter tall lantern stands atop a cliff From a
ship 120 meters offshore, the lantern subtends
the same angle as a 1.5 meter buoy placed at the
base of the cliff.

(a) Find the height of the chiff.

(b} Calculate the subtended angle (£).
Solution: Let / be the height of the cliff then from
triangle ARD

h

tan &, =% = 91=tan“[ﬁJ

Also, from triangle ABC

_h+15 N 9=tan—1["+15]
120 120

The subtended angle for the lantern

6,=6-4, =m-1[—”+15]—m-‘ [i]
A 120 120

e BHISY L R

% =tan [120] tan [120]
height of the bucy = 1.5 m, then from trifingle ABE

L.5

1.5
tan f, =—— = L
B =120 = BERD (120]

given that the lantern'gubtends the same angle as a 1.5-meter buoy placed at the base
of the cliff, that is, &, =&,

NET=L Jf BY_ . afLl5
L [120] s (120]'“"1 [120)

tan

h+15_ b
a| 120 120 |_aef 15
R A (120)
120 120
v tan g—tan” g=tan”| Z=F | ag >
[ & P [1+aﬂ) F ]
15
120 =0.0125
14400+ 4* +15h
14400
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15 14400

. =0.0125
120 14400+ A* +15h
= K +15h-129600=0
Using quadratic formula
he -15 i\{15z —4(1)(—129600) -15++/225+ 518400
2(1) 2
he —15++/518625 _-154+720.2 P 705.2 _352.6
2 2 2
Thus, height of the cliff iz 352.6 m.
{b) The subtended angle for the lantern
@, = tan™ (ﬂ} —tan ™ [ﬁJ =T71.9¥ -71.21°=0.72°
120 120

= =072
Thus, the subtended angle for the lantern is( 0.72°.
Example 8 A projectile is launched from the)ground with an initial velocity
2
v, :30m/ s . The range R of the projectile is given by the formula R=vE°sin29,where
#1is the launch angle to the horizontal and g='9.8 m/s? is the acceleration due to gravity.
{a) Find the angle & (in degrees) required for the projectile to hit a target exactly 80
meters away. 2
{(b) If the maximum(ranige achievable is R, =—, determine the angle & that gives
4

the maximum ragge. Justify your answer mathematically.

Solution: (8) ‘“Given that: v, =30m/s, R=80m, g=9.8m/5".
2

vﬂ

g
=  80x9.8=900sin20

Substituting these valucs in R=

sin 28, we have

_ (30)*sin26
0.8

80

= 784 =900sin 28 o

sin 28
= sin 20 =0.8711 = 20 =sin (0.8711)

_ 60.5°

= 20=60.5° => g =30.25°

(87 )
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Since sin @ =sin(180° — &, , second possible solution in [(f, 360°] is:
= 260=180"-60.5=119.5°
o= 112'5 =59.75°
Thus, the projectile will land exactly 8) meters away when # =30.25° or 59.75°.
(b) The range is maximized when sin 28 is maximized. Since the maximum value of

sin2# is 1, so we have:
pin26 =1 =  20=sin"'(1)

> 2= > p=T
= g=45
Now, the maximum range can be calculated as:
v 900
=—=="—=91.84
R 2 98 m

Thus, the maximum range ig achieved at 45°, ag sin2f.reaches its maximum value of
1 at this angle, and no other angle yields a greaterrange.

¥ EXERCISE 10.2 J
Solve graphically:
L. 3sinx=%+1, xe[-x, x] 2 coa(2x-1)==, xe[0, x]
3. 3tanx=2x+], xe{—%,%) & sm(x+3)=—2x+%,xe[—:r, ]

5. gin3x=2
2

6. A hiker pulls a sledusing a rope that exerts a force of 80 newtons over a distance
of 25 meters. The total work done i 1200 joules. At what angle to the direction
of motion‘i§ the force being applied?

7. A radiotower stands on flat ground with a small antenna mounted at its top. From
2 point 50 meters away from the base of the tower. The antenna subtends
the same angle ag a 1 meter vertical rod placed at the base of the tower. The total
height of the tower and antenna ig 10 meters.

(a) Find the height of the tower (without the antenna).
(b} Calculate the subtended angle.

& A person standing 20 meters away from the base of a tree measures the angle of

elevation to the top of the tree as 30°.

(a) Find the height of the tree.

(b) If the person walks 10 meters closer to the tree, what will be the new angle
of elevation to the top of the tree?

(289 )
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Vector Valued Functions ,
and Their Derivatives

INTRODUCTION

Vector-valued functions return vectors with both
magnitude and direction to medel multidimensional
quantitics such as position, velocity, or force in 2D or
3D, unlike scalar fimections which give a single valuc.
Their derivative provides the instantancous rate of
change, yviclding the velocity vector esscntial for
analyzing motion, with applications in engincering,
computer graphics, and physics, from robotic arms to
planetary orbits. This chapter covers definitions,
component forms, operations, and differentiation
techniques for analyzing curves and solving real-
world problems invelving velocity and acceleration.
For example, a particle moving along a path.in 2D might have its position at time t
given by:

r(t)=1+¢*]. This means at ¢, the particle isat the point (7,£* ) (Figure 1L.1).

A real-world example of a vector-valued function in three-dimensional space is the
position of a satellite orbiting Earth. Suppose the vector-valued function describes a
sate]lite's position at time { (in-hours):. \r{f) = (4000 cosz){ + (40003int)}+30001f
Here, the components. represent
the satellite's coordinates in space:
x =4000cos? , y=4000sinr,

and z =3000¢ (inkilometers). The
x- and y<components meodel the
satellite's “circular orbit in the
xy-plane with a radius of 400¢ km,
while the z-component indicates a
linear ascent along the z-axis at a
rate of 3000 km per hour. This
function maps time to a position
vector, describing the satellite's
trajectory through space, which is
essential for tracking and
communication in  aerospace
engineering (Figure 11.2).




Unit-11 Yector Yalued Functions and Their Derivatives Mathematics-12

11.1 Scalar And Vector-Valued Functions of A Single Variable
11.1.1 Scalar Function

A sealar function is a function that assigns a single real number (a scalar) to each
point in its domain. Think of it as a rule that assigns one value to a position in space,
like measuring temperature at a gpecific point.

Mathernatically, if to each value of a scalar variable ¢ in the domain of a function £(#),
there corresponds a unique scalar f, then fis called a scalar function of 7. A real-valued
function is commonly called a scalar function. For example, f{¢)=3¢+2cost is a

scalar function.

11.1.2 Vector-Valued Function (Vector Functiog)

A vector-valued function in a single variable is a function that takes one variable as
input and returns a vector as output. Each component of the output vector is itself a
scalar function of the input. Typically, a vector-valued function is written as:

r(t)={7 () ().A @)=L () +2 ()i +h ()

Where{, j, k are the unit vectors along tHe -, y— audz- axes, and the scalar functions
f(#),g(¢), and h(¢) are the comporients of. r ().

11.1.3 Constructing a Yector-\alued Function
Step-1: Determine the Components: Identify how each coordinate changes with

respect to £,
Step-2: Combine into'Vector Form:

Express the components as a single vector using either component notation
r(t)={7(t),g(+).A(t)) or unit vectors r{r)=7(¢)i +g(t) ]+ {t)k.

