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Exercise 17.3

Question 1 (statement)

Verify the commutative property of union and intersection for the following sets.
)4 =1{a,b,c,d,e} and B = {a,e,i,o,u}.
(YP={x|x€EZA-3<x<3}andQ={y|ly€E" Ay<4}.

Solution 1

Definition (commutative laws). For any sets X, Y:
XUY =Y UJX, XNY=YNX.

(i)A={a,b,c,d,e}, B=1{a,e,i,o,u}.

e AUB={a,b,c,d e,i,o,u}.
BUA={a,eio,ub,c,d}={ab,c,de,io,u}.
SocAUB=BUA.

e AN B ={a,e} (elements common to both).
BNA={a,e}.
SocANB=BNA.
(ii) First list the sets:
e P={x€Z|-3<x<3}=1{2,-1,0,1,2}.
e E"' means positive even integers, so O = {2, 4}.
e PUQO=1{-2,-1,0,1,2,4}.
QuUP={2,4-2,-1,0,1} = {=2,-1,0,1,2,4}.
ThusPUQ=QUP.
e PNQO={2}.
ONP=1{2}.
ThusPNQO=0NP.

So commutativity holds in all parts.

Question 2 (statement)

Verify the associative property of union and intersection for the following sets.
H4=1{1,2,4,5,10,20}, B ={5,10,15,20} and C = {1,2,5,10}.
(iYA=N, B=Pand C =Z.

Solution 2

Definition (associative laws). For any sets X, Y, Z:



XUY)UZ=XU(YUZ), @XNY)NZ=XN( N2Z).

(i) Compute unions and intersections.
e Unions:
e AUB=1{1,2,4,5,10,15,20}.
Then(4UB)U C = {1,2,4,5,10,15,20} U {1,2,5,10} = {1,2,4,5,10,15,20}.
e BUC=1{1,2,5,10,15,20}.
Then4 U (BUC)={1,2,4,5,10,20} U {1,2,5,10,15,20} = {1,2,4,5,10,15,20}.
e Both sides equal, so associative for union holds.
e Intersections:

e ANB=1{5,10,20}.Then(ANB)N C = {5,10,20} N {1,2,5,10} = {5,10}.
e BNC={510}.ThendANBNC)={1,2,4,5,10,20} N {5,10} = {5,10}.
e Both sides equal, so associative for intersection holds.

(ii) Associativity is a general law of set algebra. For example with 4 = N, B = P, C = Z you may check

elementwise (take any element x and show membership in left side iff membership in right side).
Hence both associative laws hold.

Question 3 (statement)

Verify
(a) Distributive property of union over intersection.

(b) Distributive property of intersection over union
for the following sets:

mh4=1{1,2,3,...,10}, B=1{2,3,5,7} and C = {1,3,5,7,9}.
(iA=N, B=Pand C =W.

Solution 3

Laws. Forany sets X, Y, Z:

(1) XU NZ)=(XUY)N(XUZ), () XNETUZ)=XNY)UXNZ).
MA=1{1,...,10%, B=1{2,3,5,7}, C={1,3,5,7,9}.

e First check union distributes over intersection:
o BNC={3,5"7}.
Leftside:AU(B NC)={1,...,10} U {3,5,7} = {1, ..., 10}.

Right side: (A UB)N(AUC).ButAUB=4AUC=4={1,...,10}, soright side is A.
Hence equality holds.

e Now check intersection distributes over union:
e BUC=1{1,2,3,5,7,9}.
Leftside:A N(BUC)={1,2,3,5,7,9}.



Right side: (A N B)U (A N C) = {2,3,5,7} U {1,3,5,7,9} = {1,2,3,5,7,9}.
Both sides equal, so (b) holds.

(ii) For general named sets like A = N, B = P, C = W (natural, prime, whole numbers), the
distributive laws are universal; the same elementwise proofs apply.

Question 4 (statement)
Verify De Morgan'’s laws if U = {1,2,3,...,12}, A= {1,2,3,4,6,12} and B = {2,4,6, 8}.

Solution 4

De Morgan'’s laws. For any sets X, ¥ with universe U:
Xuy)=xnv, XNY)=XuY,

where X' = U \ X.

GivenU = {1,...,12}, A= {1,2,3,4,6,12}, B = {2,4,6, 8}.

e Compute complements:
o A= U\4=1{5"7,8,9,10,11}.
e B'=U\B={1,3,579,10,11,12}.
e AUB=1{1,2,3,4,6,8,12}.S0(4 UB) =U\(4UB)= {5,7,9,10,11}.
ANB =1{57,8,9,10,11} N {1,3,5,7,9,10, 11,12} = {5,7,9,10, 11}.
Thus(AUB) =4 N B’
e ANB=1{2,4,6}.5 ANB)=U\ {2,4,6} ={1,3,5,7,8,9,10, 11, 12}.
A UB = {5,7,8,9,10,11} v {1,3,5,7,9,10, 11,12} = {1,3,5,7,8,9,10, 11, 12}.
Thus (A NB) =4 UB.
So both De Morgan laws are verified.

Question 5 (statement)

If 4 and B are subsets of U then prove the following by using properties.
HAUANB)=A.

(i) AUB =AU (4 NB).

(iilB=ANB)U (4 NB).

(VB=A4AU (4 NB),ifACB

(Here A" denotes complement of A with respect to U.)

Solution 5



We prove each identity using elementwise (membership) reasoning and known laws (absorption,
distributive, etc.).

MAU@ANB)=A.

e Ifx € A then obviouslyx € A U (4 N B).

e Converselyifx € AU (AN B)thenx € Aorx € AN B.In both cases x € 4.
Thus both sets contain the same elements, so equality holds. (This is the absorption law.)

[HAUB=A4U (4 NB).
Proof by partition of B: B = (4 N B) U (4" N B) (see (iii)). Then

AUB=AU(ANBYUMUA NB)=(AUANB)) U NB).
By (i) AU(ANB)=A4.504AUB=A4U (4 NB).

i) B=(ANB)U 4 NB).
Every element of B either belongs to A (hence in 4 N B) or does not belong to A (hence in A N B).
Thus B is exactly the union of these two disjoint parts.

(iv)If A S BthenB =AU (4 NB).
From (i) B=(ANB)U (A NB).IfACS BthenANB=A4.50B =AU (4 N B).This is the same

identity as (ii) but now follows directly from the subset condition.
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