Step-3: Specify the Domain: Define the range of ¢ where the function is valid (e.g.,
¢t 2 () for time-dependent motion. 1;‘1’
1. Projectile Motion

. 2.5
When a ball is thrown at an angle, its " 158 smss
position over time follows a parabolic ! 1.0¢ '
: . £ Ja
path under the influence of gravity. If the ¢
A aw . - 4 5 ! 1
initial velocity is v, at an angle £ , the ) i A0sw

position vector is:

e

§ 1¢ 15 0 385 N I 4 45

Figure 113

) )
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r(r)=(v,cosﬂ)tf+[(v,sin8)r—%gfz) ;

Where, (v, cos ¢)z =x-compenent (horizontal motion at constant speed) and
(v sinﬂ)t—%gf’ = y-component (vertical motion with gravity deceleration).
This model simulates the trajectories of objects like soccer balls, arrows, or rockets
in 2D.
2. Flight Path of a Drone
A drone taking off and moving in a
helical search pattern can  be
modeled as:

r(t)=5cost + 5sing +0.56€
Where x- and y-componcnts
represent the circular motion with a
S-meter radius, and the =z

component represents the steady
ascent at 0.5 meters per second.

This describes real-world
applications like surveillance,
scarch missions, or acrialphotography:
11.2 Domain and Range of a Vector-Valued Function

The domain of aVector—valued function r{¢)= f (1){ + g (t)j + A (2 )£ is the set of all
real numbers ¢ for which every component function £(r},g(#) , and k(¢)is defined.
11.2.1 Stéps to Find the Domain of a Vector-Valued Function

Step-1: Determine the domain of each component separately.

Step-2: Find the intersection of the domains of each component f(r),g(r) , and
h(t). The domain of r(t) is the intersection of the domains of f(¢),g(t) , and k(t)
The range of a vector-valued function is the set of all possible output vectors r(f) as ¢

varies over the domain.
Example 1 Find the demain and range of the vector-valued function

r(I)='J4—t‘?+t%lf .

2 )
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Selution: The domain of ﬂr):ﬂhﬁj is the set of all ¢ for which

both components are defined.

For the first component v4—#* , the square root requires 4—£2 >0 .

=<4 -2<1<2 te[-2,2].

Fortheseeondcomponent L, , the denominator cannot be zero.

=
ie t-120=i=1

Hence, the final domain: [-2,1)w(1,2]
The range is the set of all possible output vectors r(t)= (x(r),y(:)) , where
te[-2,1)u(1,2].

That is, Range: {(Jﬁ, ) |ee[-21ul 2]}

11.3 Identifying Scalar and'Yector Valued Functions
Understanding the distinction betweenscalar and)vector-valued functions is crucial
for advanced studies in calculus, phyzics,~and engineering. These functions are
fundamental in describing quantities that vary with respect to one or more variables,
such as time or position.

11.3.1 Key Identification Critéria

Scalar Function

(i) Scalar-valued functions produce a single numerical value {(e.g., a real number).

(ii) Scalar-valued functions are typically denoted by lowercase letters (e.g., f(x)).

(iii) Scalar-valued functions describe quantities like temperature or potential energy.
In & heat transfer problem, the temperature T (x, y,z)=100—x" - y* —2*

describes the temperature at a point (x, y,z) in a three-dimensional space.
Identification: The function takes a position (x,y,z) and outputs a single number

T (temperature in degrees), making it scalar-valued.
Engineers use such functions to model heat distribution in materials, such as in
designing cooling systems for electronic devices.

22 )
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Vector-valued function:
(i) Vector-valued functions produce a vector, often written as an ordered tuple or in

terms of component finctions (c.g, f(f)=(4(:).A(1)) @D) o
g(1)={g(1).8, (1), (£}} 3D)).

(ii) Vector-valued functions are often denoted by boldface letters or with an arrow
(e-g T(f) or £(1)).

(iii) Vector-valued functions describe quantities such as position, veloeity, and force.

Consider the function r(f)=(cos{r),sin(¢),#){ Here, the input is a
single scalar variable ¢ (often representing time), and the output is a2 3-dimensional

vector. For instance, if r=£ then r[£]=<ms[£],sin(£),£>= <0,1,£> . The
2 2 2 22 2

output is a vector, indicating a point in 3D space) This function traces out a helix,

¥ EXERCISE 11.1_J)

1. Give two real-life examples where vector-valued finctions are necessary.
2. Construct a vector fimctigiifor a particle moving in a circle.

3. Write a vector function for a car moving along a parabolic path.

4. Create a 3D vector{function fora drone flying upward in a spiral.

5. Givenx() =12+, W) = 1, construct r(s).

6. Given x(z) =$, (1) =Inr, 2(t)=sec” (¢) , construct r(z).

7. Find the domain and range of the following vector-valued functions.

M) r{)=vi+hg (i) r(r)=ocos(r)i +sin(r)]
(i) r{)=f+j+ek (v) r(f)=sin(t)i+cos(t)]+tF

8. Determine which of the following fimctions are scalar fimetions or vector-
valued functions. Give appropriate reasoning to support the answer.

® f£()=(3-5) @) h()={r¢, nz)
(i) g(f)=tm()rose() () j(r)=<ﬁ,ﬁ>

) )
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11.4 Derivative of A Vector-Valued Function
A vector-valued function of a single variable is a function that maps a scalar (usually
time ) to a vector in [R". For a function in three-dimensional space, it is typically
written as:

JORIPAGNAQNAG EFA) EFAQTEFA '
Where #, ],k are the unit vectors associated with the rectangular coordinates and
£(2). /(1) ,and £, (t) are scalar finctions of £ are the components of the vector-
valued function r(¢).
The derivative of a vector-valued fimetion r(r) with respect to f.is defined as:

, . r{t+At)-r(z
() 20D

If the limit exists, then r’(¢} is computed by differentiating each compenent:
£ ()= {50, L) 4 (1)
= £+ F (O iH A (Ok
Example 4 Find the first detivative)of r()=7% +sing +e'k with respect 10 £
Solution: Differentiating each component separately, we have,
d d d
E(fz) = 2:‘,5(5111:) = oost,z(e') =¢

=1'(t) =26 +cosfr 'k

Example 5\Find the first derivative of r(t)=secff +tansf — cosfk at i‘=% ]

Solution: Differentiating each component separately and finding the value at £ = % .
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d{—cost
(—cos )\ =sin[£)= !

—(—cost) =sins =

at dt 4) 2
= r'[%] =2§ + 2}+%fc\
P EXERCISE 11.2 _J

1. Find the first-order derivatives of the following vector-valued functions with
respect to .

@ r()=(F+1)i+(2++3)]
(@) r(r)=(rsins—cost)i+(cot (t)+Int)j+ (I (1++2)}f
o0 \h: - 1‘£=£

2. Find the first-order derivatives of the following vector-valued functions with
respect to ¢ at the specified values of 1.

@ T(I)=(%Jf+(vqe’)fatt=%

(i) r(r)=(tJt-|-_2)f+]n(t+ t‘+1]_}‘at t=0

“"f") e at 10

(v} r(f)=re'i+oos(3)j+In(l+s*)Eat r=0

11.5 Velocity and Acceleration
If r is the position vector of a particle moving along a smooth curve in space, then

(iii) r(¢)=arctan(t)i +

%r(t) represent the velocity vector of the particle, which is tangent to the curve, i.c.
%r(t) =v(t)} , and the derivative of the velocity vector with respect to time ¢ is the

2
acceleration of the particle, denoted by a i.e. % v(t)=a{)= %r(r) .

Example § Vibrating conveyor belt in a factory sorting system

A small metal part moves on a conveyor belt in a factory. The belt transports the part
eastward (x-direction) while simultaneously vibrating sideways (north-south, y-
direction) to help sort items into bins. The position of the part at time ¢ seconds is

given by r(f)=3"+2sing in meters. At a specific moment, t=% an engineer

i 53 J
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needs to analyze the part's motion to ensure it enters the correct bin. Hence, find the
following quantities at r=%.

(a) velocity (b) acceleration (c) speed (d) direction of motion.
Solution:
(a} Veloclty: The velocity vector is the first derivative of the position fimction.

v(;) =r'(t)= th+2wsﬁ , at i‘=% is, v[%} = 6(%]?+2005[%J} =3xi +0}

At this instant, the part is moving purely eastward with no north—south velocity.
(b) Acceleration: The acceleration vector is the derivative of the velocity vector,

a(t)=v'(f)=6{ -2sing , at r=% is, a[%]:ﬁf—zsjn[%]_?:ﬁf_z}

The part is accelerating eastward at 6 m/sec® and southward at 2 m/sec’. Even though
its north-south velocity is momentarily zero, it is starting to move southward.
() Speed: The speed is the magnitude of thevelocity vector.

[v(£)|=v36¢* +4c0s*t , at r=% ;

o) Gl

The part is moving along its path at about.9.42 meters per second.
(d) Direction of Motion: Thc direction is given by the unit tangent vecter,

o ¥(7) PN C3mi+0f s 4
v(f) m,at ! 21&, V[ZJ— r =i+0f
The direction of motion is due east (positive x-direction). The part has momentarily
stopped its north-south oscillation and is moving purely horizontally along the belt.
Example-7, Drone inspecting a cylindrical water tower
A drone is programmed to fly in a helical (spiral) path around a large cylindrical
water tower to inspect its outer surface for cracks or rust. The drone maintains a
constant horizontal distance of 2 meters from the tower's center while climbing
upward at a steady rate. The drone's position in 3D space at time t scconds is given
by: r(f)=2cost +2sing + 36k
Here:

 x(#)=2cost: cast-west pesition (amplitude 2 m)

 y{¢f)=2sin¢: northsouth position (amplitude 2 m)

e z{t)=3t: Vertical height (climbs 3 m/s)
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At a specific moment 7 = seconds, the drene operator needs to analyze its motion to
ensure smooth inspection. Find the following quantities at 1 =# (a) velocity, (b)
acceleration, (c) speed, and (d) direction of motion at ¢t =x.
Solution:
{a)} Velocity: Compute the first derivatives of each component.
v(t)=r'(t)=—2sinti + 2costj + 3
att=x , v(z)=-2sin(xw)i+2cos(x)j+3k=0{-2]+3k
At thig instant, the drone has no east—west motion, is moving southward at 2 m/s,
and is climbing at 3 m/s.
(b) Acceleration: Compute the second derivative.
a(t)=v'(t)=—2cost - 2singf + 0k
at t=x a(x)=—2cos(x)i-2sin(x)j+0E=2{+07+0£
The drone is accelerating eastward at 2 m/s?| This centripetal acceleration points
toward the center of the circular path (the tower's axis), keeping the drone in its
circular horizontal trajectory.
(c) Speed: Calculate the magnitude of the velocity.
|v(£)| =V4cos? e+ 4sin’ £ +9 =13

att=mx, |v(n')| = /13 = 3.6056 m/sec
The drone’s speed is constant at.about 3.61 m/s throughout its helical climb, ideal
for capturing stable inspection footage.
(d) Direction of Mofion: The unit tangent vector is,
o(s) v(#) “=Dsind +2cosf +3£

)= -
[v(e) V13
at £ = "(”)=%= 0?—%}#%5
The drone is moving in the south-up vertical plane. The direction has no east-west
component.
¥ EXERCISE 113 4

In 1-5, each problem involves a vector-valued;function representing the particle's
posgition in the xy-plane or in 3D space. Find the velocity, acceleration, speed, and
direction of motion at a specified value of £. Interpret the results by describing the
particle’s motion at that instant, including how fast and in what direction it is moving,
whether it is speeding up or slowing down, and how its path is curving.

7 )
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10,

11,

r(f)=2sin#i +3¢ at t=% 2. r(f)=ei+e’jate=0

r(f)=cosfi +sinf+26k att=x 4. r(t)=FH+§+k st =2
r(t)=¢'sinti + (t’—2t)f+mtnn (2t)k at t=0

A cannonball is fired from the ground at an angle 30° with an initial velocity
of 100 m/s. Assuming gravity acts downwand ( g =9.8 m/s*) and neglecting air
registance,

(a) Formulate the position vector r(r) of the cannonball as a-function of time.
(b) Find the velocity vector at ¢ = 5 sec.

(c) Determine the time of the flight (when the cannonball-hits the ground).

A comet orbits the Sun in an elliptical path such that its position (in AU) at
time t (in years) is described by, x=2cosf, y=3sinh

(a) Write the position vector r (¢}

(b) Findthevelocityandspeedata':%

{c) Show that the acceleration veetor always points toward the origin.
A robotic arm moves such that: Its x-position increases linearly at 2 m/s, Its y-

position follows y(7)=1¢*, Its z-position is given by z(r)=1-¢".

(8) Construct the position vector r(r)

(b) Find the velocity vector at 7=1 sec

(¢) Compute the'acceleration at =1 sec

A particle nioves along a circular path, described by the position vector
r(f)=Recosaxi + Rsinayj . Prove that its velocity is perpendicular to its
position. vector.

A Ferris wheel of radius 20 m rotates with an angular speed of 0.2 rad/sec.

(a) Construct its position vector r(z)

(b} Find the passenger's velocity at ~=10sec

(c) Show that the acceleration is centripetal (toward the center)
A quarterback throws a football with a position vector

r(t) =20 +(20:-4.9)

(a) Find the time of flight before it hits the ground.

(b} What is the maximum height reached?

(c) At which time did football reach its maximum height?

] )
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¥ EXERCISE 1.1 _J
L® y=3+DE-1) @@ y--2-Dx-2) {j y=@x-1)2x+1)
AF AV ¥

1

(iv)

czsas) 0 OAND| L y=E+HDE+) 4 y=-2r 1y
¥ EXERCISE 12 _J

1. Mgm:.mieFum::;i.:nns:g{x}.=%,Mx)= V¥ +2x, rm) =G 1Y
2. Transcendentsl Functions: g(x) = oot x, h(x}) = € + V" +2x, b(x)= £
3. Domjf=] oo, o[, Range f= 0, o[. Graph is 4. Dom f=]—wx, «[, Range f= 10, oo, Graph is

given in the following fipure. piven in the following fignre,
fi =5 — -
AF 1
| ‘oY
| 4 % |
.1 >
%= 2 2 x| S IEETL
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¥ EXERCISE 1.3 _J

L) flE=4+2
(i) D, =R, = (2w} R, =D, =(-o,%)

(iv) Graphs of flx) = log(x — 2) =and
x4 + 2 are drawn in the figure.

Note that:

{a) any horizontal line crosses the curve of
f only cnee. Which indicates that fie
one to one

{b) both fimetions are symmetric about the
line y=x.

[ T K
() D,=R = [—;. ;]. B =D ,=[L1]

(i) Grephs of f{x) = sin(x) is drawn in the figure, which clearly *\ |
indicates that is any herizonial line crosses the curve of fonly

once. Showing that fis one to one.

(iii} Using the symmmetry about the line y = x, the graph of /! is

drawn in the same fipure.

4 ) y=2 (i) y= -2 & (D y

g p= 243 6 JEWNLC
2x+2
1 léx+3
7. y=1 4
+ 2Y3x+5

8. Compariseny From the figure, it is ¢lear
that the praph of g(x) is obtained from f{x)
by shifting it 2 units o the right and 1 unit
upward. Therefore, both graphs are identical
in shape but differ in their pogition on the
coordinate plans,

AF
8
3
- 2
D=F7+1
fy=% .~

4.9 % - ® 1 =%

Wi

<

= 2\‘:—3 3. .H j&}:":l.)'

= W W s th W -

1!34!51!‘

9. Transformed function: g(x) = 4ln(3x - 6} +1
Graphs of f(») and g{x) are given in the
figure.

o5 lllsmﬂal‘;
| gt =4 InGx—6)+1
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i | : :
g(9)=512x-7|-3

10. Graph of g(x) =%|2x—7|—3 is given in the
figure.

¥ EXERCISE 14 _J

L @ s-@-2Zar2D) @ s={"'* ’}ﬁﬁ)s={1,a}ﬁv>S= {1;(v)S={§ms.[“"ﬁJ}

2 2z

2

v) s=[3—J§.1)u(3,3+J§) ™ s-[“"ﬁ,m} (D S=4¢

(vi) = {hs, [@}m[""’_‘]} 2. ®S=[0, 11 @) S = [2a)(iH) §=[3,5)

2

¥ EXERCISE'15 _J

1. 34.7hours 2. k=00511 3. 2773 hours \ (4. E=—00507 S5 60dB
6 I=10*Wm? 7. @ k=-013863) () ¥N=12508. ;—'=1oo 9, A=Rs. 4764.06
10 f=3years 11 A=Rs. 36642 12¢=B.42 yéam ;

P EXERCISE 2.1 _J
1. (a) secxtanx (b} —osi cotx (&) —sc*x 2. (2 cosx —xsin x)
kB mx(xtanx+1}—% 4. —1_:0" 5 cosf! 6 %-mxtmx+%
7. 2l 8 £=1-Jlinx+u.l:(mx—ainx)
& 2 & 2
-J;H:(l‘—x)’ J‘ -
i_ 3 i= :nuax—-q‘sinxlin x
B d‘—sw(tan:}thanx)m x 10, 7 ZJ;Jai.nx
1L %-Z{Ianxlmlx—:m:(xln 12 %--&ain"(b)-ms(mm-ﬁn(zv)
1B -2 (D i-"“—"’i“;“ mp 2o =ts
dx e 2 & +f
(tanz)?
& __ Lty (m) &___1 Wy
B e e Ve ® sl
& 1 1 & oosec ttan 6 (1 +£1)+1
(i) —= - (iv} —=—( ]
& W+ ot za+sd d (P +)

oy )
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P EXERCISE 2.2 _J
L M r(=)=e [3;’ —x++—§] () 7'(%) = cos(2")2" In2 (i) £ (x) = €™ (c08 x — x8in x)

™ o=, 20 2.0 w ST
& 1 & . & _1-2inx & _ J_(2x+1) 2 . o
@ Fo e ) T oz 0 20 S-S [x, i 1)]
¥ EXERCISE 2.3 _J
x 2 x i . ;
. y-smm’l|=|= -1|| x-=] 2. line y = 0, normal ling x =
Ly (4) [m 1]( 2)2 Point (0, 0), tangent line y =0, x=0
3. Poit (1, 0), tangent lins x= 1, normal line y =0 4. (%%M—%-%]
5. (0y,=128-6 () y-—— ) y, =" @e + 1222+ 65) (V) 3, =
(2x+3) y
e, 2 e B , 3
)y, = (2)'—:)’ v » a;y; {viiyy, 205
L (e Lo\ 1 A, N )L fx
"ﬁ)yﬁﬁm(z)’ Yo =" (z] 1024 (z)’ Y [2] 2048 (z)
(11')_]!4—{ —1y 31|: - 1:|' ¥ =.(—1)’9||: ¢ I"‘+;w:|; J'11=(—1)m10||: 1 “+;u:|.
(x+a] {x—a) X +a) {x—a) {x+a) {(x—a)
PO EXERCISE 2.4 _J
L M Incrmingon[n.ﬂu(%zx) Dmmngm[f%’)
(i} Increasingom (—w, J) Decreasing on (0, «)
(1) Tncreasiogion [—%,1) Decreasing on [4,—%)
. x5 iz 2 x ix
(iv) Increasing on [ﬂ.;]u(?.lx) Decreasing on (;'?J

2 () F(0)=8islocal maximum (i) f&]--% i Incal minimum value

(it) Meimmm =2 af x = 0, Minimum = 14 atx=+2 (i} £(-2) = 0 is local maxirmum,
IG)L% is local minimum (v) Maximum =(2+2/2) o at.x = -2, Miniruen = 2-242) 0% at3=+12

.0 GlohnlMax=JEnlx=%,Glnbalh-ﬁn=—aﬁux=£

(i} Flobal Max=16atx=8, Global Min=0aix=0

] )
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4. () GlobalMax=4atx=0, Global Min=0atx=2, Local Min =3 atx=-1
() Globel Max =2 atxJT”, Global Min= 2 at::%.l.malhﬁn=latx=2=t'
Local Max=1atx=0
¥ EXERCISE 2.5 _J
1 L{x)=2+%(x—3), VAL ~E(21)=1775, 29 ~L(19)=1725
2. () L{x)=x,8in2° = L(2°) = 0.0349 30 L=5+3a-n @ LH=x—x
@) L = 1 4 () 4375 (i) 0.485
¥ EXERCISE 2.6 _J
1. ® ¢’=(3:’—$]# (D dy=—2x sin(x?)dx 2. Ay=a5r1=0.52
iy Av=dy=-0.00660 () Av=dyp=04 3. (1) s =50 (D (337 ~ 20125
(iff) tan 46° =~ 1.0349 4. Mximum error in volums = 378 cm?~ 5, ~ Percentage error = 1.5%

¥ EXERCISE 2.7 _J
1 Height=%,Widlh=%,Radi =% 2. , Sizeof square cut =5 cm

3. r=30cm, F=60cm 4. Square wire =112 m,\ Circle wire =8.8 m

5, 9days 6. Sem,Sem T Wm=1o£+sm,ﬂeigm=%+4cm, 8 4,8

¥ EXERCISE3.1 _J
L) ¥»=20s"+¢ l{iijly=:'4‘+t5t4 2t5+c 2.(D r+1‘2 ‘e @) u’+2u2 +e (i) EJn:"+c.-

.. 2 3 3 '

(iv) —;——=+c 3.0 Exz+ +T+c (ii}—+?+c (i 2 +4.J_——+c
2 3 2N . B o
(Iv);x +4\E+c {v);(x+2)2 —24x+2+c (\'i)x—ie —Zz Ee +c

3 Inle

2, .2 2
(vm—(x+1)=—5x1+c (vit) ;T +c

3
2 3 1 x _ —x
{ix) ;x2+c {x) Elﬂ(ﬂ -2 )+c

-% 3

) e 2 (i) ]n|x—% |+¢ 4. @) Injoscx—cotx{+c @) —ootx—x+c (i) tanx + L

Inz In2

+&

(iv) _msl:x +mi:x +c (¥) x_oos2.r+c (vi) cosx+sinx+c (vil}tml[%)+c
(vill) mnx—x+c (ix) 2(sinx+xcosd)+c

¥ EXERCISE 3.2 _J
L{) Vo + 2bxic + C (i)~ ( ]m = J')m Z \I')’”2 (1+J§)m+c
(iff)In/cos x + x sin xj+c (iv)—%:(”m} e M (x’ +1)2 —;(x’ +1)2 +e

G0y )
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) 22+x-20n(1+42+x)+c () Inflntans] +c (vit) {_h(”“"“)”“if‘i‘”*""“’“

ln(—sinx—max}+c1,ifsinx+max<0
i 2
@) 241 +6inx +¢ (®) [h”;x) ¢ (xf) — T

+e (xil) —x+1n(e"" +l)+c

2+ ez")
3+& 1, |gsinx—2 E . -1 Inx
2. 1n3_ te @) -+ (i) hml(g’)+c (v) sml[T]h::
1. |3x-5 1 5 3
®) ol +e MEMI[%)+C (viy x—atan‘&]ﬂ (i) tan'(Inx)+c
'ﬂ‘xz+ x 7 1 x
() — te (x) ro @) Vi -9 += sec | E4e  (xlD) sinll%_y1-2 +c
4x Vi+2 3 3
(i) aln| Y% ~% | "“2 =% +a? -2 +¢ (ﬂv}%ln|l+sin‘x|+c (x¥) 1n|x+l+q‘x’+2x+10 .
¥ EXERCISE3.3 4
1. xlnx-x+e L%h:—%hc 3.xsj];2x+mzx+c4.—xmtx+h|sinx|+c5. x%—%ﬂ:

6.x° £—%m"' +%e" +c T xtmx+1n|mnz|—§+c 8. sinx In{sinx)—sinx+c
7]

0. (l+e)mfl+e) e 10. R i e’m'l(e’)—%ln(1+eh)+c
12, x‘bm%+2]11‘ms§|+c 13 x(secx-+tanx)+1lnfl-sinx|+c 14, J.'(]Il]‘.‘)z +&

15, 2Jx tan ' Jx —In(1+x)% ¢ 16. (4—2x)cosfx +dfxsindx+e 17,

1t 2x% +2x%3
18. =
5° 1353

21, —%cscxmtx+5h|mx—cot:|+c 22, %es:(xs +1]+c 23, 2J;EJ;+C 24, " cosx+c

¥ EXERCISE 34 _J
x-1
e

e +e
1+2*
]+c 19, xsin 'x+41-2% +e 20, %(1+(]nx)z]tan'l(]nx)—%h1x+c

1L 21n|x+1|+3h1|x+2{+c 2. 1n|x+1|+2ln|x+3|+c 3. §+2x+%]n

*x—Thlx—ﬂmmﬂ s.Smpr—af+mprstire 6ml*Zee

7. 1n|x+2|+ 1 +¢ B £*+2In il +£

x+2 2(,.,.2)2 & +1
x—2
x+3

—is+clll ln|x+2|———

x+ x+1 2(x+1)?

o4 )

9, 4ln[=—= z+c 1L lnfx—1+2 tan'x+c
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12 it x+in(s +4)re 13, Iprsl|- ! —+e 14, tan'l(x—l)—xz_;x+2+c
_1n|smx 1|——]n(am x+sinr+1)-2 J‘ -1[2“3,;_”1]“
¥ EXERCISE 35 _J
12 (ﬂ)ms(ﬂn T 2-¥2 ) 3 o 2-2 (DS n2 (vm)f—lmz x> 2. @) 13
Gi) 42 {‘n’]— 3. — 4{'}0(’n’]If(x)dt B—zﬁ.(‘]ﬁ{ﬁ]—{")ﬂ'? % 8. 25 9. 38
13.% 14. 18 16.(1)1(11)51::2{111}1(17} 0
P EXERCISE 3.6 _d

L %squueunits 2. {I) Total area = 4 squarc units. Net signed area= %squmunits
(i} Total area = %squarelmiis. Net signed area = —§square ynits
l(ﬂ%sqmunits (lﬂ)%squmunits

F 3
75

4. 1 squere unit i%squarelmits 6.36, V7. 1:1 8.(a) 0 (b) 18 square unita

9, % square units 10:-18 square units 11. Consumer Surphis = 27, Producer Surplus = 36
12, D(x)=24—2x, S[x)=12+x 13. (a) 2In2 (b) p=6—{3—ln2)x 14. Rs. 324

15.4) %x chbic units (if) %x cubic units (1) 477 cubic units (lv)%:r bl

¥ EXERCISE 3.7 _J
1, 7=2048 mass - lengh umils 2. lwﬁm-kmgth* units 3, (&) (f) = 6% —36¢+30 m/s (b) ~50 m
_ 2 32,8, 2
(€} 78 m 4.%:)—3!+(H2)2+2cmf , (8= f +o! H_2+3:=m

6.(8)200.3 (b) 16200 bacteria 7. (a) P(r)—30t2+3ﬁ0t+25m0(h)36000pmp1e (€) 5650 people
B.5=3 9.15 10.1 11.4 12.(a) T= 4.62 hours (b) 30 mgh/L

() Ons dose is insufficient; 5 doses nceded in 24 hours. 13. (a) Smg/L (b) 2.4096 mg/L

(c) 10,4096 mg/L (dy Cpp (1) =80 180D 4<r <8 (e) 2425mg-bL

03 )
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¥ EXERCISE 4.1 _J
1. () order3,degresl (i) order2, degree3  (iif) order 2, degree undefined
(iv) order 1, degrez 1 (v) order 2, degree undefined 2 %—Pﬂ.:lﬂ'
X o d_ 1 AR
3. df +iT=0, >0 4. - &, k>0 5 e ch 6. e LI
¥ EXERCISE 4.2 _J

2. Separsble: (D), (), (), (v) Homogeneous: (iii), (vi) 3. ain” y—sin 'x+c=0
4 @=+c 5 2mfy=stc 6 €?+2F 4c=0 T y=sin(Pye)

e+ |-t

5. y=x+— ]n
1-x

=h
L 2
12. zy=1n|c(e’*+e—1')\ 13, ylny=y+xcosx—sinz+c 14. m(%)=ln|cx|15. Fy=cly+3x)

10. y=c(x+2)2p=1) 11. tanxtany-c

2 1
16. ¥ +y’ = 17 m“(%)=m|cx| 18. e*=ltje 19. y=3+cx* W. xy=c

2 _
2. .v(y+1)=%xz+c 2. nly="-+7 D=4 4. ptJ +y7 =2 25, y=x+x|

¥ EXERCISEAS3 _J

1. v=£-7t+10; s_;:’——:’um 2. 863 (approximately) 3. 619 (spproximately)
4. (a) k=~005776 (b) 20grizhs  (¢)<48hours 5. Re. 14918 6 Rs 15021

7. 732% B 16.80°C.\)9. I(t)=%l(1—e_3°‘) 10, I()=2e ™ amps

¥ EXERCISESS.1 g

L 4dx—y—1=0NCY. Sr+3p—18=0 3. 6x+Sy—-16=0,6x+y-24=0,y+2=0
5 x-4=0¥-4=0,x+2y4=0 6 Medians: 1dv—py-23=0, 11lx+ 14y 23 =10,
25x +13y <4620 Altitudes: 3x—4y+14=0 4x— 13y +64=0 Sx+y—-22=0

Perpendicular Bisectors: 6x — 8y —25 =10, 8x — 26y —71=0, 5x +y—2=0

-2 _2 x LI a2

7.(8) @M y= 3x+2 i) 3 (i) %) 1 () y-2 3%
2 3 6 x-3 ¥ 1 __i
(") \EJH'JI—SJ’_\E (1!'[) i __z—r 7 (b){l}}' x+2 (ﬂ) i) odf

NERE
e S a1 A g x4y
(ﬂi}_4+2 vy y-2 2-" ) ng"'JgJ' J5- (vi) 2 L r
N

09 )
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O O y=-ta 0 202 @ Ie2a @ y-a=-ts

45w xSy " e
{V] Jﬁx+JHP 44—1 {“.) 5 —_a r 7. (d}m}' 4x+3 (ii) 3

4
A

X ¥_ __3 3412 4.9

(m}z"'g—l {iv) }'—3——11 ) J""SJ'—S {v) T3
= -

B (1A +(2-Ap +(4A-3)=0 @) 2Ix-ldy+41=0 () 2Bx-2ly+59=0
9. Q+Ax+ (B3 +4Ay+(5-TA=0{0 2Z2x-1ly+17=0 @) llx+11y-20=0
18. Notconcurrent 11. micz— moci+ miacs — msca+ mae — ey = 0 k=4 13. a=—l

¥ EXERCISES2 _J

1. () 168.7° scuteangle: 11.3° @) 7.1° 2. () 90° (i) 45°5@LA) 18.4° (if) 101.3°
4. -2+ 5. () 634°, 63.4°, 53.1° (ll) 36.9°, 86:82°, 56.31° 6.126.9°, 104°, 75, 53.1°
7. 112.6°67.4°112.6%674° 8. 165squnits % Collinear 10, A=7

¥ EXERCISES.3 _J
1. Bx—-4)(2x+»=0,797" 2. (Zx-») (x-3)=0,45% 3. (Sx+y){x+3)=0,33.69°
4. xcosx+wl-sinx)=0,xcosx+ Wl +sinx)=0,F=o , 5 (Tx-p(x-»)=0, 3687

6. k=2 8 22+Sp-37=0 9., hd5° 10 %x-3=0,x+3y=0,81.87° 11 (°

1%, 3x+y=0,x- 3y=0,90"°
¥ EXERCISE 6.1 _J
L (&) x*+)7 -10x—14y + T0 =0} 5" + )= 2mxcoad—2ayein =0 (¢} x* + y* —5x+3y—22=0

32

¥

2.6 (5-1) +{y-3)" =2 jCetder: (1,3) Radins: == (b) (x—a)} +(y+8) =(a+5)" ; Center

(a—b), Radius: [a+5. 8.3 +y* —4x—6y—12=0; Center:(2,3), Radins: 54, »* +y* —2x—-3y =0
8, 5x* +557 192 My +2=0; Yes, (4, 1) lies on the circle. 6. 3x° +3)° +72x—38y—11=0

7. P+ 2@y +a’ =0 8 F+y-10x—-4p+25=0 9. '+ -10x+17=0

10. % + 3% 402 +20y+100=0, »? +¥* —10x—20y+100 =011. % + 3* —4x—1=0,

P +y —14x+29=0 12. ¥+ —10x-10y+25=0, 2+  +6x+2y-15=0

¥ EXERCISEé.2 _J
1.{a) At (2, 2); Tangent: x+y—4=0 Normal: x—y=0
At (ZJ_ZMH,ZJEBEE):ngmt xcosf+ysind =242 Normal: xsing—ycosd=0
{b) Tengent: x+4y—24=0, Normal: 4x—y—11=0 2. (4,3) 3.a) x—y=+2J2 =0 (b) 3x +4y
+10=0 ()4x+3y110=0 4. 3x—4y+13=0 and 3x—4y—17=0 5.(a) Tangent: x+y—4=0,

Point of contact: (2, 2) Tangent: 41x+ y+116=0, Pomtofcontm:(—% —2—29]

G0y )
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{b) Tengent: y+4=0, Point of contact:(2,~4}, Tangent: 4x+3y—36=0, Point of cantact: (6, 4)
6. (x-3) +(y+1° =25 (b) Centre: (3,1), Radivs:5 (c) 7: (3, 4) () Tangent:y=4
{¢) Nomal;x =3 () Tangentat?=x:x=-2

¥ EXERCISE 6.3 _J

1. (1) Focus: (3, 0), Vertex: (0,0), Directrix: x=—3 (i) Focus: (0, 3), Vertex: (0,1), Directrix: y =1
{iif) Focus: (0,0), Vertex: (1,0}, Directrix: =2 () Focus: (3,3), Vertex: (3,0}, Directrix: y=-3

2.0 (»-2) =-16(x-1) @0 (-3 =12(y-2) i) (y-3)° =8(x—6) @v) 4y* =5x+6

3.0 x*=—2dv+d? (i) ) =—2dx+d* where d is the dirceted distance from orign to direcirix

7. a=2,h=—12,¢=16 8. Tangent: x—y+ar’ =0, Normal: tx-+y—at{s’ +2)=0

9.Tangent: 2x—y—7=0, Normal: x+2y—11=014. Tengent: 3x— y-+1£0 Pomtoftangmny'[l ]

¥ EXERCISE 6.4 .8
D B Ao

2. @) Centre: (0,0), Foci: (tJE,u),Emmu-icity: e'=§ , Vertigts: (13,0), Directrices: x=i¥

@D Centre: (—3,2), Fooi: (~3++5,2) , Eceefitricity: e-% Vertices: (0, 2) and (-6, 2)

Directrices: x=-3+ = 3. T2 - BT 3 N e 3) &. '8 vits and  nnits
N AT AR 25
6%1mrtsmd1?1mm 7. Minimmum distence =2 &G\EZJZ_G 9, kE=+37
14. The line is a secant. (T1. £+i
6 9
¥ EXERCISE 6.5 _J
@ LaX y_2_ F P
64361 (il)4 60_1("1)50 50

2. (i) Centre: (0,0), Foci: (+10,0), Eccentricity: &= % Vertices: (6,0), Directrices: x = :I:%

(1) Centre: (-3, 2), Focl (0, 2) and (-6, 2); Eccentricity: & = — ,Vertices: (—3:4’ 2)
14 5

Directrices: x——gandx———

> |

(iif) Centre: (0,0), Foci: (0,:|:J4_1 ), Eccentricity: 3=T Jvertices: (0£5);

e A A o G O

Directrice T—
= = J_ 4925

16 4 16 4
P ) A ) RPN ) S ) S ) M ) NP
16 36 12 24 16 3 16 4

Gog
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s, 202 ’%‘9_1 Normal: axcos@+bycot@=a +5* 10, %units

11. g—J‘ 12. e= ""3_ .‘2 f: =1 4. e—% 15. 2x—-p+2=0and 2x—y-2=0

16. e=§ 17 .%-%:1 19. 2x—y—5=0and 3x+y-10=0 20. &1 —¥’m* =1
¥ EXERCISE 6.6 _J

1, 25 million km l.y—?xz 3.1275m 4. (@) 20,5m (B)40J5m 5 (@)8m () 1&m

6. (&) l’i ;’: =1 ) 25m 7. (a) 636x10'm () 5.31x102 s

(¢) Min: 1.484%107%m, Max: 2.756x10m 8. x=126.65miles @ (%) a=36000km
539

{B) c=6000km {(c) e=% 10. 31.75 meters ll.Tmﬂtus

¥ EXERCISEZ. _J

1. @267komh?! (6)20kmh? 2. (s) 20knf'bY, ~15km b, —15km b
(®) 7 hours () 150km  (d) —3.33 knyh, b
3 (@)l6ms?(b)%4m

4.(a) nu Lri e (b)450m
10 {8)8.33dccond (b) 15m,26.33m
5 6. Retardation = 1 m/s%; Distance = 50 m
i' Arca 7. Acceleration = 0.5 m/s%; Distance = 400 m
* N 8. \Distance in last 35=17.5m
2 S oy 3. Meet at height = 180.4 m at =25

B F W 15 XN XN k5 &

1. Max height - 20.4]1 m;Retum time~4.085 11, () 14.7mati=2g;(bjt=2s
12. 1.79m/s  13. Tofal distance 26.17 m

¥ EXERCISES.1 _J

1. @ 036-@) 1.8 2.() 132 (D 0.5 () 7.39

¥ EXERCISES.2 _J

1. @ 1068 @b 0605 @HD1.929 @v) 2613 2. @ 261 @) -193 @ 0.85
036 3. O 1L.73 (@) 2.153 (@D 1.3283 (v) 0.361 {¥) 44934

¥ EXERCISE 8.3 _J

1. 0.8903 2. 17212 3. 75522 4, 4.0625 5. 5.1463
6. 14738 7. 24266 8. 05179 9. Exact Area=14.137 10.2.3203x10°

¥ EXERCISE 84 _J

1. 0.12 moles perliter. 2. 4883ml/s 3. 0.53%coulombs 4. 65311

5. 0.524 radian 6. 20.488 volis
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¥ EXERCISE 9.1 _J
F i - ] - - ] iz i1 ]
1L (1)? (i) T(m} 5 {1"}? 4] = {"ﬂT("ﬂ)? {"ﬂ)TﬂﬂE (x) 0 () 3

2 4

2 [;, ;] @ (3.4 @) (~o-2]u[~2AZ]u[2 o) av)[i. e} W2 2]

0 (o0, 3] U [-1, ) (vﬂ)(m, —ﬂu[l, =) (vﬂi)[%, }

‘ m%m}@ mn% (iv}% ® “*:"E (i) VIO,

¥ EXERCISES.2 _J

¥ EXERCISE 10.1_4
o e M E el Hes s B
oo e | g e plhpaoghonsio o)
B (il ) ool am]
§ lstio| Basfu i) K issmjol Somjol Lol Sas)
i o e L i U e
11, {%+M}u{%+m} 12, {m}u{%+%}n{%+2T“}u{%+m} 14.{zm}u{§+zm}
o o} w o ipeliost - siEs)
Gl e B e Bl i B e M

P EXERCISE 10.2_J
1, x=-297,04] and 233 madians 2. x=1.16 radiang 3. x=0.55 radiang
4. x=1.66 madimms 5 x=089,0,080mdians 6 H=5313 7. (@) A=396m
o f=115 8 k=1155m, §=4.T

) )
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¥ EXERCISE 11.1 g

1. (8) The position of a satellite orbiting the earth,
(b} The velocity of a car moving along & curved road.
2. riH= ams{fﬁ+asin(r)ja > (). We use the parametric equetion of a circle.
3. Use the parametric equations of a parabola. r(t)=2af?+at2j, geR
4. Standard upward spiral is r(:):acos(t)?+a:in(:)j+bfk,a=mdi1mofspiml,

b= vertical speed, f=time 5. r(H=(+Di+vtj 6 ()= (t14)}'+1n4'z'j+sec-‘(r)k
7. () Domain: ¢ € (0, ) Range: {(J:' hr}|:e(o,m)}

() Doruain: ¢ € (—ee, o0) Range: {(oost. sins)|7 e (—m,m)}

(i} Domain: ¢ € (—m, o) Range: {(r, £ e’)| te (—uo,uo)}

(iv) Domain: ¢ € (-, ) Range: {{sinise0st, £} € (oo, )}

8 (1) Scalar function, Single output (if) Vectof-valued function, Three outputs
(i} Scalar fimetion, As it combines two trigonometric fimctions into a single output.
(i) Vector valued fanction, Two outputs

V" EXERCISE112 @
L @ 24+GF+2043)f a r'(:}=(feusr+zsinr)3‘+[-m2r+ﬂ+ 1+2:=
; 2 4 B3t 3 A +1Y 2 ;
am r'¢) = 3 l—(l:_!z)zk &) r (%]=m+(xﬁ}ezj(ﬂ) O =+2i+j
1-y
@ r'o =}‘+}‘+§x a%) r')=i+0j+0k=7
¥ EXERCISE 11.3 _J
1. Velocity = r(%]=3}, Acceleration = ar%)=—2§, Speed = ‘V{%] =3
\
F’[E\ 4
Direction of motion: V[£J=—2<=3=j
Y G
2)

Interpretation: At f = %,Thcparﬁclemomvwﬁwﬂyupwudwﬂhaapeedoﬂunit&permond.

The acceleration in the negative x-direction indicates a force pulling the particle lefiward, possibly
due to ginuscidal motion in the x-components.

G )
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2. Velocity = F(0)=7- f, Acceleration = a(0) =7+ f Speed = N/
Direction of motion: V(ﬂ)=%?-— %j, Interpreiation: The particle moves at an angle of 45°

domudmdwﬁeﬁghtﬁmasmedufﬁmimpwumd.mmsuggﬁm
increasing velocity in both directions, Consistent with the exponential growth and decay of the
COMPOnEnts.

3. Velocity = V{x)=—j + 2k, Acceleration = a(x) =+iSpeed = | V(%) |=+/5
Direction of motion: F(#)=_T;j=%k, Interpretation: The particle follows a helical path,
moving downward and upward with a speed of ngmitsp&rsemnd.l'hemlemﬁonintheposiﬁve
x-direetion reflects the circular motion in the xp-plane.

4. Velocity = V(2) =4i+1j +12k Acceleration = a(2) = 2i+12k Speed=| ¥ (2) |=+161

V(2) _4+j+12%

v el
aspeedofmmiupersecond.'lheaeceleraﬁun‘indicateshcreasingvelucityinthex-md
Z-direction, consistent with the polynemial natare of the path.

5. Velocity = V(o)=§—2j+2k Accaleration = a(o)=2§3peed= [P0} =3

Vie) I- -2j+2k 1

Vo) 5 terpretation: The particle moves at a speed of

3 units per seconds. The acceleration in'the positive )y-direction suggests a force due to the
ogcillatory motion in the y-mnd Z-direction.

6 (&) r(®)=5034+(0—492)) (b) 86.68+ j (€) £=10.2 sec Approx.

Direction of motion: ¥(2) = , InterpretationsAt 7 = 2, in the Z-direction with

Direction of motion: ¥(o)=

7. (8) r(t)=2cosil+sintj (B \Velocity = —27, Speed =2
(¢} Aceelemation = a(f)<¥Y(i)= 2cesf—sintj = afi) = —{f), which shows that acceleration
A 5 o 7

8. ) r)=20=2T+j+1-e")k () =V(1)=2?+2j+§k © a{l)=2j—e'lk=2j—£k

9. r(f)- F(1) =0 2 V() L r(0) 10. (8) r(¢) = 20cos(0.20)] + 20sin(0.2¢) j (b) ¥ (10)=—4<in(2)i + c08(2) j

(©) a(f)=-0.04r(f), which means acceleration points towards origin (as () is P.¥ from origin} a(f) is
opposite to r{f). 11. (a) f=4.08 sec (b) £=2.04 gec fc) 204m

] )
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PECTAA

Punjab Education Curriculum Training and Assessment Authority
Government of Punjab | Pakistan

PAIRING SCHEME / PAPER PATTERN

Sobject: Mathematics Clasgs; 12th (2nd Year) Total Marks: 100
Session: 2025-26 Time Allowed: 3 Hours  Paper Code: Math-XTI

The Mathematics paper for Grade 12 (2nd Year) will be worth 100 marks and will have
a duration of 3 hours.

Q-1

There will be 20 Multiple Choice Questions (MCQs) from

Objective the entire textbook. The distribution is as follows:

(MCQs) One MCQ each from chapters 4, 8;9 znd 11; two MCQs

each from chapters 1, 3, 6, 7 and 10; and three MCQs each

from chapters 2 and 3.

This section containg thres guestions! The details ate as

follows:

Q-2:

Students are required to attempt any 8 out of 12 short

questions, The details are'as follows: 2x8=16
(i) -Fout short questions will be selected from umit 1

and unit 7, two from each unit.

Part-1: (i) Five short questions will be selected from umit 2

Subjective (iii) Three shott questions will be selected from unit 4.

cotaion i | &

questions) Students are required to attempt any 8 out of 12 short

questions. The details are as follows:

{i) Five short questions will be selected from unit 3

(i) Three short questions will be gelected from unit 5

{iii) Four short questions will be selected from unit 6

Q-4:
Students are required to attempt any 2 out of 13 short 2x9=18
questions. The details are as follows:

) )

1x20=20

2x8=16




- EEEEIRSTESRY 5w, Mathematics-12

(i) Nine short questions will be selected from unitz 8, 9
and 10, three from each unit.
(ii) Four short questions will be selected from unit 11.

This section contains five long questions, each bifurcated
into two parts a & b (carrying 5 marks each), and
students have to attempt any three questions. The details
are 88 follows:

Q-5:
{2) One long question will be selected from chapter 1.
{b) One long question will be selected from chapter 2.

Q-6
(a) One long question will be selected from chapter 2.
(b) One long question will be aclected from chapter 3.
Q-7 3x10=30
{8) One long question will\be selected from chapter 4.
(b) One long questionywill be selected from chapter S,
)-8
{n) One long question will'be selected from chapter 6.
(b) One long question will be selected fiom chapter 7.
Q-9:
(a) One long question will be selected from chapter
11.
(b) One long question will be selected either from
chapter 10 or chapter 8,

Part-II:
Subjective

1y
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Punjab Education Curricnlum Training and Assessment Authority PECTAA
Government of Punjab | Pakistan
MODEL QUESTION PAPER — Annual Examination 2026-2027
MATHEMATICS (Elective) Class: XTI (2nd Year)
Time Allowed: 3 Hours Total Marks: 100
Rell No:

1. All questions are compulsory in Section-I (MCQs). Attempt 8 out of 12 short questions in 0.2, Q.3
and 13 short questions in Q.4 .
2. In Section-I, attempt any THREE questions out of Q.5, Q.6, Q.7, Q.8 and Q.9.

Q-1. Choose the correct option (twenty MCQs from the whole book). 1 x 20 =20

L The graph of an exponential function fix)=a= (a>0, a#1) always cuts the y-axis at
(A)(0,0) B)(1,0) (O, 1) D)(1,1)

fi. Which of the following is a transcendental function?
(A)x+1 B)Vx+r1) (€ &-1F (D)sinx

. |didx (sin'x)= /T2, §2.4, p.35]
(A) IN(1—x3) B) 1IN (LX) ) 1INE-1)

iv. |Ifx=asintand y =8 cost, then dy/dx =
{A)tant (B)tant {C)cott (D) cott

Y. A point at which f'(x) =0 is called'a
{A) stationary (criticalypoint (B)point of inflection (C) maxitmum only (D)

minimmm only

W [Iedx@E-1<
(A) kI HC (B)nx—+C (C)x=+C (D) lnjxi+C

vil. |fecosk'dx'=
(A)=sinx+C (B)sinx+C (C) —cos x+C (D) tan x+C

vill, | To remove a radical such as ¥(a*—x?) from an intcgrand, we use

(A) partial fractions (B} trigonometric substitution (C) integration by parts (D)
the power rule

ix. |The order of the differential equation Py/dx? + 3(dy/dx) +y=01s
A1 @2 ©3 Do

I The slope of the line 2x + 3y - 6=01s
(A)23 (B)-273 (C)32 (D)-372

xi. | Three straight lines are concurrent if they

&1y )
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{A) are parallel (B) form a triangle {C) pass through a common point (D) ate
perpendicular

The centre of the circle x* +y* =25 is
A G0 B(0,5) ©)(0,0 D250

B

The radius of the circle x* + ¥ =29 is
(A)29 (B)¥29 (C)58 (D)14.5

On a displacement-time graph, the slope represents
{A) sceeleration (B) velocity (C) distance (D) time

4

On & velocity—time graph, the area under the graph represents
{A) acceleration (B) speed (C) displacement (D) force

The bisection method can be applied on [a, b] only if
(A) Ra)yfib)> ¢ (B) fa)fb) <0 (C)fa)==H1b) (Dyia)=0ecnly

The domain of gin'x is
(AR (B)[-1,1] ()0, ) (D)[0,=]

:

The period of sin x is
(A)r (B)x2 (C)2x (D)4

3

The general solution of cos x =1 (M€ Z) i
(A)x=2nx (B)x=mx (C}x=nx w2 (D)x=2nt1)x

If 1(t) = 1+ &}, then r ) =
(A)i+2t] B)ti+2] (Ci+¥] (D)2t]

Subjective Type (Section-I)
Time allowed: 2:30 hours Max. Marks: 80

Q-2, Writ&short answers to any EIGHT (8) questions: 2x8=16
(i)} Using the laws of logarithms, evaluate: loguw1 00 + logie]l 000,

(i1} Prove the hyperbolic identity: cosh’x —sinh®x = 1.

(i1i) A body covers 150 km in 3 hours in a straight line. Find its average velocity in km/h.

(iv) A cat’s velocity increases uniformly from 10 m/s to 30 m/s in 4 s. Find it acceleration.
(v) If y = x*, find the second derivative d*y/dx3,

(vi} Find dy/dx by implicit differentiation if x* + y* = 25.

(vii) Using the chain rule, differentiate y = (2x + 1)°.

(viii) Find the interval in which f{x) = x* — 4x is increasing.

G169 )
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(ix) Find the linearization of fix)=vx atx =4,

(x) Solve the differential equation dy/dx = 3x2.

(xi} Verify that y = ¢ is a solution of dy/dx =y.

(xii} Form the differential equation whose general solutionis y=c x.

Q-3. Write short answers to any EIGHT (8) qnestions:
(i) Bvaluate: | (3% + 2x + 1) dx.

(ii) Evaluate by substitution: § 2x cos(x?) dx.

(i) Evaluate by parts: [ x e= dx.

(iv) Evaluate the definite integral: o' x dx.

(v) Evaluate: | sec’x dx.

(vi) Write the line with slope 3 and y-intercept —2 (slope~intercept form).

(vii} Find the equation of the line through (1, 2) and/(3,6).

(viii) Find the x- and y-intercepts of the ling 2x 4 3y = 6.

(ix) Find the centre and radius of the circle x24 y* —4x 6y +9=0.
{(x} Find the focus and directrix of the parabola y* = 8x.

(xi) Write the semi-major and semi-minor axeg of the ellipse x2/25 + y*/9 = 1.

(xii} Find the length of the tangemtfrom (5;-0).to the circle x® +y* =9,

Q-4. Write short answexs to'any NINE (9) questions:

(i} Show that a toot of f{x) = x* —x — | lies between 1 and 2 (change of sign).

(ii) Write the Newton—Raphson iteration formula.

2x8=16

2x9=18

(iii} For f{x}=x%~ 2 on [1, 2], do one bisection step and give the first approximation.

{(iv) Find the principal value of sin'(1/2).

(v) Prove that gin'x + cos'x = /2.

(vi) Evaluate cos™(—1).

(vii} Solve 2 cos x =—1 and write its general solution,
(viii) Solve 3 tan’x = 1.

(ix) Solve 2 cos x gsinx —sinx = 0.

(x) Find the domain of t{t) = ¥t1 + [14t1)]j.

{(xi) If r{t) = cog t i + gin t j, find r "(t).

Y
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(xii) Find the magnitude of the vestorr=3i+4].
(xiii) Write the formulas for velocity and acceleration for a position vector r{t).

Section-II

Note: Attempt any THREE (03) questions. Ix10=30
Q-5.
(a) Skeich the graph of y = 2(x — 1)}(x — 3) by the factor method, showing x=intercepts, vertex
and y-intercept. 5
(b) Find the local maximum and minimum values of f{x} = x* — 3x*+ 4jusing the second-
derivative test. 5
)-6.
(a) Find the equations of the tangent and normal to thecurte y=x-3x+2atx=2. 5
(b) Find the area bounded by the curve y = x?, the x~axis and the linesx=0and x=3. 5
Q-7.
(a) A population grows so that dP/dt = kP, Solve it toshow P = Peck, ]
(b) The vertices of a triangle are A(2, —1), B(4, 3), C(6, —1). Find the equations of its three
medians. 5
Q-8.
(a) Find the equation of the ¢ircle with centre (3, 4) passing through the origin. State its
radius. 5
(b) A cyclist travelg 12 km in 30 min, rests 15 min, then 9 km in 43 min, Find the average
velocity of eachrstage and of the whole journey (kmvh). 5
Q-9.
(a) Given r{t) =2 i+ (* — 1} j, find ¢ '{t) and r "(1), and the velocity and acceleration att= 1,

5
(b) Solve 2 cos*x — 3 cos x + 1 =0 and write its general solution. 5

G1g )






